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Quindi
∑
d2|n

µ(d) = µ
2
(n)

S(x) =
∑
n≤x

µ2(n) =
∑
n≤x

∑
d2|n

µ(d) =
∑
d2≤x

µ(d)#{n ≤ x tali che d2 | n}

=
∑

d≤
√

x

µ(d)
( x

d2
+ O(1)

)
= x

∑
d≤
√

x

µ(d)
d2

+ O(
√

x)

= x
∞∑

d=1

µ(d)
d2

+ O

√x + x
∑

d>
√

x

1
d2


=

x

ζ(2)
+ O(x1/2)
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dove ζ è la funzione zeta di Riemann.
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funzione caratteristica dei k–liberi, allora

µ(k)(n) =
∑
dk|n

µ(d)

☞ Stessa dimostrazione:

Sk(x) := #{n ≤ x | n è k–libero} =
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Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 5

☞ Integrale di Perron

1
2πi

∫
<(s)=2

ys

s
ds =


0 se y < 1

1/2 se y = 1

1 se y > 1,

☞ Se x 6∈ N,
∞∑

n=1

µ(k)(n)

ns
=

ζ(s)

ζ(ks)

1
2πi

∫
<(s)=2

ζ(s)
ζ(ks)

xs

s
ds =

1
2πi

∑
n≤x

µ(k)(n)
∫
<(s)=2

(x/n)s

s
ds

= Sk(x)

Università Roma Tre
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☞ Congettura.
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+ O(x1/2k+ε).

Università Roma Tre
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Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 7�� ��Storia del problema 1/3

✎ 1968 – Vaidya.

Rk(x) := Sk(x)− x
ζ(k) = Ω( 2k

√
x)

✎ 1988 – Balasubramanian and Ramachandra.

R2(x) = Ω±(
√

x)

✎ 1963 – Walfisz. ∃c > 0,

Rk(x) �
√

x exp{−ck−8/5 log3/5 x log log1/5 x}

Da ora si assume RH

✎ 1911 – Axer. ∀ε > 0
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✎ 1968 – Vaidya.

Rk(x) := Sk(x)− x
ζ(k) = Ω( 2k

√
x)

✎ 1988 – Balasubramanian and Ramachandra.

R2(x) = Ω±(
√

x)

✎ 1963 – Walfisz. ∃c > 0,

Rk(x) �
√

x exp{−ck−8/5 log3/5 x log log1/5 x}

Da ora si assume RH

✎ 1911 – Axer. ∀ε > 0

Rk(x) � x2/(2k+1)+ε

✎ 1981 – Montgomery e Vaughan. ∀ε > 0

Rk(x) � x1/(k+1)+ε,
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R2(x) = Ω±(
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✎ 1963 – Walfisz. ∃c > 0,

Rk(x) �
√

x exp{−ck−8/5 log3/5 x log log1/5 x}

Da ora si assume RH

✎ 1911 – Axer. ∀ε > 0

Rk(x) � x2/(2k+1)+ε

✎ 1981 – Montgomery e Vaughan. ∀ε > 0

Rk(x) � x1/(k+1)+ε,

R2(x) � x9/28+ε
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✎ 1981 – Graham. ∀ε > 0
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✎ 1981 – Graham. ∀ε > 0

R2(x) � x8/25+ε

✎

✎

✎
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✎ 1981 – Graham. ∀ε > 0

R2(x) � x8/25+ε

✎ 1985 – Baker e Pintz (Jia 1987). ∀ε > 0

✎

✎
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✎ 1981 – Graham. ∀ε > 0

R2(x) � x8/25+ε

✎ 1985 – Baker e Pintz (Jia 1987). ∀ε > 0

R2(x) � x7/22+ε

✎

✎
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✎ 1981 – Graham. ∀ε > 0

R2(x) � x8/25+ε

✎ 1985 – Baker e Pintz (Jia 1987). ∀ε > 0

R2(x) � x7/22+ε

✎ 1984 – Yao. ∀ε > 0

✎
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R2(x) � x8/25+ε

✎ 1985 – Baker e Pintz (Jia 1987). ∀ε > 0

R2(x) � x7/22+ε

✎ 1984 – Yao. ∀ε > 0

Rk(x) � x9/(9k+7)+ε

✎
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✎ 1988 – Li. ∀ε > 0

Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 8�� ��Storia del problema 2/3

