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Definition (line through points P, Q € E(K))

line through P and Q if P # Q .
rPQ ] . projective or affine
tangent lineto K at P if P =@
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line through P and @ if P # Q

tangent lineto F at P if P = Q,
TPp,oo © vertical line through P

If P,Q e E(K),rpg:

xy+y?+y=x3-3x%+x+1 —xy+y?+y=x3-3x%+x+1
el
P+Q
P = i

D ._ p!
rpoe N E(K) = {P, 00, P'} - b=

rpQ NE(K) ={P,Q, R}
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Theorem

The addition law on E /K (K field) has the following properties:

(a) P+pQ €k VP,Q € E
(b) P+goo=0c0+g P=P VPeFE
() P+g(-P)= VP eFE
d P+p(Q+gR) =(P+Q)+eR VP,Q,R€ E
e P+teQ=Q+gP VP,Q € E

So (E(K),+g) is an abelian group.
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Theorem

The addition law on E /K (K field) has the following properties:

(a) P+pQ €k VP,Q € E
(b) P+goo=0c0+g P=P VPeFE
() P+g(-P)= VP eFE
d P+p(Q+gR) =(P+Q)+eR VP,Q,R€ E
e P+teQ=Q+gP VP,Q € E

So (E(K),+g) is an abelian group.

Remark:
IfE/K = VL,K C L C K, E(L) is an abelian group.
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Theorem

The addition law on E /K (K field) has the following properties:

(a) P+pQ €k VP,Q € E
(b) P+goo=0c0+g P=P VPeFE
() P+g(-P)= VP eFE
d P+p(Q+gR) =(P+Q)+eR VP,Q,R€ E
e P+pQ=Q+ P VP,Q € E

So (E(K),+g) is an abelian group.

Remark:
IfE/K = VL,K C L C K, E(L) is an abelian group.

—P = —(x1,y1) = (z1, —0121 —a3 — 1)
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Proof of the associativity

P+p(Q+gR)=(P+rQ)+rR YP,Q,R¢c E|
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Proof of the associativity

P+p(Q+pR) = (P+sQ)+rR VP,Q,RCE|

We should verify the above in many different cases according if
Q=R,P=Q,P=Q+kR,...

Here we deal with the generic case. i.e. All the points

+P +R, +Q,+(Q +£r R), £(P +g Q), oo all different

Mathematica code
L[X-, Y-, Ty 8] :=(s~y)/ (r-x);
M[x.,y-, ¥, s-]:=(yr-sx)/(r-x); )
Al{x_, y-},{r-, s} :={(LIx,y,r,s]) "~ (x+1),
- (LIx,y,r,s]) +L[x,y,r s] (x+r) -M[x,y, r,s]}
Together [A[A[{x,y},{u,v}], {h,k}]- {x,y} Al{u, v} {h, k}
det = Det[ ({{1, 21, {1, 5 1, g
€ et [ ({{1,x1,x7-v1}, { X2, Xp~ Y2} {1, %3, x5~ Yg}}
PolynomialQ[Together [Numerator [Factor[res[[1]]]]/det],
{x1,%2,%3,y1,v2,v3}]
PolynomialQ[Together [Numerator [Factor[res[[2]]]]/det],
{x1,%2,%3,y1,v2,v3}]
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Proof of the associativity

P+p(Q+pR) = (P+sQ)+rR VP,Q,RCE|

We should verify the above in many different cases according if
Q=R,P=Q,P=Q+kR,...

