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Proto—-History (from WIKIPEDIA)

Giulio Carlo, Count Fagnano, and Marquis
de Toschi (December 6, 1682 —
September 26, 1766) was an ltalian
mathematician. He was probably the first
to direct attention to the theory of elliptic
integrals. Fagnano was born in Senigallia.

He made his higher studies at the Collegio
Clementino in Rome and there won great
distinction, except in mathematics, to
which his aversion was extreme. Only after
his college course he took up the study of
mathematics.

Later, without help from any teacher, he
mastered mathematics from its
foundations.

Some of His Achievements:
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Length of Ellipses

LS}
[N}

E: L+ L =1

The length of the arc of a plane

curve y = f(x), f: [a, b] — Ris:

b
‘= / 1+ (F7())2at

J Applying this formula to £:

4 _f
- [ (LY
0

1
[1+3x2
_4/0 de x=1t/2

If y is the integrand, then we have the identity:

y2(1 —x?) =1+3x2

Apply the invertible change of variables:

{x:1—2/t
Y=

Arrive to

=1 -4 +6t—3
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What are Elliptic Curves?
Reasons to study them

Elliptic Curves
@ are curves and finite groups at the same time
® are non singular projective curves of genus 1
@ have important applications in Algorithmic Number Theory
and Cryptography
O are the topic of the Birch and Swinnerton-Dyer conjecture
(one of the seven Millennium Prize Problems)

@ have a group law that is a consequence of the fact that
they intersect every line in exactly three points (in the
projective plane over C and counted with multiplicity)

@ represent a mathematical world in itself ... Each of them
does!!
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Notations
Fields of characteristics 0

© Qs the field of rational numbers
® R and C are the fields of real and complex numbers
® K c C,dimg K < oo is a number field

s QVd,deQ
e Q[a], f(e) = 0, f € Q[X] irreducible

Finite fields
® F,={0,1,...,p— 1} is the prime field;
® [, is afinite field with g = p” elements
O Fq =Tp¢], f(&) =0, f € Fp[X] irreducible, 0f = n
O F,=TF[¢], 2 =1+¢

@ Fs = Fo[a], o® = o + 1 but also Fg = F2[8], 5% = 2 + 1,

(B=0a?+1)
@ F101101 = F101[w],w101 = w +1
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Elliptic curves over Fq

Notations
F. Pappalardi

Algebraic Closure of Fy
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o C D Q satisfies that Fundamental Theorem of Algebral! o
(i.e. Vf € Q[x],0f > 1,3a € C, f(a) = 0) History

« We need a field that plays the role, for Fq, that C plays for e
Q. It will be Fq, called algebraic closure of Fy

WeierstraB3 Equations

O Singular points
The Discriminant
0 Vvn € N, we fix an Fqn Elliptic curves /Fyp
® We also require that Fgn C Fgm if n | m S
— Point at infinity of £
9 We |et Fq = U Fqn Projective Plane
e
Points at infinity
o Fact: F, is algebraically closed eI

(i.e. Vf € Fq[x],0f > 1,3a € Fq, f(a) = 0)

If F(x,y) € Q[x, y] a point of the curve F = 0, means (xo, o) € C?sit. F(x0, o) = 0.
If F(x,y) € Fq[x, y] a point of the curve F = 0, means (xo, yo) € ?Z st. F(xo,¥) = 0.
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The (general) WeierstraB Equation Fillpic curves over Fq
F. Pappalardi

An elliptic curve E over a IFy (finite field) is given by an equation

|
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E:y2+aixy+asy =X+ ax®+ asX + as |

where ai1,a3,82,da4,d6 € Fq Introduction

History

length of ellipses
why Elliptic curves?
Fields
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The equation should not be singular
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Elliptic curves over Fq

Tangent line to a plane curve
F. Pappalardi

Given f(x,y) € Fq[x, y] and a point (xo, yo) such that
f(xo0, ¥0) = 0, the tangent line is:

55 (X0, Y0)(X = x0) + 57 (X0, Yo)(¥ — o) = 0 J

|
1t

Introduction

History
If length of ellipses
of why Elliptic curves?

g_;(XOvyo) - _y(X07y0) - 07 J Fields

Wei 3 Equations

such a tangent line cannot be computed and we say that
. . The Discriminant
(X07 YO) IS SIngLI/ar Elliptic curves /Fp

Elliptic curves /Fg
Deflnltlon Point at infinity of £

. . . . . Projective Plane
A non singular curve is a curve without any singular point Homogenaous
Polynomials
Points at infinity

Exam ple Homogeneous

Coordinates

The tangent line to x2 + y? = 1 over F; at (2,2) is

xX+y=4
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Elliptic curves over Fq