✎ 1981 – Graham. ∀ε > 0

R2(x) � x8/25+ε

✎ 1985 – Baker e Pintz (Jia 1987). ∀ε > 0

R2(x) � x7/22+ε

✎ 1984 – Yao. ∀ε > 0

Rk(x) � x9/(9k+7)+ε

✎ 1988 – Li. ∀ε > 0

Rk(x) � xmax{2/(2k+3),9/(10k+8)+ε}
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✎ 1989 – Graham and Pintz. ∀ε > 0

✎

✎
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

✎

✎
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

dove D(k) =



7/(8k + 6), se 2 ≤ k ≤ 5;
67
514 se k = 6;

11(k − 4)/(12k2 − 37k − 41) se 7 ≤ k ≤ 12;

23(k − 1)/(24k2 + 13k − 37) se 13 ≤ k ≤ 20

∼ 2 log 2/(k + log k) se k →∞.

✎

✎
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

dove D(k) =



7/(8k + 6), se 2 ≤ k ≤ 5;
67
514 se k = 6;

11(k − 4)/(12k2 − 37k − 41) se 7 ≤ k ≤ 12;

23(k − 1)/(24k2 + 13k − 37) se 13 ≤ k ≤ 20

∼ 2 log 2/(k + log k) se k →∞.

✎ Miglioramenti con il metodo di Vinogradov:

✎
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

dove D(k) =



7/(8k + 6), se 2 ≤ k ≤ 5;
67
514 se k = 6;

11(k − 4)/(12k2 − 37k − 41) se 7 ≤ k ≤ 12;

23(k − 1)/(24k2 + 13k − 37) se 13 ≤ k ≤ 20

∼ 2 log 2/(k + log k) se k →∞.

✎ Miglioramenti con il metodo di Vinogradov:

Rk(x) � x1/(k+ck1/3), ∃c > 0

✎
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

dove D(k) =



7/(8k + 6), se 2 ≤ k ≤ 5;
67
514 se k = 6;

11(k − 4)/(12k2 − 37k − 41) se 7 ≤ k ≤ 12;

23(k − 1)/(24k2 + 13k − 37) se 13 ≤ k ≤ 20

∼ 2 log 2/(k + log k) se k →∞.

✎ Miglioramenti con il metodo di Vinogradov:

Rk(x) � x1/(k+ck1/3), ∃c > 0

✎ 1993 – Jia. ∀ε > 0
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✎ 1989 – Graham and Pintz. ∀ε > 0

Rk(x) � xD(k)+ε,

dove D(k) =



7/(8k + 6), se 2 ≤ k ≤ 5;
67
514 se k = 6;

11(k − 4)/(12k2 − 37k − 41) se 7 ≤ k ≤ 12;

23(k − 1)/(24k2 + 13k − 37) se 13 ≤ k ≤ 20

∼ 2 log 2/(k + log k) se k →∞.

✎ Miglioramenti con il metodo di Vinogradov:

Rk(x) � x1/(k+ck1/3), ∃c > 0

✎ 1993 – Jia. ∀ε > 0

R2(x) � x17/54+ε
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Se q ∈ N e a ∈ Z/qZ t.c. gcd(a, q) è k–libero,
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Se q ∈ N e a ∈ Z/qZ t.c. gcd(a, q) è k–libero,

Sk(x; a, q) := #{n ≤ x | n è k–libero e n ≡ a mod q}
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Se q ∈ N e a ∈ Z/qZ t.c. gcd(a, q) è k–libero,

Sk(x; a, q) := #{n ≤ x | n è k–libero e n ≡ a mod q}

Teorema (Prachar – 1958). Se (a, q) = 1,
δk,q := 1

qζ(k)

∏
l|q
(
1− 1

lk

)
.

