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Proto-History (from WIKIPEDIA)

Giulio Carlo, Count Fagnano, and Marquis de
Toschi (December 6, 1682 — September 26, 1766)
was an ltalian mathematician. He was probably the
first to direct attention to the theory of elliptic
integrals. Fagnano was born in Senigallia.

He made his higher studies at the Collegio
Clementino in Rome and there won great
distinction, except in mathematics, to which his
aversion was extreme. Only after his college course
he took up the study of mathematics.

Later, without help from any teacher, he mastered
mathematics from its foundations.

Some of His Achievements:
o m=2ilog =
e Length of Lemniscate
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Collegio Clementino

Lemniscate (x? + y?)? = 2&%(x? — y?)
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Length of Ellipses
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If y is the integrand, then we have the identity:

y2(1 — x%) =1+3x2 )
Apply the invertible change of variables:

The length of the arc of a plane curve y = f(x), f : [a, b] — Ris:

x=1—2/t
=&
b
/ \/— Arrive to
0= 1+ (F(1)2dt

=1 -4 +6t—3
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What are Elliptic Curves?
Reasons to study them
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@ are curves and finite groups at the same time

‘The sum of points

@® are non singular projective curves of genus 1
® have important applications in Algorithmic Number Theory and Cryptography
0 are the topic of the Birch and Swinnerton-Dyer conjecture (one of the seven Millennium Prize Problems)

@ have a group law that is a consequence of the fact that they intersect every line in exactly three points (in
the projective plane over C and counted with multiplicity)

@ represent a mathematical world in itself ... Each of them does!!
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N Elliptic curves over
otations
Introduction
History
length of ellipses
Fields of characteristics 0 why Elliptic curves?
© Qs the field of rational numbers Weierstra} Equations
Singular points
® R and C are the fields of real and complex numbers The Discriminant
. . . Ellipti /Fa
® K C C,dimg K < oo is a number field E"]z(:zz:x:: .
. Q[\/a], deqQ The sum of points
e Q[a], f(a) =0, f € Q[X] irreducible Examples

Structure of £(F,)
Structure of £(F3)

Further Examples
Finite fields

© F, ={0,1,...,p— 1} is the prime field;

@ Fy is afinite field with g = p” elements

® Fq =Tpl], f(€) =0, f € Fp[X] irreducible, of = n

0 Fy=Tp[¢, 8 =1+¢

® I = Fy[a), o® = o+ 1 butalso Fg = F[8], 8% = B2+ 1, (B = ® + 1)
0 Fipyi00 = Fio1[w], W = w41



Notations

Algebraic Closure of

e C D Q satisfies that Fundamental Theorem of Algebral (i.e. Vf € Q[x], 9f > 1,3a € C, f(a) = 0)

o We need a field that plays the role, for I, that C plays for Q. It will be Fq, called algebraic closure of IF

©® Vn e N,wefixanFg
® We also require that Fgn € Fgm if n | m

0 WeletF, = U]F,,n

neN

e Fact: Fq is algebraically closed
(i.e. Vf € Fg[x], 8f > 1,3 € Fg, f(a) = 0)

If F(x, y) € Q[x, y] a point of the curve F = 0, means (xo, ¥o) € C? s.t. F(Xo, o) = O.
If F(x,y) € Fq[x, y] a point of the curve F = 0, means (xp, o) € Ff, s.t. F(xo,Y0) = 0.
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The (general) WeierstraB3 Equation

An elliptic curve E over a Fy (finite field) is given by an equation

E:y? +aixy + ay = x° + aX® + asx + ag

)

where a1, az, a, as, as € Fq

The equation should not be singular
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Tangent line to a plane curve

Given f(x, y) € Fq[x, y] and a point (xo, yo) such that f(xo, yo) = 0, the tangent line is:

500, 10)(x = x0) + 5(x0.30)(y —0) =0 |

5% (%0, ¥0) = 5} (%0, ¥0) = 0, J

such a tangent line cannot be computed and we say that (xo, yo) is singular
Definition

A non singular curve is a curve without any singular point

Example

The tangent line to x? + y? = 1 over F; at (2, 2) is

X+y=4
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Singular points
The classical definition

Definition
A singular point (xo, ¥o) on a curve f(x, y) = 0 is a point such that
2L (X0, Y0) =0
2L (x0,¥0) =0
So, at a singular point there is no (unique) tangent line!! In the special case of WeierstraB3 equations

