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w(n) = A(n) iff n =2,4,p% 2p* with p >3
A(n) | p(n) Vn € N
if (n,m) =1 then A\(nm) = lem(A(n), A(m)) (A is not multiplicative)

A(n) and ¢(n) have the same prime factors

APyt - pee) = lem{A(2%),p1" T (o1 — 1), 8T (s — 1))
AN2%) =222 if o >3, A\(4) =2, A\(2) =1

n is a Carmichael number iff An) |n—1
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= \(n) > (logn)t-441°8s” for all large n;

= \(n) < (logn)3241°8s™ for co-many n’s;

= \(n) = n(logn)~ 98 n=4+E(™) for almost all n.

log | o
A=-1+) e 0.2269688 - - -, E(n) < (logyn)! Ve > 0 fixed;
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I et B=e""7 1 — =2 ... Th
et B=e 1:[ ( (z ST 1)> 0.37537 en
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A(n) > Nexp(—A)
for all n with 1 <n < N, with at most N exp(—0.69(A log A)/3)
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“We say that a is a A—primitive root modulo n if
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& CIfa#£041, 34, > 0, s.t.

#{p < x | a is a primitive root mod p} ~ A, li(x).
(It is a Theorem under GRH (Hooley’s Theorem))

D Let

Ny(x) =#{n <z | (a,n) =1, a is a A—primitive root modulo n}

2 Question (A ): Determine when /if 9B, > 0, with

Ngy(x) ~ Bax?
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2Li (1999): For all a € Z,
N,
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Tr— 00 €T
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15 ]Let

u(n) = i Z ord, (a)

gp( ) a€ZL|L*

(the average multiplicative order of the elements of (Z/nZ)*)
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15 ]Let
)= —— 3 orda(a)
u(n) == —— ordy, (a
gp(n) a€l|L*
(the average multiplicative order of the elements of (Z/nZ)*)
=
log1 2
lim inf u(n)loglogn _ and lim sup M =1
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A\ vs average order of elements in (Z/nZ)*

Shparlinski & Luca (2003)

15 ]Let
)= —— 3 orda(a)
u(n) == —— ordy, (a
gp(n) a€l|L*
(the average multiplicative order of the elements of (Z/nZ)*)
=
log1 2
lim inf u(n)loglogn _ and lim sup M =1

1= The sequence

(u(n)/A(1) )nen

is dense in [0, 1]
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aBanks & B (2003)

k .
So(x) ={n <z t.c. p(n) is k—free}.

vk > 3,
k
Sp(x) =

3ar,  x (loglog z)F—2

2E—2)  logz G Tol))  (@—+4oo)
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k—free values of gp'
aBanks & B (2003)

k .
So(x) ={n <z t.c. p(n) is k—free}.

Vk > 3, -
10 = e I ) o
where
] 1 1_1’”’““(k1)<k1+;‘> (1 —2)7
k ok—1 Ll Jk—1 = ; j (I — 1)i+i+1

|
|
nnnl

A UNIVERSITA RoMA TRE



Y VS A Analytic Number Theory and Surrounding Areas 10

k—ftree values of A'

|
|
nnnl

A UNIVERSITA RoMA TRE



Y VS A Analytic Number Theory and Surrounding Areas 10

k—ftree values of )\'

2P, Saidak & Shparlinski (2002)

|
|
nnnl

A UNIVERSITA RoMA TRE



Y VS A Analytic Number Theory and Surrounding Areas 10

k—ftree values of )\'

P, Saidak & Shparlinski (2002)
S¥(x) = #{n <z st. \(n) is k—free}

|
|
nnnl

A UNIVERSITA RoMA TRE



Y VS A Analytic Number Theory and Surrounding Areas 10

k—ftree values of )\'

P, Saidak & Shparlinski (2002)
S¥(x) = #{n <z st. \(n) is k—free}

vk > 3,

X

S\(@) = (kg +0(1)) —

(# — +00)
log

96

|
|
nnnl

A UNIVERSITA RoMA TRE



Y VS A Analytic Number Theory and Surrounding Areas 10

k—ftree values of )\'

P, Saidak & Shparlinski (2002)
S¥(x) = #{n <z st. \(n) is k—free}
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S¥(x) = #{n <z st. \(n) is k—free}

Vk > 3,
x
SX(@) = (kk +0(1)) —=5 (z — 400
log" " x
where
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i . = 1 —
R N R | (=)
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k—ftree values of )\'