Allora

Sk(x; a, q) = δk,qx + O( k
√

xq−1/k2
+ q1/kkω(q)),

dove ω(q) = # divisori primi di q.
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Se q ∈ N e a ∈ Z/qZ t.c. gcd(a, q) è k–libero,

Sk(x; a, q) := #{n ≤ x | n è k–libero e n ≡ a mod q}

Teorema (Prachar – 1958). Se (a, q) = 1,
δk,q := 1

qζ(k)

∏
l|q
(
1− 1

lk

)
.

Allora

Sk(x; a, q) = δk,qx + O( k
√

xq−1/k2
+ q1/kkω(q)),

dove ω(q) = # divisori primi di q.

Corollario Se (a, q) = 1,

min{n k–libero e n ≡ a mod q} � q1+1/k+ε
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(k)(n) =

∑
dk|n

µ(d),
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Dimostrazione. Partiamo da µ
(k)(n) =

∑
dk|n

µ(d),

Sk(x; a, q) =
∑
n≤x

n≡a mod q

µ(k)(n) (1)

=
∑

d≤ k
√

x

µ(d)#{m ≤ x/dk | dkm ≡ a mod q}.
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Dimostrazione. Partiamo da µ
(k)(n) =

∑
dk|n

µ(d),

Sk(x; a, q) =
∑
n≤x

n≡a mod q

µ(k)(n) (1)

=
∑

d≤ k
√

x

µ(d)#{m ≤ x/dk | dkm ≡ a mod q}.

Adesso
#{m ≤ x/dk | dkm ≡ a mod q} =

x

qdk
+ O(1).

Si divide la somma in (1) in due;
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Dimostrazione. Partiamo da µ
(k)(n) =

∑
dk|n

µ(d),

Sk(x; a, q) =
∑
n≤x

n≡a mod q

µ(k)(n) (1)

=
∑

d≤ k
√

x

µ(d)#{m ≤ x/dk | dkm ≡ a mod q}.

Adesso
#{m ≤ x/dk | dkm ≡ a mod q} =

x

qdk
+ O(1).

Si divide la somma in (1) in due;

∑
d≤ k

√
x/q1/k2

gcd(d,q)=1

e
∑

k
√

x/q1/k2<d≤ k
√

x

.
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☞Prima Somma: ∑
d≤ k√x/q1/k2

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}
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☞Prima Somma: ∑
d≤ k√x/q1/k2

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

∑
d≤ k

√
x/q1/k2

gcd(d,q)=1

µ(d)#{m ≤ x/dk | dkm ≡ a mod q} =

∑
d≤ k

√
x/q1/k2

gcd(d,q)=1

µ(d)
(

x

qdk
+ O(1)

)
=

x

q

∞∑
d=1

gcd(d,q)=1

µ(d)
dk

+ O

x

q

∑
d> k

√
x/q1/k2

1
dk

+
k
√

x

q1/k2

 =

x

qζ(k)

∏
l|q

(
1− 1

lk

)
+ O

(
k
√

x

q1/k2

)
= δk,qx + O

(
k
√

x

q1/k2

)
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☞Prima Somma: ∑
d≤ k√x/q1/k2

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

∑
d≤ k

√
x/q1/k2

gcd(d,q)=1

µ(d)#{m ≤ x/dk | dkm ≡ a mod q} =

∑
d≤ k

√
x/q1/k2

gcd(d,q)=1

µ(d)
(

x

qdk
+ O(1)

)
=

x

q

∞∑
d=1

gcd(d,q)=1

µ(d)
dk

+ O

x

q

∑
d> k

√
x/q1/k2

1
dk

+
k
√

x

q1/k2

 =

x

qζ(k)

∏
l|q

(
1− 1

lk

)
+ O

(
k
√

x

q1/k2

)
= δk,qx + O

(
k
√

x

q1/k2

)

visto che 1− (k − 1)/k2 > 1/k2.
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☞Seconda Somma: ∑
k√x

q1/k2 <d≤ k√x

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}
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☞Seconda Somma: ∑
k√x

q1/k2 <d≤ k√x

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

Notare che

k
√

x/q1/k2
< d ≤ k

√
x e ndk ≤ x ==> n ≤ q1/k.
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☞Seconda Somma: ∑
k√x

q1/k2 <d≤ k√x

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

Notare che

k
√

x/q1/k2
< d ≤ k

√
x e ndk ≤ x ==> n ≤ q1/k.

