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+ Esempi di Polinomi Permutazione:

. ax + b, a, b ∈ Fq, a 6= 0

. xk, (k, q − 1) = 1

. La composizione f ◦ g è un PP se f e g sono PP
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. La composizione f ◦ g è un PP se f e g sono PP

. x(q+m−1)/m + ax è un PP se m|q − 1
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Università Roma Tre



Somme Esponenziali e Polinomi Permutazione In.It.Te.Nu.2 -31�� ��Enumerazione dei PP di grado fissato

Nd(q) = {σ ∈ S(Fq) | ∂(fσ) = d}

Problema: Calcolare Nd(q)

+
∑

d≤q−2

Nd(q) = q! (se q > 2, ∂fσ ≤ q − 2)

+ N1(q) = q(q − 1) (PP lineari)

+ Nd(q) = 0 se d|q − 1 (criterio di Hermite)
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S. Konyagin, FP (2002), P. Das (2002)

|#Mq − (q − 1)!| ≤
√

2e/πqq/2
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) classe di coniugazione
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) classe di coniugazione

+ Funzioni naturali:
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) classe di coniugazione

+ Funzioni naturali:

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC} (grado minimale)
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) classe di coniugazione

+ Funzioni naturali:

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC} (grado minimale)

7 MC(q) = #{σ ∈ C, ∂fσ < q − 2} (grado non-massimale)

Università Roma Tre
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q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} e q > 2

dove cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 se σ1 e σ2 sono coniugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) classe di coniugazione

+ Funzioni naturali:

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC} (grado minimale)

7 MC(q) = #{σ ∈ C, ∂fσ < q − 2} (grado non-massimale)

Università Roma Tre



Somme Esponenziali e Polinomi Permutazione In.It.Te.Nu.2 -40

Teorema C. Malvenuto, FP (2002)

. Se C 6= [2], [3], [2 2], allora

MC(q) =
#C
q

+ OC

(
1
q2

)
se char Fq →∞

. Formule esplicite per MC(q) se cC ≤ 6
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 e η è il carattere quadratico
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 e η è il carattere quadratico�� ��PP con grado minimale
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 e η è il carattere quadratico�� ��PP con grado minimale

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC}
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 e η è il carattere quadratico�� ��PP con grado minimale

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC}
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Teorema C. Malvenuto, FP (in stampa)

* Se q ≡ 1 mod k allora m[k](q) ≥ ϕ(k)
k q(q − 1)

* Se char(Fq) ≥ 2 · 3[k/3]−1 allora m[k](q) ≤ (k−1)!
k q(q − 1)

Università Roma Tre



Somme Esponenziali e Polinomi Permutazione In.It.Te.Nu.2 -41�� ��Risultato di Oggi

Università Roma Tre
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}

Teorema S. Konyagin, FP
Sia α = (e− 2)/3e = 0.08808 · · · e d < αq. Allora∣∣∣∣Nd −

q!
qd

∣∣∣∣ ≤ 2ddq2+q−d

(
q

d

) (
2d

q − d

)(q−d)/2

.

Se segue che

Nd ∼
q!
qd

se d ≤ αq e α < 0.03983
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}

Teorema S. Konyagin, FP
Sia α = (e− 2)/3e = 0.08808 · · · e d < αq. Allora∣∣∣∣Nd −

q!
qd

∣∣∣∣ ≤ 2ddq2+q−d

(
q

d

) (
2d

q − d

)(q−d)/2

.

Se segue che

Nd ∼
q!
qd

se d ≤ αq e α < 0.03983

Nota: Il massimo possibile valore per α nel teorema è 0, 5. Infatti
∂fσ 6= (q − 1)/2 se q è dispari. Quindi

N(q−1)/2 = 0
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusione-Esclusione” implica

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusione-Esclusione” implica

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusione-Esclusione” implica

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusione-Esclusione” implica

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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Il coefficiente di xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
è 0 se e solo se

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusione-Esclusione” implica

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)

Bisogna valutare nS . Sia ep(u) = e
2πiu

p e Tr(α) ∈ Fp la traccia di α ∈ Fq.
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Allora
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Allora

nS =
1
qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
q−i−1)


=

1
qd

∑
(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS
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nS =
1
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(a1,...,ad)∈Fd
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d∑
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=
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(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q
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+ RS

Università Roma Tre
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Allora

nS =
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qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
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=
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qd
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q

∏
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ep(Tr(t
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=
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Allora

nS =
1
qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
q−i−1)


=

1
qd

∑
(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS
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Allora

nS =
1
qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
q−i−1)


=

1
qd

∑
(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS

dove

|RS | ≤
qd − 1

qd
max

(a1,...,ad)∈Fd
q\{0}

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
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Inoltre, siccome la media geometrica è sempre inferiore alla media aritmetica,
si ha
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Inoltre, siccome la media geometrica è sempre inferiore alla media aritmetica,
si ha

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣ ≤

1
q

∑
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
2
q/2

≤

1
q

∑
f∈Fq

(q − 2)

∣∣∣∣∣∑
t∈S

ep(Tr(tf))

∣∣∣∣∣
2
q/2

= ((q − 2)|S|)q/2.
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Inoltre, siccome la media geometrica è sempre inferiore alla media aritmetica,
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Università Roma Tre



Somme Esponenziali e Polinomi Permutazione In.It.Te.Nu.2 -49
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Sostituiamo la stima per |RS | in (2) e poi in (1). Quindi
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Sostituiamo la stima per |RS | in (2) e poi in (1). Quindi
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La vera dimostrazione è un’evoluzione di questo metodo. �
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