E:y?+ aixy + azsy = xX° + aX? + asX + as J
we have

Ox =0

ary = 3x% + 2apx + a4
8, =0

2y +aix+a3=0

We can express this condition in terms of the coefficients ay, a2, as, as, as.
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The Discriminant of an Equation
The condition of absence of singular points in terms of a;, a,, a3, a4, a

With a bit of Mathematica

Ell:=-a_6-a_4x-a_2x"2-x"3+a_3yta_lxy+ty~2;
SS := Solve[{D[Ell,x]==0,D[Ell,y]==0},{y,x}]1;
Simplify[ReplaceAll [E11l,SS[[1]]]*ReplaceAll[E11l,SS[[2]1]1]]

we obtain

;
’ 5 3 2.2
= g (—alasay — 8ajasasas — 1621 dasay + 36, doa

— ajd, — 8aiapd, — 16254, + 96a1asa; + 6483+
a?ae 4 123‘:3265 4F 48a$a§ae 4F 64aga6 = 36a?a3a6

—144arapa385 — 724, auds — 28822426 + 4324

Definition

The discriminant of a Weierstra3 equation over Fq, g = p”, p > 5 is

Ap =3°AL
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The discriminant of £ /Faa

Elliptic curves over F

Introduction
History

length of ellipses
E - y2 4 gy xy + ay = X3 + 82X2 + asX + as, ai € ]FZO‘ J why Elliptic curves?
If p = 2, the singularity condition becomes:

Fields

WeierstraB Equations
Singular points

2 Elliptic curves /F,
=0 ayy =Xx"+as Elliptic curves ;u“a
8y =0 aix+a3=0 The sum of points
Examples
Structure of E(F)
Structure of E(Fg)
Classification of WeierstraB equations over Fa. Further Examples

El:=a6+adx+a2x"2+x"3+al3ytalxy+y~2;
Simplify[ReplaceAll [El, {x—a3/al,y— ((a3/al) "2+a4d)/al}]] J
e Casear #0:

. Ag = (das + dasas + djad; + aid; + a3 + a3)/a )
we obtain

e Case a; = 0 and az # 0: curve non singular (Ag := as)

e Case a; = 0 and a3 = 0: curve singular (X0, Yo), (}¢ = a4, Y2 = axas + ag) singular point!



Elliptic curves over F,
Special WeierstraB equation of £/Fp., p # 2 " ’

Introduction
History
length of ellipses
E:y?+axy+asy=x"+ax’+ax+a ae Fpo J ::T;mpﬁccuwesq

If we “complete the squares” by applying the transformation: Weierstras Equations

Singular points

X +— X "
axia Elliptic curves /F,
=y =2

Elliptic curves /Fy

i 1 The f points
the Weierstral3 equation becomes: e sum of points

Examples
Structure of £(F,)
Structure of £(F3)

E':y? = x®+ a)x® + djx + & J

Further Examples

£
whereaé:a2+7',a"1:a4+7a'aﬂ,aé:as+§

2
4
Xe—x— 2
y<vy

If p > 5, we can also apply the transformation
o2 3 2 7’1
E":y"=x"+a/x+a J

obtaining the equations:

2 3
a, 77 2a, a,a

;
where @) = &) — %, a) = af + % — 2




Special WeierstraB equation for £ /Fs.
Casea; #0

E:y?+axy+asy =x>+ax®+ ax + a

a; € Faa
Ap = Battpaidagiddigg g
1
If we apply the affine transformation:
{x —— &x+ag/a
y«— ay+(da +&)/a J
we obtain

Ey?+xy=x° (i’i a)x2 L
Vry=x4 (2+%) 0+ 5

Surprisingly Ag: =

INYEH

With Mathematica

El:=ab+adx+a2x’2+x"3+a3y+alxy+y"2;
Simplify[PolynomialMod[ReplaceAll [El,

{x->al"2 x+a3/al, y->al”3y+(al2ad+a3°2)/al"3}],2]]
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. ; R Elliptic curves over F,
Special WeierstraB equation for £ /Fs.