Quindi∑
k√x

q1/k2 <d≤ k
√

x

gcd(d,q)=1

∑
n≤x/dk

ndk≡a mod q

µ(d) �
∑

n≤q1/k

#{d ≤
(x

n

)1/k

| dkn ≡ a mod q}. (2)
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☞Seconda Somma: ∑
k√x

q1/k2 <d≤ k√x

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

Notare che

k
√

x/q1/k2
< d ≤ k

√
x e ndk ≤ x ==> n ≤ q1/k.

Quindi∑
k√x

q1/k2 <d≤ k
√

x

gcd(d,q)=1

∑
n≤x/dk

ndk≡a mod q

µ(d) �
∑

n≤q1/k

#{d ≤
(x

n

)1/k

| dkn ≡ a mod q}. (2)

La congruenza dkn ≡ a mod q ha al più 2kω(q) soluzioni d ∈ Z/qZ. Quindi

#{d ≤ (x/n)1/k | dkn ≡ a mod q} ≤ 2kω(q)

((x

n

)1/k 1
q

+ O(1)
)

.
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☞Seconda Somma: ∑
k√x

q1/k2 <d≤ k√x

gcd(d,q)=1

µ(d)#{m ≤ x/d
k | d

k
m ≡ a mod q}

Notare che

k
√

x/q1/k2
< d ≤ k

√
x e ndk ≤ x ==> n ≤ q1/k.

Quindi∑
k√x

q1/k2 <d≤ k
√

x

gcd(d,q)=1

∑
n≤x/dk

ndk≡a mod q

µ(d) �
∑

n≤q1/k

#{d ≤
(x

n

)1/k

| dkn ≡ a mod q}. (2)

La congruenza dkn ≡ a mod q ha al più 2kω(q) soluzioni d ∈ Z/qZ. Quindi

#{d ≤ (x/n)1/k | dkn ≡ a mod q} ≤ 2kω(q)

((x

n

)1/k 1
q

+ O(1)
)

.

Infine (2) è O
(
kω(q)

(
q1/k + x1/k

q1+1/(k2−k)

))
.
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✎1975 – Hooley. Se gcd(a, q) = 1,

S2(x; a, q) = δ2,qx + O(
√

xq−1/2 + q1/2+ε)

meglio di Prachar se x1/3 < q < x2/3−ε.

∀5/8 ≤ α < 3/4 ∃η = η(α) t.c. se x5/8 < Q ≤ xα,

S2(x; a, q) = δ2,qx + O

((
x

q

)1−η
)

per una porzione positive dei q ∈ (Q, 2Q) con gcd(a, q) = 1.
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Sk(x; a, q) = δk,qx + O

(
(xq)1/k

exp(c1

√
log x/k3)

)
se x ≥ exp(c2k log2 q).
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(
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✎1969 – Orr & Warlimont. Medie per numeri k–liberi in progressione
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q≤x2/3/ logA+1 x

max
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q non hanno zeri di Siegel, allora

Sk(x; a, q) = δk,qx + O

(
(xq)1/k

exp(c1

√
log x/k3)

)
se x ≥ exp(c2k log2 q).

✎1969 – Orr & Warlimont. Medie per numeri k–liberi in progressione
aritmetica. ∃A > 0 t.c.∑

q≤x2/3/ logA+1 x

max
a∈Z/qZ

gcd(a,q) square free

|S2(x; a, q)− δ2,a,qx| �
x

logA x

e
∑
q≤y

∑
a∈Z/qZ

gcd(a,q) square free

|S2(x; a, q)− δ2,a,qx|2 � xy + x8/5 log5 x
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Sia f : N → Z

Sk
f (x) := #{n ≤ x t.c. f(n) è k–libero}.