Singular points

The classical definition F. Pappalardi
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Definition
A singular point (xo, ¥o) on a curve f(x, y) = 0 is a point such reducton
that History
— length of ellipses
ox (XO’ YO) =0 why Elliptic curves?
if(xo7y0) — 0 Fields

WeierstraB3 Equations

The Discriminant

So, a_t a singular pqint there is no (unique) tangent line!l In the ER
special case of Weierstra3 equations: Eliptio ourves /Fg

2 3 2 Point at infinity of £
E b y =F a Xy aF a3y = X° 4+ as X’ aF ag X = ds J Projective Plane

Homogeneous
Polynomials

Points at infinity
Homogeneous

8)( =0 . ay = 3X2 + 232X + as Coordinates
0y =0 2y+aix+az=0

we have

We can express this condition in terms of the coefficients
ai, as, as, as, as.
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The Discriminant of an Equation
The condition of absence of singular points in terms of ay, a,, as, a4, as

With a bit of Mathematica

Ell:=-a_6-a_4x-a_2x"2-x"3+a_3y+ta_lxy+y 2;
SS := Solve[{D[Ell,x]==0,D[Ell,y]==0}, {y,x}];
Simplify[ReplaceAll[E11l,SS[[1]]]*ReplaceAll[E11l,SS[[2]]1]]

we obtain

1
A (-&lasas — 8a3arazas — 16ara5azas + 36858524

E T 2433
— aial — 8aapa — 16a54: + 96a;aza; + 6445+
&ag + 12ataas + 48afasas + 64a3a; — 3643 azas
—144a1ara38 — 7285 2485 — 288arasas + 43243

Definition
The discriminant of a Weierstraf3 equation over Fq, g = p”,
p=>5is

Af =33AF
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The discriminant of E /Fo. Fllptic curves over £

F. Pappalardi
E:y?+aixy+asy = x5+ ax® + ayx + @, aj € Fan J
If p = 2, the singularity condition becomes: = A E
8X =0 a1y — X2 + as Introduction
— History
3y — 0 a1X + 33 - 0 length of ellipses
why Elliptic curves?
Fields
. . . . WeierstraB Equations
Classification of WeierstraB equations over [« Singular points
. Elliptic curves /Fop
e Case a 7& 0: Elliptic curves /Fg
El:=a6+adx+a2x"2+x"3+aldy+alxy+y"2; Point at infinity of £
Simplify[ReplaceAll [El, {x—a3/al,y— ((a3/al) “2+ad)/al}]] Projective Plane
Homogeneous
. Polynomials
we Obtaln Points at infinity
Homogeneous
Ag = (ajas + dasas + djad + aid; + aja3 + &) /af | Cooranates

e Case a; = 0 and a; # 0: curve non singular (Ag := as)

e Case a; = 0 and a; = 0: curve singular
(X0, Y0), (X¢ = as, y2 = axas + as) is the singular point!
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Special WeierstraB equation of £/Fp., p # 2 Ellptic curves over Fq

F. Pappalardi

E:y?+aixy+asy=x3+ax>+ax+a acFp

|||||||||l
|
i I|

If we “complete the squares” by applying the transformation:

Introduction
X — X History
y+y— w length of ellipses
why Elliptic curves?
the Weierstra3 equation becomes: Fields
WeierstraB3 Equations
EI . y2 _ X3 + a/2X2 + aaX + a/G J Singular points
2 a Elliptic curves /Fp
where 3'2 = a + 71’ ag = ag + %, aé = ag + 73 Elliptic curves /Fg
If p > 5, we can also apply the transformation Point at infniy of £
Projective Plane
aé Homogeneous
X< X— 7 Polynomials
y<y Points at infinity

Homogeneous
Coordinates

obtaining the equations:

E”:y2:x3+a”x+ag J

2:712 aya,

where &) = &, — ag =ag+ S
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Special WeierstraB equation for £ /F. Fillpic curves over Fq

Case a 75 0 F. Pappalardi
E:y?+aixy + azy = x3 + apx® + ayx + ag aj € Foa ZAS
6 5 4 4 3.3 4
AE = 2] a6+a1 a3a4+a1 3263§+a1 a§+a1 a3+aa Introduction
a1 History
X X length of ellipses
If we apply the affine transformation: why Eliptic curves?
Fields
X — 612X + as/ay WeierstraB Equations
Y a13y + (a$a4 + 3123)/3% Singular points
we obtain TS ;iz
iptic curves /Fg
E’ - y2 s Xy = X3 4= a . a X2 + Ag Point at infinity of £
) - 312 a? a‘f Projective Plane
Surprisingly Agr = Ag/a8 e
Points at infinity
Homogeneous