Casea; = 0and Ag := a3 #0

Introduction

History

length of ellipses

E:y?+axy+ay=x"+ax’+ax+a a € Fa J
If we apply the affine transformation:

why Elliptic curves?
Fields

WeierstraB Equations
Singular points
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{xe—x+a2
y+—y

we obtain

The sum of points
. . Examples
E:y?+asy =x°+ (as + &)X + (a6 + a2au) ) s )
Structure of E(F3)
Further Examples

With Mathematica

El:-a6+adx+a2x"2+x 3+al3y+y"2; Simplify[PolynomialMod[ReplaceAll[El, {x->x+a2,y->y}1,2]]

Definition

Two Weierstraf3 equations over I, are said (affinely) equivalent if there exists a (affine) change of variables that
takes one into the other

Exercise
2

. X<— U Xx+r

Prove that necessarily the change of +

3 r,s,t,ueF
2 n & Uy q
variables has fo y uy +u sx +t



The WeierstraB equation
Classification of simplified forms

After applying a suitable affine transformation we can always assume that £ /F,(q = p") has a Weierstraf3

equation of the following form

Example (Classification)

E p Ag

2 =x+Ax+B >5 | 4A% + 2782
Vrxy=x"+ax?+a | 2 | a&

Y2+ asy = X° + ayx + ag 2 a

y2P=x*+Ax®+Bx+C 3 4A°C — AB? — 18ABC + 4B° + 27C?

Definition (Elliptic curve)

An elliptic curve is the data of a non singular WeierstraB equation (i.e. Ag # 0)

Note: If p > 3, Ag # 0 < x® + Ax® + Bx + C has no double root
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L Elliptic curves over F,
Elliptic curves over F»

Introduction
History
length of ellipses
All possible Weierstra3 equations over F; are: iy Bl e
Fields
Weierstra3 equations over [ Welerstrafs Equations
Singular points

2 2

0 Vo+xy=x3+x2+1
2 3

® y +Xxy=x" + 1 Elliptic curves /Fs
2 _ .3 The sum of points

Ly B  sum of poi
ey +y Examples
o y2 +y= x3 +x+1 Structure of £(F,)

2 3 Structure of E(F3)

@y t+ty=x Further Examples
2 3

@y +y=x +1

The Discriminant

1
However the change of variables XX Jt takes the sixth curve into the fifth. Hence we can remove the
y<y+x

sixth from the list.

Fact:

There are 5 affinely inequivalent elliptic curves over F» J




Elliptic curves in characteristic 3

Via a suitable transformation (x — u?x + r, y — 1’y + usx + t) over F3, 8 inequivalent elliptic curves over Fg

are found:

Weierstra3 equations over g

90 906 6 0
NOSLSS S S S

y2

2

2

L)

o

L)

LS

LS}

X3 +x

X3 —x

X3 —x+1
X3 —x—1
X3+ x% +1
x4+ x% —1
X3 —x% 1
X3 —x? -1

Exercise: Prove that

@ Over F5 there are 12 elliptic curves
® Compute all of them
® How many are there over Fy, over F; and over Fg?
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The definition of E(FF)

Let E/Fq elliptic curve, oo := [0, 1, 0]. Set
E(Fq) = {[X, Y, 2] € Po(Fy) : Y2Z + ayXYZ + 8 Y22 = X° + 2, X2Z + ayXZ? + 8,2}
or equivalently

E(Fg) = {(x,y) €F2: y* +aixy + ay = x° + &x° + ax + 3} U {oo}

Elliptic curves over F,
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why Elliptic curves?
Fields
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Singular points

We can think either
o E(Fq) C Po(Fq)
o E(Fq) C F5 U {oo}

The Discriminant
Elliptic curves /F
Elliptic curves /Fy

Examples

--+ geometric advantages

Structure of E(F,)
--» algebraic advantages

Structure of £(F3)

Further Examples
oo might be though as the “vertical direction”

Definition (line through points P, Q € E(F,))

line through Pand Q if P # Q

Ip.q:
A tangentlineto EatP if P=Q

o if #(rp.qNE(Fq)) > 2 = #(rp,qN E(Fq)) =3

® loo,00 NE(Fq) = {o0, 00,00}

e rpq:aX+ bZ =0 (vertical) = oo =[0,1,0] € rp.q

projective or affine

if tangent line, contact point is counted with multiplicity



; Elliptic curves over F,

History (from WIKIPEDIA) 5 5 5
XY +Y +y=x"-3x"+x+1

4 5 Introduction

i History

R, length of ellipses

Carl Gustav Jacob Jacobi (10/12/1804 —
18/02/1851) was a German mathematician,
who made fundamental contributions to elliptic WD EEED