P, Saidak & Shparlinski (2002)
S¥(x) = #{n <z st. \(n) is k—free}

Vk > 3,
x
SX(@) = (kk +0(1)) —=5 (z — 400
log" " x
where
2k+2 _ 1 Nie 1
i . = 1 —
R N R | (=)

1 1 1
= 1 1 - —=+...4+ —
T =l log™ T 11 Og( T +1k>
I<T
l—1 k—free

e.g. ko =0.80328... and a9 =0.37395....
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Carmichael Conjecture I

%A, (m) = #{n €N | p(n) = m)

VDBy(x) ={m <z | Ay,(m) =1} and F(z)={neN|ph) <z}

Ay(m) #1VYm €N

~Ford (1998)

w If B,(x)

B
+ & for some z, then necessarily lim inf #B,(x)

oo HF ()
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VDBy(x) ={m <z | Ay,(m) =1} and F(z)={neN|ph) <z}

~Ford (1998)

o #Bp(T)
= [f B,(x) # O for some x, then necessarily lim inf > ()
i Hence if liminf,_, i@;”(%) = (), Carmichael Conjecture follows
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Carmichael Conjecture I

%A, (m) = #{n €N | p(n) = m)

Ay(m) #1VYm €N

VDBy(x) ={m <z | Ay,(m) =1} and F(z)={neN|ph) <z}
~Ford (1998)

o #Bp(T)
= [f B,(x) # O for some x, then necessarily lim inf > ()
i Hence if liminf,_, i%((f)) = (), Carmichael Conjecture follows
: #B, ()
= limsup ———= < 1
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Carmichael Conjecture I

%A, (m) = #{n €N | p(n) = m)

Ay(m) #1VYm €N

VDBy(x) ={m <z | Ay,(m) =1} and F(z)={neN|ph) <z}
~Ford (1998)

o #B (1)
= If B, (x & for some x, then necessarily lim inf >0
== Hence if iminf,_, i%((f)) — (0, Carmichael Conjecture follows
: #B, ()
= limsup ———= < 1
st #By(2) < 105000000000
T — 00 #}—(gj)
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Carmichael Conjecture I

%A, (m) = #{n €N | p(n) = m)

VDBy(x) ={m <z | Ay,(m) =1} and F(z)={neN|ph) <z}

Ay(m) #1VYm €N

~Ford (1998)

(I

IS

(I

e 7B ()
If B,(x & for some x, then necessarily lim inf >0
Hence if liminf,_, i%((f)) = (), Carmichael Conjecture follows
: #B, ()
limsup ————= < 1
. #By(T) —5000000000
lim inf < 10
T —> 00 #}—(gj)

If A,(m) =1 them m > 1010%
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“Banks, Friedlander, Luca, B, Shparlinski(2004)
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= Vn <z, A\(A(n)) > exp ((loglog 2)1%/3) with at most O(x/ loglog )

exceptions

w #{n <z [A\(A(n)) = 1} < zexp (—(loglog 2)°77) .

A UNIVERSITA RoMA TRE

|
|
nnnl



© US A Analytic Number Theory and Surrounding Areas 12

Carmichael Conjecture for A (1/2)

©Ax(m) = #{n e N | A(n) = m}
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“Banks, Friedlander, Luca, B, Shparlinski(2004)
= Vn <z, A\(A(n)) > exp ((loglog 2)1%/3) with at most O(x/ loglog )

exceptions

w #{n <z [A\(A(n)) = 1} < zexp (—(loglog 2)°77) .
= The bound

#{n <z |Ay(¢(n)) =1} < zexp (—loglogz + o((logs x)?)) implies
Carmichael Conjecture (for ¢)
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“Banks, Friedlander, Luca, B, Shparlinski(2004)
= Vn <z, A\(A(n)) > exp ((loglog 2)1%/3) with at most O(x/ loglog )

exceptions

w #{n <z [A\(A(n)) = 1} < zexp (—(loglog 2)°77) .

=1 The bound

#{n <z |Ay(¢(n)) =1} < zexp (—loglogz + o((logs x)?)) implies
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=1 Non non-trivial upper bound for the above is known
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Carmichael Conjecture for A (1/2)

©Ax(m) = #{n e N | A(n) = m}

A Ak(m)#l‘VmEN

“Banks, Friedlander, Luca, B, Shparlinski(2004)
= Vn <z, A\(A(n)) > exp ((loglog 2)1%/3) with at most O(x/ loglog )

exceptions

w #{n <z [A\(A(n)) = 1} < zexp (—(loglog 2)°77) .