Sk
f (x) =

∞∑
d=1

µ(d)#{n ≤ x | dk | f(n)}

Se Pf (D) è la probabilità che f(n) è divisibile per D ∈ N.

Problema. Studiare l’identità

Sk
f (x) ∼

∏
l

(
1− Pf (lk)

)
x.
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S̃k
f (x) := #{p ≤ x | p è primo e f(p) è k–libero}.

Teorema (Mirsky – 1949). Per ogni A > 0,

S̃k
f (x) := #{p ≤ x | p primo, p + a è k–libero} = βaπ(x) + O

(
x

logA x

)
dove

βa =
∏

l primo

(
1− 1

lk(l − 1)

)
.
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S̃k
f (x) := #{p ≤ x | p è primo e f(p) è k–libero}.

Teorema (Mirsky – 1949). Per ogni A > 0,

S̃k
f (x) := #{p ≤ x | p primo, p + a è k–libero} = βaπ(x) + O

(
x

logA x

)
dove

βa =
∏

l primo

(
1− 1

lk(l − 1)

)
.

Lo vogliamo dimostrare con un errore più debole.

Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 17

Dimostrazione. Sia π(x;−a, q) il numero dei primi p ≤ x, p ≡ −a mod q,
usando il Teorema dei primi in progressione aritmetica:

S̃k
f (x) =

∑
p≤x

µ(k)(p + a) =
∑
p≤x

∑
dk|p+a

µ(d) =
∑

d≤x1/k

µ(d)π(x;−a, dk)

=
∑

d≤log x

µ(d)
(

π(x)
ϕ(dk)

+ O

(
x

log3 x

))
+

 ∑
d≤x1/k

d>log x

π(x;−a, dk)


= βaπ(x) + O

 ∑
d>log x

π(x)
ϕ(dk)

+
x

log2 x
+

∑
d>log x

x

dk


= βaπ(x) + O

(
x

log2 x

)
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abbiamo usato la stima π(x;−a, q) � x/q.
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evitare casi come f(t) = t(t + 1)(t + 2)(t + 3), 8 | f(n) ∀n.
Teorema (Ricci – 1933). Sia %f (d) il numero degli zeri di f in Z/dZ e

δf,k =
∏

l primo

(
1− %f (lk)

lk

)
,

se deg f ≤ k, allora ∀ε > 0

Sk
f (x) = #{n ≤ x t.c. f(n) è k–libero} = xδf,k + O

(
x

log1−ε x

)
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evitare casi come f(t) = t(t + 1)(t + 2)(t + 3), 8 | f(n) ∀n.
Teorema (Ricci – 1933). Sia %f (d) il numero degli zeri di f in Z/dZ e

δf,k =
∏

l primo

(
1− %f (lk)

lk

)
,

se deg f ≤ k, allora ∀ε > 0

Sk
f (x) = #{n ≤ x t.c. f(n) è k–libero} = xδf,k + O

(
x

log1−ε x

)

Congettura. Sk
f (x) = xδf,k anche se deg f > k. k = 2 è aperto
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Dimostrazione. Sia r = deg f , z = log x e P (z) =
∏

p≤z p. Si ha

Sk
f (x) =

∑
n≤x

µ(k)(f(n)) =
∑
n≤x

∑
dk|n

µ(d)

=
∑

d≤x1/k

µ(d)#{n ≤ x | dk | f(n)}

=
∑

d|P (z)

µ(d)#{n ≤ x | dk |f(n)}+ O(
∑
p>z

#{n ≤ x |pk |f(n)}).
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Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 19

Dimostrazione. Sia r = deg f , z = log x e P (z) =
∏

p≤z p. Si ha

Sk
f (x) =

∑
n≤x

µ(k)(f(n)) =
∑
n≤x

∑
dk|n

µ(d)

=
∑

d≤x1/k

µ(d)#{n ≤ x | dk | f(n)}

=
∑

d|P (z)

µ(d)#{n ≤ x | dk |f(n)}+ O(
∑
p>z

#{n ≤ x |pk |f(n)}).