. . K . . Singular points
functions, dynamics, differential equations, |

why Elliptic curves?
Fields

The Discriminant

and number theory. Q Elliptic curves /F,
Elliptic curves /Fy
[ The sumofpaints
Examples
P+Q Structure of £(F,)
P Structure of E(F3)

Further Examples

Some of His Achievements:

Theta and elliptic function
.o N E(Fq) = {P, Q, R}
R,cc N E(Fq) = {oo, R, R'}

Hamilton Jacobi Theory

Inventor of determinants

Jacobi Identity — R
[A,[B, Cl| + [B, [C, Al] + [C, [A, B]] = 0 P+eQ:=R l

1P,00 M E(Fq) = {P, 00, P'}

—P =P J



Properties of the operation “+2”

Theorem

The addition law on E(Fq) has the following properties:

(@) P+e Q € E(Fq)

(b) P+teoco=c0o+egP=P

() P+e(=P) =00

(d P+e(Q+eR)=(P+eQ)+cR
() P+eQ=Q+eP

e (E(Fq), +£) commutative group

e All group properties are easy except associative law (d)

e Geometric proof of associativity uses Pappo’s Theorem

e We shall comment on how to do it by explicit computation

e can substitute IFq with any field K; Theorem holds for (E(K), +£)
e In particular, if E/Fq, can consider the groups E(Fq) or E(Fgn)

VP, Q € E(F,)
VP € E(F,)

VP € E(F,)

VP, Q,R € E(Fy)
VP, Q € E(F,)
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Computing the inverse —P

Elliptic curves over F

Introduction
Histor
E:y?+aixy +asy = x* + ax® + asx + a |} gt of cipses
why Elliptic curves?
It P = (xi, 1) € E(Fg)

Fields

Weierstras Equations.
Singular points

Definition: —P := P’ where rp, o, N E(Fq) = {P, 00, P’} J

The Discriminant

Elliptic curves /F,

Elliptic curves /Fy

2 e 2 (R T T T —
Y+ aixiy +ay — (5 + axi + axa + a) = (y — y1)(y — y1) )

Examples

Write P’ = (x{,y{). Since rp o : X = X1 = X{ = x; and y; satisfies

Structure of E(F,)
Structure of E(F3)

So y1 + ¥ = —aix; — as (both coefficients of y) and Further Bxampes

—P=—(x1,y1) = (x1, —a1x; — a — y1) J

So, if Py = (X1, 1), P2 = (X2, y2) € E(Fy),

Definition: Py +g P, = —P3 where e, P, M E(]Fq) = {Py, P>, P3} J

Finally, if P; = (X3, ¥3), then

Py +gPo = —P3 = (X3, —aix3s — a — y3) J




Lines through points of £

E:y? +aixy + ay = x° + aX® + asx + a

where a1, az, az, as, as € Fq,

Py = (x1,y1), P2 = (X2, yo) € E(Fq)

)\z}’2—}’1’
Xo — X4
@ Pi#Pandxi X = Ip.piy=A+v

YiXa — X1)2
V= "—

Xo — Xq

@ P # Pandxi = xo = fep, i X=X

© P =Pand2y +ax +a#0 = fpp, 1y =AX+v

NG t2mxita —ay  ay X —ax — 23

2y + ajxy + as T 2yy + aixy + as

O Pi=Pand2y; +aix; +a3 =0
O /P ot X=X

e, P, © X = X4

o, 00 :
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Intersection between a line and E

We want to compute P; = (X3, y3) where rp, p, : ¥ = AX + v,

re,,p, N E(Fq) = {P1, P2, P3} J
We find the intersection:
o N ERg) = {77 ey rirensane

Substituting
(Ax +v)2 + ax(Ax + v) + as(Ax + v) = X3 + ax® + agx + a5
Since x; and x; are solutions, we can find x3 by comparing

X+ @t +ax+a — (A +v) + aix(Ax + v) + & (Ax + v)

Ch(@m— 22— )P+

X —%)(x — 0)(x — x3) = x> — (¥ + X + X)X + - - -

Equating coeffcients of x2,

X3:)\2—a1)\—32—X1—X2, Ys =Xz +v
Finally

Ps=(N —aid —a —x — %, \* — a1\ — XNaz + x1 + Xe) + v)
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Formulas for Addition on £ (Summary)