Here we deal with the generic case. i.e. All the points

+P +R, +Q,+(Q +£r R), £(P +g Q), oo all different

Mathematica code
L[X-, Y-, Ty 8] :=(s~y)/ (r-x);
M[x.,y-, ¥, s-]:=(yr-sx)/(r-x); )
Al{x_, y-},{r-, s} :={(LIx,y,r,s]) "~ (x+1),
- (LIx,y,r,s]) +L[x,y,r s] (x+r) -M[x,y, r,s]}
Together [A[A[{x,y},{u,v}], {h,k}]- {x,y} Al{u, v} {h, k}
det = Det[ ({{1, 21, {1, 5 1, g
€ et [ ({{1,x1,x7-v1}, { X2, Xp~ Y2} {1, %3, x5~ Yg}}
PolynomialQ[Together [Numerator [Factor[res[[1]]]]/det],
{x1,%2,%3,y1,v2,v3}]
PolynomialQ[Together [Numerator [Factor[res[[2]]]]/det],
{x1,%2,%3,y1,v2,v3}]

® runs in 2 seconds on a PC
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Proof of the associativity

P+p(Q+pR) = (P+sQ)+rR VP,Q,RCE|

We should verify the above in many different cases according if
Q=R,P=Q,P=Q+kR,...

Here we deal with the generic case. i.e. All the points

+P +R, +Q,+(Q +£r R), £(P +g Q), oo all different

Mathematica code
L[X-, Y-, Ty 8] :=(s~y)/ (r-x);
M[x.,y-, ¥, s-]:=(yr-sx)/(r-x); )
Al{x_, y-},{r-, s} :={(LIx,y,r,s]) "~ (x+1),
- (LIx,y,r,s]) +L[x,y,r s] (x+r) -M[x,y, r,s]}
Together [A[A[{x,y},{u,v}], {h,k}]- {x,y} Al{u, v} {h, k}
det = Det[ ({{1, 21, {1, 5 1, g
€ et [ ({{1,x1,x7-v1}, { X2, Xp~ Y2} {1, %3, x5~ Yg}}
PolynomialQ[Together [Numerator [Factor[res[[1]]]]/det],
{x1,%2,%3,y1,v2,v3}]
PolynomialQ[Together [Numerator [Factor[res[[2]]]]/det],
{x1,%2,%3,y1,v2,v3}]

® runs in 2 seconds on a PC
® More cases to check. e.g P +5 2Q = (P +5 Q) + Q
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Pl = (1‘1,y1), P2 = (xQ,yQ) S E(K) \ {OO}, Weierstra$ Equations
| heDisriminan

Addition Laws for the sum of affine points ) i
Points of finite order
° If Pl 7é P2 The group structure.

Endomorphisms

P1 +E P2 = Absolute Galois Group
e 1 = X2 = _)

Chebotarev Density
° T # T2 Theorem
= Y2—Y1 v = Y1r2—Yaxy
T2—x1 Tr2—x1

E:y? +a1xy + asy = 23 + asx?® + asx + ag J

Serre’s Cyclicity
If P P Conjecture
o =

1 2 Lang Trotter Conjecture
for trace of Frobenius

P P, =2P, = Definition of the Lang Trotter
_ 1+E 2 1 ) tion of the Lang Trott

Constant

e 2y1 +a1x+az3 =0
e 2y1 +a1x+as#0

state of the Art

> 3 Lang Trotter Conjecture
3z7+2asz1+as—a a x5 —a4x1—2a 2 4
A= 1t2eemitaa—aiyr o a3y1+4%; —aqz1—2a6 for Primitive points
2y1+aiz+as ’ 2y1+aizi+tas

Some reading




Formulas for Addition on £ (Summary)

E:y2+a1xy+a3y:x3+a2w2+a4ac+a6

Py = (21,y1), P2 = (w2,92) € E(K) \ {0},

Addition Laws for the sum of affine points
o If P1 75 P2

N P+ P =00

® 1 = X2
o x1 # a2
= Y2=n y — Yi%2a—y2z1
T2—x1 Tr2—x1
o If P1 = P2

e 2y1 +a1x+az3 =0
e 2y1 +a1x+as#0

A = 3z§+2a2m1 +aqs—aiyi
- 2y1+ajz+asz 2

Then

- P1+EP2=2P1=00J

_ a3y1+m?—a4x1—2a6

2y1+aizritag
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P1+EP2=()\2—0,1)\—0,2—901—mg,—)\3—a?)\+(>\+a1)(a2+m1 +w2)—a3—u) J