=1 The bound

#{n <z |Ay(¢(n)) =1} < zexp (—loglogz + o((logs x)?)) implies
Carmichael Conjecture (for ¢)

=1 Non non-trivial upper bound for the above is known

=1 Notion of primitive counter example to Carmichael Conjecture(s)
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Carmichael Conjecture for A (2/2)

ww n € N is a primitive counterezample to Carmichael conjecture (CCCP) if

© Aw(@(n)) =1
N Ay(p(d) #1Vd | n,d < n.

i C,(x) ={n <z |nis (CCCP)}

= #C, (1) < 72/3+0(1)

|
|
nnnl

A UNIVERSITA RoMA TRE



© VS A

&

Analytic Number Theory and Surrounding Areas 13

Carmichael Conjecture for A (2/2)

n € N is a primitive counterexample to Carmichael conjecture (CCCP) if

S Aw(@(n)) =1
N Ay(p(d) #1Vd | n,d < n.

Co(x) ={n <z |nis (CCCP)}
#QP(:IZ) < 332/3+0(1)

If #Cy(x) is the number of primitive counterexamples up to x to the

Carmichael conjecture for A
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n € N is a primitive counterexample to Carmichael conjecture (CCCP) if

S Aw(@(n)) =1
N Ay(p(d) #1Vd | n,d < n.

Co(x) ={n <z |nis (CCCP)}
#QA:E) < 332/3+0(1)

If #Cy(x) is the number of primitive counterexamples up to x to the

Carmichael conjecture for A

A primitive counterexample to the Carmichael conjecture for A, if it

exists, 1s unique. 1.e.
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Carmichael Conjecture for A (2/2)

ww n € N is a primitive counterezample to Carmichael conjecture (CCCP) if

© Aw(@(n)) =1
N Ay(p(d) #1Vd | n,d < n.

i C,(x) ={n <z |nis (CCCP)}

= #C, (1) < 72/3+0(1)

&

If #Cy(x) is the number of primitive counterexamples up to x to the

Carmichael conjecture for A

1 A primitive counterexample to the Carmichael conjecture for A, if it

exists, 1s unique. 1.e.

#Cy(z) <1
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Carmichael Conjecture for A (2/2)

n € N is a primitive counterexample to Carmichael conjecture (CCCP) if

S Aw(@(n)) =1
N Ay(p(d) #1Vd | n,d < n.

Co(x) ={n <z |nis (CCCP)}
#C,(x) < 2?/3F0)

If #Cy(x) is the number of primitive counterexamples up to x to the

Carmichael conjecture for A

A primitive counterexample to the Carmichael conjecture for A, if it

exists, 1s unique. 1.e.

#Cy(z) <1

All counterexamples to Carmichael conjecture for A (if any) are multiples

of the smallest one

UNIVERSITA RoMA TRE

|
|
nnnl



© US A Analytic Number Theory and Surrounding Areas 14

Image of gp'

|
|
nnnl

A UNIVERSITA RoMA TRE



© US A Analytic Number Theory and Surrounding Areas 14

Image of gp'
1= Denote

F :={p(m) | m € N} and L:={\(m) | me N}

|
|
nnnl

A UNIVERSITA RoMA TRE



© US A Analytic Number Theory and Surrounding Areas 14

Image of gp'

F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and x > 1, set A(z) := AN[1, ]

iz Denote

|
|
nnnl

A UNIVERSITA RoMA TRE



© US A Analytic Number Theory and Surrounding Areas 14

Image of gp'

F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and x > 1, set A(z) := AN[1, ]
= A lot of work on F(x) (Pillai, Erdés, Hall, Maier, Pomerance, ...)

iz Denote
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F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and z > 1, set A(x) := ANl x]
= A lot of work on F(x) (Pillai, Erdés, Hall, Maier, Pomerance, ...)
wFord (1998)
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Image of gp'

F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and z > 1, set A(x) := ANl x]
= A lot of work on F(x) (Pillai, Erdés, Hall, Maier, Pomerance, ...)
wFord (1998)

iz Denote

X

L(x)

1
exp {C’(logS r —log, ) — Dlogs x — (D + B 2C) log, x + O(l)}

h log x
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Image of gp'