Università Roma Tre
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Notare che
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Se pk | f(n), allora p ≤ cxr/k per c > 0 opportuna e %f (p) ≤ r è moltiplicativa.
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Sk
f (x) =

∑
d|P (z)

µ(d)#{n ≤ x | dk |f(n)}+ O(
∑
p>z

#{n ≤ x |pk |f(n)})

=
∑

d|P (z)

µ(d)%f (dk)
( x

dk
+ O(1)

)
+ O

∑
p>z

x

pk
+

∑
p≤cxr/k

1


= x

∑
d|P (z)

µ(d)%f (dk)
dk

+ O

(
(1 + r)π(z) +

x

zk−1 log z
+

xr/k

log x

)

= x

∞∑
d=1

µ(d)%f (dk)
dk

+ O

(
x
∑
d>z

rω(d)

dk
+

x

log x log log x

)

= xδf,k + O

(
x

log1−ε x

)
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Si è usato rω(d) = dε.�
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f (x) := #{n ≤ x t.c. f(n) è k–libero}.

✎ 1953 – Erdős. Se deg f = k + 1, allora Sk
f (x) →∞.

✎ 1976 – Hooley. Se f è irriducibile

Sk
f (x) = xδf,k + O

(
x

logk/(k+2) x

)
se deg f = k + 1

✎ 1976 – Nair. Sia λ =
√

2− 1/2 = 0.9142 · · · , f irriducibile,

Sk
f (x) = xδf,k + O

(
x

logk−1 x

)
se deg f ≥ λk
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✎1980– Huxley, Nair. ∀k,deg f , ∃σ = σ(k,deg f) t.c.

Sk
f (x) = xδf,k + O

(
x1−σ

)
se k ≥

√
2 deg f + 1− (deg f + 1)/2
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✎1977 – Nair. ∃α ≤ 70/71 t.c.

Sk
f (x) = xδf,k + O (xα) se deg f = k + 1 ≥ 7
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✎1980– Huxley, Nair. ∀k,deg f , ∃σ = σ(k,deg f) t.c.

Sk
f (x) = xδf,k + O

(
x1−σ

)
se k ≥

√
2 deg f + 1− (deg f + 1)/2

✎1977 – Nair. ∃α ≤ 70/71 t.c.

Sk
f (x) = xδf,k + O (xα) se deg f = k + 1 ≥ 7

✎ 1982 – Hinz. generalizzazione del lavoro di Nair per campi numerici.

✎ 1998 – Granville.

abc ===> S2
f (x) ∼ δf,2x
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S̃k
f (x) := #{p ≤ x | p è primo e f(p) è k–libero}.

✎ 1977 – Hooley. Se deg f = k + 1 ≥ 41 e f è irriducibile, allora ∃∆k > 0 t.c.

S̃k
f (x) = δ̃f,kπ(x) + O

(
x

log1+∆k x

)
se deg f = k + 1 ≥ 41
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S̃k
f (x) := #{p ≤ x | p è primo e f(p) è k–libero}.

✎ 1977 – Hooley. Se deg f = k + 1 ≥ 41 e f è irriducibile, allora ∃∆k > 0 t.c.

S̃k
f (x) = δ̃f,kπ(x) + O

(
x

log1+∆k x

)
se deg f = k + 1 ≥ 41

dove %̃f (d) è in numero degli zeri di f(t) in (Z/dZ)∗ e

δ̃f,k =
∏

l primo

(
1− %̃f (lk)

lk−1(l − 1)

)
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S̃k
f (x) := #{p ≤ x | p è primo e f(p) è k–libero}.

✎ 1977 – Hooley. Se deg f = k + 1 ≥ 41 e f è irriducibile, allora ∃∆k > 0 t.c.