Elliptic curves over F

Introduction
History
length of ellipses
- )
E:y’+axy+ay=x"+axtax+ta | Bl cuves
WeierstraB Equations
Pr = (%1, 1), Po = (Xe, y2) € E(Fq) \ {o0}, Singularpoirts
Addition Laws for the sum of affine points ;;z::e':ﬂ/";
2
o If P1 75 Pz Elliptic curves /Fy
[ The sumofpoims
_ Examples
o Xi =X - Py +g P2 = oo ’ Structure of E(F,)
Structure of E(Fg)
X X
T A= L=h v = fX=rXx Further Examples
Xe—X Xp =Xy
o If P1 = Pg
Pi +g P> =2P; = c©
e 2y +aix+ag=0 = J
o 2y +ax+ag#0
\ = MrPmxta—ay  apq-ax—26
- 2y taxta; 0 2y +ax tas
Then
PitePe=(N —ad—a—x —x%, X —@ X+ A +a)(@+x+x%)—a—v) J
v




Formulas for Addition on £ (Summary for special equation)

E:y’=x*+Ax+B

Py = (x1,y1), P2 = (X2, y2) € E(Fq) \ {0},
Addition Laws for the sum of affine points

o If P1 ;é Pz
e Xi =X
* X # X
2= Ln v = hXe—¥aX
X=X X=Xy
o If P1 = Pg
e y1=0
* 1 #0
3x2+A _ xX$—Ax—28B
7R 7
Then

Pite Py = (2 —xi — %, —A° + A(xi + %) — V)

Fiefh=co |

Pi+eP,=2P =c0 |
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A Finite Field Example

Elliptic curves over F

Over FF, geometric pictures don’t make sense.

Introduction
History
length of ellipses
why Elliptic curves?
Example Fields
Weierstra3 Equations
Let E : y? = x* — 5x + 8/Fa7, P =(6,3), Q= (9,10) € E(Fa7) ST
The Discriminant

J Elliptic curves /F,
Elliptic curves /Fy

rpo:y=27x+26 rpp:y=11x+ 11

[ The sumofpoims
2 3
y =x>—-5x+8 Examples
rp.q N E(F37) = = {(6,3), (9, 10), (11,27
r.0 N E(Fer) {y:27x+26 {(6.9),(9,10), (11,27)} J

Structure of E(F,)

Structure of E(F3)
Further Examples

2 3
Yy =x 5x 48
E(F37) = = 2 l
fp,Pﬂ (37) {y 11x 11 {(673)7(673)»(357 6)}

P4+gQ=(11,10) 2P = (35,11) J

3P = (34,25), 4P = (8, 6),5P = (16, 19), . . . 3P + 4Q = (31,28), . . .
Exercise

e Compute the order and the Group Structure of E(F37)
o Show that if £y /Fq is equivalent to E /Fq, then Ey(Fgn) = Ep(Fgn)Vn € N.




Group Structure

Elliptic curves over F

Introduction
History
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g . . e . hy Elliptic ?
Theorem (Classification of finite abelian groups) :.QT ” ipric curves

If G is abelian and finite, 3ny,

WeierstraB Equations
Singular points
@ n|nm|--|ng
9 G’ﬁ‘ Cn‘ @@an

The Discriminant

..., nx € N> such that

Elliptic curves /F,
Elliptic curves /Fy
.., Nk (Group Structure) are unique ST
Examples
Structure of E(F)
Example (One can verify that:)

Furthermore ny, .

Structure of E(F3)
Further Examples

C2400 ® Cr2 @ Crag0 = Ci2 @ Ceo @ Cis200
Shall show that

E(Fg) 2 Ch® Ck 3,k e N7°

(i.e. E(Fy) is either cyclic (n = 1) or the product of 2 cyclic groups)



Proof of the associativity

Elliptic curves over F

Introduction
History

length of ellipses
P+e(Q+eR) =(P+eQ)+eR VP,Q,REE J

why Elliptic curves?