F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and z > 1, set A(x) := ANl x]
= A lot of work on F(x) (Pillai, Erdés, Hall, Maier, Pomerance, ...)
wFord (1998)

iz Denote

X

1
L(x) exp {C’(logS r —log, ) — Dlogsx — (D + = — 2C) log, = + O(l)}

h log x 2
where C' = 0.81781464640083632231 ---, D = 2.17696874355941032173 - - - .
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Image of gp'

F :={p(m) | m € N} and L:={\(m) | me N}
wwfor any set A and z > 1, set A(x) := ANl x]
= A lot of work on F(x) (Pillai, Erdés, Hall, Maier, Pomerance, ...)
wFord (1998)

iz Denote

X

1
L(x) exp {C’(logS r —log, ) — Dlogsx — (D + = — 2C) log, = + O(l)}

h log x 2
where C' = 0.81781464640083632231 ---, D = 2.17696874355941032173 - - - .

= Could not find literature on L(x)
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Image of ¢ vs image of )\I

Banks, Friedlander, Luca, B, Shparlinski (2004)

“ The number of integers m < x which are values of both A\ and ¢ satisfies

#(LNF)(x) >

— logx
where C' = 0.81781464640083632231 - - - .

exp ((C' + o(1))(logloglog x)?) ,

“ The number of integers m < x which are values of A but not of ¢ satisfies
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Image of ¢ vs image of )\I

Banks, Friedlander, Luca, B, Shparlinski (2004)

“ The number of integers m < x which are values of both A\ and ¢ satisfies

#(LNF)(x) >

Z Tt exp ((C' + o(1))(logloglog x)?) ,

where C' = 0.81781464640083632231 - - -

“ The number of integers m < x which are values of A but not of ¢ satisfies

#(L\ F)(z) 2

2 o exp ((C + 0(1))(log log log x)Q)
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where C' = 0.81781464640083632231 - - -

“ The number of integers m < x which are values of A but not of ¢ satisfies
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— logx
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Image of ¢ vs image of )\I

Banks, Friedlander, Luca, B, Shparlinski (2004)

“ The number of integers m < x which are values of both A\ and ¢ satisfies

#(LNF)(x) >

Z Tt exp ((C' + o(1))(logloglog x)?) ,

where C' = 0.81781464640083632231 - - -

“ The number of integers m < x which are values of A but not of ¢ satisfies

#(L\ F)(z) 2

2 o exp ((C + 0(1))(log log log x)Q)

(' as above.

“ The number of integers m < x which are values of ¢ but not of )\ satisfies

H(F\ L) (z) > —

log? z
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Image of ¢ vs image of A\ - Numerical Examples (1/2)
z | #F (@) | #L(x) | #H(FNL)(2) | #(L\F)(x) | #(F\ L)()
10 | 6 6 6 0 0
10% | 38 39 38 1 0
10% | 291 328 291 37 0
10* | 2374 2933 2369 564 5
10° | 20254 27155 20220 6935 34
10° | 180184 256158 179871 76287 313
107 | 1634372 | 2445343 | 1631666 813677 2706
A UNIVERSITA ROMA TRE
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Y VS A Analytic Number Theory and Surrounding Areas 16
Image of ¢ vs image of A\ - Numerical Examples (1/2)
z | #F (@) | #L(x) | #H(FNL)(2) | #(L\F)(x) | #(F\ L)()
10 | 6 6 6 0 0
10% | 38 39 38 1 0
10% | 291 328 291 37 0
10* | 2374 2933 2369 564 5
10° | 20254 27155 20220 6935 34
10° | 180184 256158 179871 76287 313
107 | 1634372 | 2445343 | 1631666 813677 2706
Criterion. m € L & m = A(s) with s =2 H prr(m)+1
P prime
(p—1)|m
A UNIVERSITA ROMA TRE
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Image of ¢ vs image of A\ - Numerical Examples (2/2)
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Image of ¢ vs image of A\ - Numerical Examples (2/2)

“if m = 1936 then s = 33407040 = 2°-.3-5-17-23 -89
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if m = 1936 then s = 33407040 = 26 -3 -5 17 - 23 - 89
but A(33407040) = 176. So 1936 & L
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if m = 1936 then s = 33407040 = 26 -3 -5 17 - 23 - 89
but A(33407040) = 176. So 1936 & L
(211 + 1) - 89) = ©(2047) = 1936. So 1936 € F
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if m = 1936 then s = 33407040 = 26 -3 -5 17 - 23 - 89
but A(33407040) = 176. So 1936 & L
(211 + 1) - 89) = ©(2047) = 1936. So 1936 € F