S̃k
f (x) = δ̃f,kπ(x) + O

(
x

log1+∆k x

)
se deg f = k + 1 ≥ 41

dove %̃f (d) è in numero degli zeri di f(t) in (Z/dZ)∗ e

δ̃f,k =
∏

l primo

(
1− %̃f (lk)

lk−1(l − 1)

)

✎ Se deg f ≤ k, Teorema di Ricci si estende.

Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 24�� ��valori k–liberi delle funzioni aritmetiche classiche

Università Roma Tre
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✎ 2003 – Banks & FP. Se ϕ è la funzione di Eulero,
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ϕ(x) = {n ≤ x t.c. ϕ(n) è k–libero}.
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✎ 2003 – Banks & FP. Se ϕ è la funzione di Eulero,

Sk
ϕ(x) = {n ≤ x t.c. ϕ(n) è k–libero}.

Allora ∀k ≥ 3,

Sk
ϕ(x) =

3αk

2(k − 2)!
x (log log x)k−2

log x

(
1 + Ok

(
(log log log x)2(k+1)2k−4−1

(log log x)1−1/k

))
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Sk
ϕ(x) = {n ≤ x t.c. ϕ(n) è k–libero}.

Allora ∀k ≥ 3,

Sk
ϕ(x) =

3αk

2(k − 2)!
x (log log x)k−2

log x

(
1 + Ok

(
(log log log x)2(k+1)2k−4−1

(log log x)1−1/k

))

dove

αk :=
1

2k−1

∏
l>2

1− 1
lk−1

k−2∑
i=0

k−2−i∑
j=0

(
k − 1

i

)(
k − 1 + j

j

)
(l − 2)j

(l − 1)i+j+1

 .
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2ν−2, se p = 2 and ν ≥ 3
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∀n ∈ N, λ(n) := exp((Z/nZ)∗)

In altre parole λ(pν) =

pν−1(p− 1), se p ≥ 3 or ν ≤ 2;

2ν−2, se p = 2 and ν ≥ 3

e ∀n ≥ 2, λ(n) = lcm(λ(pν1
1 ), . . . , λ(pνs

s )), dove n = pν1
1 · · · pνs

s .

Università Roma Tre
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In altre parole λ(pν) =

pν−1(p− 1), se p ≥ 3 or ν ≤ 2;

2ν−2, se p = 2 and ν ≥ 3

e ∀n ≥ 2, λ(n) = lcm(λ(pν1
1 ), . . . , λ(pνs

s )), dove n = pν1
1 · · · pνs

s .

Nota. λ(1) = 1. ∀n λ(n) | ϕ(n).
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∀n ∈ N, λ(n) := exp((Z/nZ)∗)

In altre parole λ(pν) =

pν−1(p− 1), se p ≥ 3 or ν ≤ 2;

2ν−2, se p = 2 and ν ≥ 3

e ∀n ≥ 2, λ(n) = lcm(λ(pν1
1 ), . . . , λ(pνs

s )), dove n = pν1
1 · · · pνs

s .

Nota. λ(1) = 1. ∀n λ(n) | ϕ(n).

✎ 2002 FP, Saidak & Shparlinski.

Sk
λ(x) = #{n ≤ x t.c. λ(n) è k–libero} = (κk + o(1))

x

log1−αk x
,
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∀n ∈ N, λ(n) := exp((Z/nZ)∗)

In altre parole λ(pν) =

pν−1(p− 1), se p ≥ 3 or ν ≤ 2;

2ν−2, se p = 2 and ν ≥ 3

e ∀n ≥ 2, λ(n) = lcm(λ(pν1
1 ), . . . , λ(pνs

s )), dove n = pν1
1 · · · pνs

s .

Nota. λ(1) = 1. ∀n λ(n) | ϕ(n).

✎ 2002 FP, Saidak & Shparlinski.