Coordinates

With Mathematica

El:=a6+adx+a2x”"2+x"3+al3yt+talxy+y~2;
Simplify[PolynomialMod[ReplaceAll [El,
{x->al"2 x+a3/al, y—->al”3y+(al”2a4+a3"2)/al"3}1,2]]
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Special Weierstrai equation for E/F2Q Elliptic curves over Fg
Case a; = 0 and AE = as ;ﬁ 0 F. Pappalardi

E:y?+aixy+ay=x+ax?+ax+a  a€Fo

|||||||||l
|
|||||||II|

If we apply the affine transformation:

Introduction

History
y<—VJy

length of ellipses

{x<—x+a2 \

why Elliptic curves?

we obtain Fields

WeierstraB3 Equations

E o }/2 + a3_y = X3 + (34 + aS)X + (aﬁ + a2a4)J Singular points

Elliptic curves /Fop

i : Elliptic curves /TF
With Mathematica 8
Point at infinity of £

El:=a6+adx+a2x"2+x"3+a3y+y"2; Projective Plane
Simplify[PolynomialMod[ReplaceAll [El, {x->x+a2,y->y}]1,2]] J Homogeneous
Polynomials

s ags Points at infinity
Definition Homogeneous
Coordinates

Two WeierstraB3 equations over Fq are said (affinely) equivalent if
there exists a (affine) change of variables that takes one into the other

Fact:

Necessarily the change of variables

2
X +— UX+r
{ + r,s,t,u € Fq
has form

y «— Uy + uPsx +t
314



Elliptic curves over Fq

The WeierstraBB equation

Classification of simplified forms R R

After applying a suitable affine transformation we can always
assume that E/F4(q = p") has a Weierstra3 equation of the
following form

Iy
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Introduction
ags . History
Example (Classification) S —
E P Afg why Elliptic curves?
Fields
y2 =x3 + Ax + B >5 4an3 =F 2782 WeierstraB Equations
Singular points
Y24+ xy = x° + ax® + ag 2 a
Elliptic curves /Fop
Y2+ agy = X° + asx + ag 2 ag Elliptic curves /Fg
8 2= Point at infinity of £
2 _ .3 2 4A°C — A°B°- — 18ABC Projective Plane
Y =x+AC+Bx+C 3 +4B3 + 2702 Homogeneous
Polynomials
Points at infinity

Homogeneous
Coordinates

Definition (Elliptic curve)
An elliptic curve is the data of a non singular Weierstral3
equation (i.e. Ag #0)

Note: If p > 3, Ag # 0 < x® + Ax? + Bx + C has no double root

3.15



Elliptic curves over Fq

Elliptic curves over [,
F. Pappalardi

All possible Weierstral3 equations over [, are:
Weierstral3 equations over o

Iy
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Q )y’ +xy=x34+x%>+1 Inrocion

2 _v3 History
9 y + Xy =X + 1 length of ellipses

2 _ 3 why Elliptic curves?
Oy +ty=x+x Fields
o _y2 + y e XS + X + 1 Weierstra3 Equations

Singular points

2 3

e y + y =X The Discriminant
 Eliptio curves /Fp

@ y2 + y = XS + 1 ) Elliptic curves /Fg

Point at infinity of £

H X< X + 1 H rojective Plan
However the change of variables takes the sixth :::o;en:le
y — y + X Polynomials
curve into the fifth. Hence we can remove the sixth from the :‘;i::jgae’nigz:zv
| |St Coordinates
Fact:
There are 5 affinely inequivalent elliptic curves over Fo J
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Elliptic curves in characteristic 3

Via a suitable transformation (x — u?x +r,y — u®y + u?sx + 1)
over F3, 8 inequivalent elliptic curves over 3 are found:

Weierstral3 equations over Fg
Q@ ) =x+x

® y?=x>—x

O )y°=x3—x+1

0 )y°=x3-—x-1

0 )2 =x3+x2+1

0 y>=x3+x2-1

@ V> =x3—x2+1
9y2zx3—x2—1

Fact:

@ Over F5 there are 12 elliptic curves
® Compute all of them
® How many are there over Fy4, over F7 and over Fg?
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The projective Plane

Definition (Projective plane)

P2(Fq) = (F3\ {0})/ ~
where 0 = (0,0,0) and
X=(X1,X2,X3) ~ Y= (V1. )2, ¥3) & X:)\y,ED\G}FE
Basic properties of the projective plane
Q@ PePy(Fg) = P=[x]={Mx:XeF;},xeF3 x#0;

@ #[x] = g — 1. Hence #P»(Fq) = % =¢®+q+1;
© P € Po(Fq), P =: [x,y, 2] with (x,y,2) € FJ\ {0};
X z
e [X? y7 Z] = [X/’y/’ Z/] <:> rank <X/ ‘5/ Z/> - 1
@ P»(Fy) «— {lines through 0 in F3} = {V C F3 :dim V =
1}
O P2(Fy) «— {linesinF3},[a,b,c] — aX + bY +¢Z =0