“m € F(10°) if and only if m = o(r) for some r < 6.113m.
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Image of ¢ vs image of A\ - Numerical Examples (2/2)

if m = 1936 then s = 33407040 = 2% -3 .5-17-23 - 89

but A(33407040) = 176. So 1936 ¢ £
(211 + 1) - 89) = »(2047) = 1936. So 1936 € F
“m € F(10°) if and only if m = o(r) for some r < 6.113m.

cm =90 = A(31-19) € £ but 90 & F

>
i
m.n
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Image of ¢ vs image of A\ - Numerical Examples (2/2)

if m = 1936 then s = 33407040 = 2% -3 .5-17-23 - 89
but A(33407040) = 176. So 1936 ¢ £
(211 + 1) - 89) = »(2047) = 1936. So 1936 € F
“m € F(10°) if and only if m = o(r) for some r < 6.113m.
em = 90 = A\(31-19) € £ but 90 ¢ F
2 Contini, Croot & Shparlinski

Deciding whether a given integer m lies in F is NP-complete.
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Image of ¢ vs image of A\ - Numerical Examples (2/2)

if m = 1936 then s = 33407040 = 2% -3 .5-17-23 - 89
but A(33407040) = 176. So 1936 ¢ L
v((2-1141)-89) = p(2047) = 1936. So 1936 € F
“m € F(10°) if and only if m = o(r) for some r < 6.113m.
2am =90 = A(31-19) € £ but 90 € F
2 Contini, Croot & Shparlinski
Deciding whether a given integer m lies in F is NP-complete.

L\ F = {90, 174, 230, 234, 246, 290, 308, 318, 364, 390, 410, 414, 450, 510,
516, 530, 534, 572, 594, 638, 644, 666, 678, 680, 702, 714, 728, 740, 770, ...}
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Image of ¢ vs image of A\ - Numerical Examples (2/2)

if m = 1936 then s = 33407040 = 2% -3 .5-17-23 - 89
but A(33407040) = 176. So 1936 ¢ £
(211 + 1) - 89) = »(2047) = 1936. So 1936 € F
“m € F(10°) if and only if m = o(r) for some r < 6.113m.
em = 90 = A\(31-19) € £ but 90 ¢ F
2 Contini, Croot & Shparlinski

Deciding whether a given integer m lies in F is NP-complete.
LN\ F = {90, 174, 230, 234, 246, 290, 308, 318, 364, 390, 410, 414, 450, 510,
516, 530, 534, 572, 594, 638, 644, 666, 678, 680, 702, 714, 728, 740, 770, ...}

T\ £ = {1936, 3872, 6348, 7744, 9196, 15004, 15488, 18392, 20812,
21160, 22264, 30008, 35332, 36784, 38416, 41624, 42320, 44528, 51304, ...}
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Proof of a weaker statement'

#(LN\F)(x) >

x log log x

log x
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Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

Proof. Let
Pa(x) = {q0q1 < x,s.t.90 = ¢1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}
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Proof. Let

Pa(x) = {q0q1 < x,s.t.90 = ¢1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}

Then Vn € Psy(x)

Analytic Number Theory and Surrounding Areas 18

Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

A(n) = (q0—1)2(q1—1) = 2 (mod 4).

UNIVERSITA RoMA TRE

|
|
nnnl



Y VS A Analytic Number Theory and Surrounding Areas 18

Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

Proof. Let
Pa(x) = {q0q1 < x,s.t.90 = ¢1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}

Then Vn € Psy(x)

A(n) = @@=l — 9 (;mod 4).

If m € F with m = 2 mod 4, then m = 4, 2p*, p® and p = 3 mod 4
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Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

Proof. Let
Pa(x) = {qoq1 < ,8.t.q0 = q1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}
Then Vn € Ps(x)

A(n) = (q0—1)2(q1—1) = 2 (mod 4).

If m € F with m = 2 mod 4, then m = 4, 2p*, p® and p = 3 mod 4
If m = A(n) € F then m < 3z
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Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

Proof. Let
Pa(x) = {q0q1 < x,s.t.90 = ¢1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}

Then Vn € Psy(x)

A(n) = (q0—1)2(q1—1) = 2 (mod 4).