Sk
λ(x) = #{n ≤ x t.c. λ(n) è k–libero} = (κk + o(1))

x

log1−αk x
,

dove κk :=
2k+2 − 1

2k+2 − 2
·

ηk

eγαk Γ(αk)
, αk :=

∏
l primo

(
1 −

1

lk−1(l − 1)

)

ηk := lim
T→∞

1

logαk T

∏
l≤T

l−1 k–libero

log
(
1 +

1

l
+ . . . +

1

lk

)
.k2 = 0.80328 . . . e α2 = 0.37395 . . ..
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Sia a ∈ Z \ {0,±1}, n ∈ N t.c. (a, n) = 1,

orda(n) := min{e ∈ N | ae ≡ 1 mod n}.

Chiaramente orda(n) | λ(n).

✎2003 – FP.

Sorda
(x) = #

n ≤ x t.c.
(a, n) = 1,

orda(n) è k–libero

 = (ιa,k + o(1))
x

log1−βa,k x
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Sia a ∈ Z \ {0,±1}, n ∈ N t.c. (a, n) = 1,

orda(n) := min{e ∈ N | ae ≡ 1 mod n}.

Chiaramente orda(n) | λ(n).

✎2003 – FP.

Sorda
(x) = #

n ≤ x t.c.
(a, n) = 1,

orda(n) è k–libero

 = (ιa,k + o(1))
x

log1−βa,k x

Se a è senza fattori quadratici e k ≥ 3,

βa,k :=

[∏
l

(
1− 1

lk−2(l2 − 1)

)]
·

1− 1
2

∏
l|[2,a]

1
1− lk−2(l2 − 1)

 .
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,

Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 27�� ��Il metodo per λ e orda(n) k–liberi

Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x
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✎Mirsky. ∀A > 0
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,

µ(k)(λ(n)) e µ(k)(orda(n)) sono moltiplicative!

✎Mirsky. ∀A > 0

S̃k
λ(x) = = =
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,

µ(k)(λ(n)) e µ(k)(orda(n)) sono moltiplicative!

✎Mirsky. ∀A > 0

S̃k
λ(x) =

∑
p≤x

µ(k)(λ(p)) = =
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,

µ(k)(λ(n)) e µ(k)(orda(n)) sono moltiplicative!

✎Mirsky. ∀A > 0

S̃k
λ(x) =

∑
p≤x

µ(k)(λ(p)) =#{p ≤ x | p− 1 è k–libero} =
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Teorema (Wirsing – 1961). Sia g(n) moltiplicativa, 0 < g(pν) � cν , c < 2 e∑
p≤x

g(p) = (τ + o(1))π(x)

per qualche τ 6= 0. Sia γ costante di Eulero, Γ funzione gamma. Allora∑
n≤x

g(n) ∼ 1
eγτΓ(τ)

x

log x

∏
l≤x

∞∑
ν=0

g(lν)
lν

.,

µ(k)(λ(n)) e µ(k)(orda(n)) sono moltiplicative!

✎Mirsky. ∀A > 0

S̃k
λ(x) =

∑
p≤x

µ(k)(λ(p)) =#{p ≤ x | p− 1 è k–libero} =αkπ(x) + O
(

x
logA x

)

Università Roma Tre



Numeri senza fattori quadratici Seminario di Teoria dei Numeri a Tor Vergata 28

Usando il Teorema di densità di Chebotarev:

Università Roma Tre
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Usando il Teorema di densità di Chebotarev:

S̃k
orda

(x) = #{p ≤ x | p - a, ordp(a) è k–libero} = βa,kπ(x) + O

(
x

logσ x

)
∃σ = σ(a, k)
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Università Roma Tre
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Usando il Teorema di densità di Chebotarev:

S̃k
orda

(x) = #{p ≤ x | p - a, ordp(a) è k–libero} = βa,kπ(x) + O

(
x

logσ x

)
∃σ = σ(a, k)

In generale se f è un funzione t.c. µ(k)(f(n)) è moltiplicativa,

S̃k
f (x) ∼ τf,kπ(x) ==> Sk

f (x) ∼ π(x)
eγτf,kΓ(τf,k)

∏
p≤x

∞∑
ν=0

µ(k)(pν)
pν
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