Elliptic curves over Fq

F. Pappalardi

Iy
|
nnnl

Introduction
History
length of ellipses
why Elliptic curves?
Fields

WeierstraB3 Equations
Singular points
The Discriminant
Elliptic curves /Fo
Elliptic curves /Fg

Point at infinity of £

Homogeneous
Polynomials

Points at infinity

Homogeneous
Coordinates

3.18



Elliptic curves over Fq

The projective Plane
F. Pappalardi

Infinite and Affine points

* P=[x,y,0] is a point at infinity EAE
e P=[x,y,1] is an affine point =& =
o P e P,(F,) is either affine or at infinity 'ﬁ:;jf;""”

o Ap(Fq) :={[x,y,1]: (x,y) € F3} set of affine points | meLee

#A:(Fq) = G Fields
P-] (Fq) = -{[X7y’ 0] o (X’y) = Fg\ {(0) 0)}}_ /Ine at Inflnlty Weierstra3 Equations

Singular points
#]P1 (Fq) = q + 1 The Discriminant

Elliptic curves /Fo

o P (Fq) = A, (Fq) LI Py (Fq) disjoint union Elliptic curves /Fg
e P4(Fq4) can be thought as set of directions of lines in IE‘?, P Tt @
Homogeneous
Polynomials
. Points at infinity
General construction Homogeneous
. . .. . Coordinates
o P,(K), K field, n > 3 is similarly defined;

Pn(K) = Ap(K) U Pp_1(K)
#Pp(Fg)=q"+---+q+1
Pn(K) +— {linesin K"}
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Homogeneous Polynomials

Definition (Homogeneous polynomials)

g(Xi,..., Xm) € Fg[Xi,..., Xn] is said homogeneous if all its
monomials have the same degree. i.e.

9 X, Xm) = > @ X X a L, €Fy
Ji e +im=0g

Properties of homogeneous polynomials - Projective Curves
e VA, FOAX,A\Y,\2) = \FF(X,Y,2)

o If P= [Xo, Yo, Zo] € ]P)Z(Fq), then
F(Xo, Yo, Zy) = 0 depends only on P, not on Xg, Yo, 2
e F(P)=0<« F(Xo, Yo,24) = 0 is well defined
e Projective curve F(X,Y,Z) = 0 the set of P € F»(Fy) s.t.
F(P)=0
Example

Projective line aX + bY + ¢Z = 0; Z = 0, line at infinity
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Elliptic curves over Fq

Points at infinity of a plane curve
F. Pappalardi

Definition (Homogenized polynomial)

if f(x,y) € Fqlx, y1,

Iy
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X Y Introduction
F(X,Y,2)=Z%f(Z, = History
( ’ ’ ) (Z’ Z) length of ellipses
why Elliptic curves?
Fields
e F;is homogenoeus, the homogenized of f Weierstraf Equations
Singular points
° aFf = 3f The Discriminant
. Elliptic curves /Fo
e if f(X0,Y0) = 0, then F¢(xo, ¥,1) =0 Eliptc curves /Fs
¢ the points of the curve f = 0 are the affine points of the Potat ity o &
. . rojective Flane
prOJeCtlve curve Ff = 0 Homogeneous
Polynomials
- Hi n
Example (homogenized curves) o
curve | affine curve homogenized (projective curve)

line ax+by=c aX+bY=cZ
conic | ax’?+by?=1 | aX?+bY? =22
Z = 0 (line at infinity) Not the homogenized of anything
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Elliptic curves over Fq

Points at infinity of a plane curve
F. Pappalardi

Definition
If f € Fq[x, y] then

Iy
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{[Oé, /8, O] (= PZ(FQ) : Ff(Oé, 67 0) = 0} Introduction

Histor

Iengthyof ellipses
why Elliptic curves?

is the set of points at infinity of f = 0.

(i.e. the intersection of the curve and Z = 0, the line at infinity) Fields
WeierstraB3 Equations
The points of Z = 0 are directions of lines in 5 o
Elliptic curves /Fo
Example (point at infinity) Elliptic curves /F5
Point at infinity of £
. . _ Projective Plane
e line:ax+ by +¢c=0 ~ [b,—a,0] o
mogal
* hyperbola: x?/& — y?/b? = 1 - [a,£b,0] AR
e parabola: y = ax® + bx + ¢ s [0,1,0]
o elliptic curve:

V2+aixy+asy=x3+ax?+ax+a ~ [0,1,0]

E /F 4 elliptic curve, oo :=[0,1,0] )
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