If m € F with m = 2 mod 4, then m = 4, 2p*, p® and p = 3 mod 4

If m = A(n) € F then m < 3z

Hence

#{A(n) e F | nePaar)} <#{p® <3z} K

log x
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Proof of a weaker statement'

x log log x

#(LN\F)(x) >

log x

Proof. Let
Pa(x) = {q0q1 < x,s.t.90 = ¢1 =3 (mod 4)and(qo — 1,q1 — 1) = 2}

Then Vn € Psy(x)

A(n) = (q0—1)2(q1—1) = 2 (mod 4).

If m € F with m = 2 mod 4, then m = 4, 2p*, p® and p = 3 mod 4

If m = A(n) € F then m < 3z

Hence

#{A(n) e F | nePaar)} <#{p® <3z} K

log x
It is enough to show that there are sufficiently many elements in

Lo(x) ={A(n):n € Ps(x)} C L(x)
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

#£2 (33) >

| . 1
log z 0o L ( )
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

#£2 (%) >

| . 1
log z 0o L ( )

1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.
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It is enough to show that

Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

#Lo(z) > og log, . (1)
1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.
Then No(z) > 1ng log, Q.
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

1 : 1
Lo () > gz 10827 (1)
1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.
X
Then No(z) > o = log, Q.

2 IfQ < z'* and
1<p1<Q, op1<wx, 0q1 <z,
SQ<£C> — # {(p07p17QO7Q1> S.1. q(;(])D_T)C(?pl—Ii)i(qo—l)(qqlq—l) } :
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

1 : 1
Lo () > gz 10827 (1)
1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.
X
Then No(z) > o = log, Q.

2 IfQ < z'* and
1<p1<Q, op1<z, qoqi=w,
Sq(z) = # {(po,p1,qO,Q1) A YA LG AT i }

(log Q)°.

I
(log )?

Then So(r) K
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

Then

Then

#£2 (%) >

log x

log, .

1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.

X

Ng(x) > log, Q.

log x
2 IfQ < z'* and

I
(log )

So(r) < (log @)*.

1 1< 9 0 1§37,
SQ(CC) — # {(p()vplaC_ZOa ql) s.t. 1 (;(])Q—T)C(?pl—zi)i(QO—l)(Ch—l)

qoqi §x7

|3

(1)

V@

#L2(x) > No(r) — 280(x) > 1o —

log, @

(log x)?

(log Q)®
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It is enough to show that
Lo(x) ={A(n):n € Ps(x)} C L(x)

has sufficiently many elements. i.e.

Then

Then

#£2 (%) >

log x

log, .

1 If Q < 2% and Ng(x) = #{n = qoq1 € P2(x) with ¢ < Q}.

X

Ng(x) > log, Q.

log x
2 IfQ < z'* and

I
(log )

So(r) < (log @)*.

1 1< 9 0 1§37,
SQ(CC) — # {(p()vplaC_ZOa ql) s.t. 1 (;(])Q—T)C(?pl—zi)i(QO—l)(Ch—l)

qoqi §x7

|3

(1)

V@

#L2(x) > No(r) — 280(x) > 1o —

log, @

X

(log x)?

(log Q)®

Take @ = exp ((logz)'/3) and get (1)
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Proof of Lemma 1'

The contribution to Ng(«) from primes ¢; < @, ¢1 =3 (mod 4) is

> >oooowdy= > pd D> 1L

qgo<z/q dl(2o1 a1 dl(g1—1)/2 qgo<z/q
qgo=3 (mod 4) qgo=3 (mod 4)
go=1 (mod d)
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Proof of Lemma 1'

The contribution to Ng(«) from primes ¢; < @, ¢1 =3 (mod 4) is

> oo owd= > ud > L

qgo<z/q dl(2o1 a1 dl(g1—1)/2 qgo<z/q
qo=3 (mod 4) qo=3 (mod 4)
go=1 (mod d)

Therefore No(z) = Z M, + Z R,
9<@ 9@
q=3 (mod 4) q=3 (mod 4)
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Proof of Lemma 1'