Fields
We should verify the above in many different cases accordingif Q= R,P=Q,P=Q+c R, ... Welerstrafs Equations
Here we deal with the generic case. i.e. All the points =P, £R, £ Q. =(Q +¢ R), £(P +£ Q), oo all different

Singular points
The Discriminant

. Elliptic curves /F:
Mathematica code p /F2

Lix_,y_,r_,s_]:=(s-y)/(r-x); Elliptic curves /Fs
= [ he sumofpoints
Mx_,y_,r_,s_]:=(yr-sx)/(r-x);
Al{x_,y_}, {r_,s_}]:={(L[x,v,r,5]) 2 (x+1), E;Tymuzlxisrems(w)
—(L[x,y,r,s])3+LIx,y, r,s] (x+r) -M[x,y,1,s]} s"ucwremm;
TogRERE B, Tio (®awi o (gl =1 Tho R ol iy R 111 Further Examples
det = Det[(((l,xhx?fy”, {1,xg,xg—y§), (1,X3,ngy§”)]

PolynomialQ[Together [Numerator [Factor[res[[1]]]]/det],

{X1,X2,%X3,Y1,Y2,Y3}]
PolynomialQ[Together [Numerator [Factor[res[[2]]]]/det],

{x1,%2,%3,y1,v2,v3}]

e runsin 2 seconds onaPC

For an elementary proof: “An Elementary Proof of the Group Law for Elliptic Curves.” Department of Mathematics: Rice
University. Web. 20 Nov. 2009.

http://math.rice.edu/ friedl/papers/AAELLIPTIC.PDF
® More cases to check. e.g P +£2Q = (P +£ Q) +£ Q



Elliptic curves over F,

EXAMPLE: Elliptic curves over F»

Introduction
History
length of ellipses
From our previous list: why Elliptic curves?
Fields
WeierstraB Equations
Singular points

Groups of points

E E(F2) [E(F2)] Tho Dsminnt
Elliptic curves /F,

Prxy=x+x2+1 {o0, (0, 1)} 2 e
Examples

VP 4xy=x341 {0, (0,1),(1,0), (1,1)} 4 St ol £
ructure of E(IF3)
Further Examples

Yy =xtx {o0,(0,0),(0,1),(1,0), (1,1)} | 5 '

y2+y:x3+x+1 {0} 1

V+y=x* {0, (0,0),(0,1)} 3

So for each curve E(Fy) is cyclic except possibly for the second for which we need to distinguish between Cq4
and C> @ Co.
Note: each C;,i =1, ..., 5 is represented by a curve /F»



EXAMPLE: Elliptic curves over F3

From our previous list:

Groups of points

i Ei(Fs) Ei(Fs)
1 {0,(0,0),(2,1),(2,2)} Cs
2 {0, (1,0),(2,0),(0,0)} G &G
3| ¥ {0,(0,1),(0,2), (1, 1), (1,2),(2,1),(2,2)} %
4] ¥ {oo} {1}
5 y2:X + X {OO,(1,1),(1,2)} Cg
6 y2 {OO,(O,1),(0,2),(1,0),(2,1),(2, 2)} CG
7]y =x {0, (0,1),(0,2),(1,1),(1,2), } Cs
8 | y2P=x {0, (2,0))} G

Exercise: let 5) be the kronecker symbol. Show that the number of non—isomorphic (i.e. inequivalent) classes

o (3)4(3)

q

of elliptic curves over g is

Note: each C;,i =1, ..., 7 is represented by a curve /F3

Elliptic curves over F

Introduction
History
length of ellipses
why Elliptic curves?
Fields
WeierstraB Equations
Singular points
The Discriminant
Elliptic curves /F,
Elliptic curves /Fs
The sum of points
Examples
Structure of E(F)

Further Examples



EXAMPLE: Elliptic curves over Fs and F4

VE /Fs (12 elliptic curves), #E(Fs) € {2,3,4,5,6,7,8,9,10}. vn,2 < n < 103!E /F5 : #E(Fs) = nwith the
exceptions:

Example (Elliptic curves over Fs)

e By =x*4+1andE:y? =x3+2 both order 6
X — 2x Eq and E; affinely equivalent over
y +— V3y Fs[v/3] = Fas (twists)
0 2 — o 0 V2 — oA
o Fp:y =x"+xandEy:y =x"+x+2 order 4

E3(Fs5) = Co & G E4(Fs5) = C4
o By =x"+4xand Es: y? = x® +4x +1 both order 8
E5(]F5) = Cg X @04 EG(F5) = 03

o Byt =x>4x+1 order 9 and E7(Fs) = Co

Exercise: Classify all elliptic curves over Fy = Fy[£], £2 = £ + 1 J

Elliptic curves over F

Introduction
History
length of ellipses
why Elliptic curves?
Fields
WeierstraB Equations
Singular points.
The Discriminant
Elliptic curves /F,
Elliptic curves /Fs
The sum of points
Examples
Structure of E(F)
Structure of £(Fs)
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