The contribution to Ng(«) from primes ¢; < @, ¢1 =3 (mod 4) is

> >oooudy= > pd > L

qgo<z/q dl(2o1 a1 dl(g1—1)/2 qgo<z/q
qo=3 (mod 4) qo=3 (mod 4)
go=1 (mod d)
Therefore No(z) = g M, + Z R,
pN®) q=Q
q=3 (mod 4) q=3 (mod 4)

where

_li(z/q) j(d)
Ma 2 2 p(d)’

d|(g—1)/2

R, = > uld) (W(x/q;4d,ad)—

dl(qg—1)/2

li(z/q)
2(d) ) ’
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Proof of Lemma 1'

The contribution to Ng(«) from primes ¢; < @, ¢1 =3 (mod 4) is

> oo owd= > ud > L

qgo<z/q dl(2o1 a1 dl(g1—1)/2 qgo<z/q
qo=3 (mod 4) qo=3 (mod 4)
go=1 (mod d)

Therefore No(z) = Z M, + Z R,
9<@ 9@
q=3 (mod 4) q=3 (mod 4)
where

_li(z/q) j(d)
Ma 2 2 p(d)’

d|(g—1)/2

Ry, = ), wd) (W(x/q;4d,ad)—

dl(qg—1)/2

li(z/q)
2(d) ) ’

and ag is the residue class modulo 4d determined by the classes 3 (mod 4) and 1 (mod d).
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For the sum R, over ¢ < (), Bombieri-Vinogradov (since ) < zl/ 1) implies,
VA > 1,
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For the sum R, over ¢ < (), Bombieri-Vinogradov (since ) < zl/ 1) implies,
VA > 1,

(/g 4d.00) — 5 /o)

> R < Y )

I=Q q<Qd[(g—1)/2
q=3 (mod 4)

< Z (logz) ™" <« z(logz)t 4,

q<Q
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For the sum R, over ¢ < (), Bombieri-Vinogradov (since ) < zl/ 1) implies,
VA > 1,

Z Ry < S: S: 2901(0[) h(f’?/Q)‘

I=Q q<Qd[(g—1)/2
q=3 (mod 4)

W(.Qf/q, 4d7 ad) o

< Z (logz) ™" <« z(logz)t 4,
q<Q

For the sum of M, over g

S oMo> S e ] (1_L>

a<Q 9<Q pl(qg—1)/2
q=3 (mod 4) q=3 (mod 4)

>

>
>
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For the sum R, over ¢ < (), Bombieri-Vinogradov (since ) < zl/ 1) implies,

VA > 1,

1 .
- h(x/q>\

> R < Y )

I=Q q<Qd[(g—1)/2
q=3 (mod 4)

m(z/q;4d, aq) —

< Z (logz) ™" <« z(logz)t 4,

q<Q

For the sum of M, over g

S oMo> S e ] (1_L>

— 1
q<Q q<Q pl(g—1)/2 P
q=3 (mod 4) q=3 (mod 4)
x — 1l x
> > D) 5 2 og, @
log x e q(q—1) log x

q=3 (mod 4)

by a classical formula (Stephens) via partial summation.
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Proof of Lemma 2'

Fix p; and ¢; and estimate S, 4, to Sg(x) arising.
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Proof of Lemma 2'

Fix p; and ¢; and estimate S, 4, to Sg(x) arising.

Then

Spl,ql — {m

<

(p1—1,q91

S.T.
q1 —1 .
[pl — 17 q1 — 1] (pl_i,ql_l) -m-+1 are prime

T both 21— s.m+1 and }
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Proof of Lemma 2'

Fix p; and ¢; and estimate S, 4, to Sg(x) arising.

Then

(p1—1,91—1)

S.T.
q1 —1 .
1 — Lg1 — 1] (pl—i,fn—l) ‘m+1 are prime

T both P11 41 and
Spl,ql — {m < [p }

Applying the sieve

L (pl — 17q1 _ 1) —1
Spia K H (1-1/p)
e 1 2 —1 — 1
(log z) (P2 )@ ) p|lp1—1,q1—1]

z (p1 — 1,1 — 1)
(logx)?  @(p1 —1)p(qr — 1)
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Proof of Lemma 2'

Fix p; and ¢; and estimate S, 4, to Sg(x) arising.

Then

(p1—1,91—1)

S.T.
q1 —1 .
1 — Lg1 — 1] (pl—i,fn—l) ‘m+1 are prime

T both P1=! . m+41 and
Spl = {m < } .
9 [p

Applying the sieve

L (pl — 17q1 _ 1) -1
Spia K H (1-1/p)
e 1 2 —1 — 1
(log z) (P2 )@ ) p|lp1—1,q1—1]

z (p1 — 1,1 — 1)
(logx)?  @(p1 —1)p(qr — 1)

Sum over ¢; < p1 < (), and enlarge the sum to include all integers up to @:
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Sum over ¢; < p1 < (), and enlarge the sum to include all integers up to Q:

Z (1 —1,¢1 — 1) = Z (k,m)

o P = Dplar — 1) v oo wk)p(m)

|
|M|
5|~

| /\

™
RS
=~

A UNIVERSITA RoMA TRE
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Sum over ¢; < p1 < (), and enlarge the sum to include all integers up to Q:

(p1—1,¢1 — 1)

o —Dola—1)

2.

q1<p1<Q

IA

k,m
3 (k,m)

= R)e(m)

This completes the proof of the Lemma.
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Sum over ¢; < p1 < (), and enlarge the sum to include all integers up to Q:

(p1—1,¢1 — 1)

o —Dola—1)

2.

q1<p1<Q

IA

k,m
3 (k,m)

= R)e(m)

This completes the proof of the Lemma.
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Collision of powers of ¢ and )\ (last topic) I
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,

S Ag(z) ={n <z : ¢(n)*~' = An)*}.
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,

S Ag(z) ={n <z : ¢(n)*~' = An)*}.

N Forr>s>1
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,

S Ag(z) ={n <z : ¢(n)*~' = An)*}.

N Forr>s>1
Ars =1{n : o(n)® = A(n)"}

D Banks, Ford, Luca, BP & Shparlinski (2004)
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,

S Ag(z) ={n <z : ¢(n)*~' = An)*}.

N Forr>s>1
Ars =1{n : o(n)® = A(n)"}

D Banks, Ford, Luca, BP & Shparlinski (2004)

= A (x) > 219727k for k > 2
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Collision of powers of ¢ and )\ (last topic) I

2 (1729) = A(1729)2,  ©(666)2 = A(666)3, (768)3 = A\(768)%,

S Ag(z) ={n <z : ¢(n)*~' = An)*}.

N Forr>s>1
Ars =1{n : o(n)® = A(n)"}

D Banks, Ford, Luca, BP & Shparlinski (2004)
= A (x) > 219727k for k > 2

= Dickson’s k—tuples Conjecture implies #.A, ; = o0
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Collision of powers of ¢ and )\ (last topic) I

p(1729) = A(1729)2, ©(666)% = A(666)3, ©(768)3 = A(768)4,

Ap(z) ={n <z : p(n)*"! = A(n)*}.

Forr >s>1
Ars = {n : on)=An)"}

Banks, Ford, Luca, B> & Shparlinski (2004)
= A (x) > 219727k for k > 2
= Dickson’s k—tuples Conjecture implies #.A, ; = o0

== Schinzel’s Hypothesis H implies #.4, 1 = oo
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Collision of powers of ¢ and )\ (last topic) I

p(1729) = A(1729)2, ©(666)% = A(666)3, ©(768)3 = A(768)4,

Ap(z) ={n <z : p(n)*"! = A(n)*}.

Forr >s>1

Ars =1{n : o(n)® = A(n)"}

Banks, Ford, Luca, B> & Shparlinski (2004)

Iy

A (x) > 219727k for k > 2
Dickson’s k—tuples Conjecture implies #A4, 1 = o0
Schinzel’s Hypothesis H implies #.A, 1 = o0

The set {log p(n)/log A(n)},>3 is dense in [1, c0)
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o a; >0
Ong(az,bZ):l\VZ:l,,k'
e Vp < k dn such that pfnle(am + b;)

Then Joo-many n’s such that p; = a;n + b; is prime Vi =1, ...

k—tuples Conjecture Vk > 2, let a1,...,ax,b1,...,01 € Z, with
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k—tuples Conjecture Vk > 2, let a1,...,ax,b1,...,01 € Z, with
o a;, >0
o gcd(a;, b)) =1Vi=1,....k
e Vp < k dn such that p1 Hle(am + b;)

Then Joo-many n’s such that p; = a;n + b; s prime Vi =1,..., k.

Hypothesis H If fi(n),..., fr(n) € Z|z]
o irreducible
e positive leading coefficients
e YVq dn such that g1 fi(n)... fr-(n).

Then fi(n),..., fr(n) are stmultaneously prime for oo-many n’s.
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