Formulas for Addition on ~ (Summary for special equation)

E:y>’=234+Az+ B J

Py = (z1,y1), P2 = (z2,92) € E(K) \ {00},

Addition Laws for the sum of affine points

= viza—yszy

N P+ P =00

T2 —T1

Pi+pP,=2P =00

m?—Am1—2B

o If P1 75 P2
® 1 = X2
o x1 # a2
)= ¥2=u
ro2—x1
o If P1 = PQ
° Yy = 0
e y1 #0 R
_ 3z +A
A 21741
Then

P +p P, = ()\2 — X1 — T2, =¢ = A(-Tl ar -Tz) - V)J

2y1
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Definition (m—torsion point)

Let E/K and let K an algebraic closure of K.
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Points of order (dividing) m

Definition (m—torsion point)

Let E/K and let K an algebraic closure of K.

Elm|={P € E(K): mP = oo}J

Theorem (Structure of Torsion Points)

Let E/K and m € N. If p = char(K) { m,
E[m]| = C,, ® Cp, J

Ifm=p'm,ptm/,
Em]| = C,, ® Cpy or

E[m| = Cpr & Cry J

E/F, is called

ordinary

supersingular

if E[p| = C,

if Ep] = {oo}
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Group Structure of E(F,)

Corollary
Let E/F,. 3n, k € N are such that

E(Fq) =C, ®Chx
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Group Structure of E(F,)

Corollary
Let E/F,. 3n, k € N are such that

E(F,) = Cp & Crp

Proof.
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Group Structure of E(F,)

Corollary
Let E/F,. 3n, k € N are such that

E(F,) = Cp & Crp

Proof.

From classification Theorem of finite abelian group
EFf)=Ch@Ch,®---@®Ch,
with n;|n;q fori > 1.
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Group Structure of E(F,)

Corollary
Let E/F,. 3n, k € N are such that

E(F,) = Cp & Crp

Proof.

From classification Theorem of finite abelian group
EFf)=Ch@Ch,®---@®Ch,
with n;|n;q fori > 1.

Hence E(FF,) contains n} points of order dividing 7.
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Group Structure of E(F,)

Corollary
Let E/F,. 3n, k € N are such that

E(F,) = Cp & Crp

Proof.

From classification Theorem of finite abelian group
E(Fq) = Cm @ an D ®Cnr
with ni|ni+1 for ¢ Z 1.
Hence E(FF,) contains n} points of order dividing 7.
From Structure of Torsion Theorem, #E[n;] < n3. Sor < 2
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The division polynomials

Definition (Division Polynomials of F : 4> = x> + Az + B)
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Definition (Division Polynomials of E : 3> = 2® + Az + B)

wo _O Weierstral Equations
‘The Discriminant
d)l = 1
Points of finite order
o =2y [ e group srvtre

Endomorphisms

V3 =3z* + 6A2” + 12Bx — A? Absolute Galois Group
¢4 :4y(x6 + 5A.’E4 + 20Bx3 _ 5A2x2 _ 4AB$ _ 8B2 _ A3) Chebotarev Density

Theorem

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture

wZ’m-‘rl :wm-&-Q’(/)?n — wm_lw?ﬂ-’rl for m > 2 for trace of Frobenius

Definition of the Lang Trotter
Constant

Yom = (wm) (Pmp2¥2_y — mst?y,)  form >3

2 y Lang Trotter Conjecture
for Primitive points

Some reading

The polynomial v,,, € Z|[x, y] is called the m'™ division polynomial



The division polynomials

Definition (Division Polynomials of E : 3> = 2® + Az + B)
o =0
P =1
Yo =2y
Y3 =3z 4+ 6Az” + 12Bz — A?

Yy =4y(z® + 5Az* + 20Ba® — 5A%2% — 4ABx — 8B% — A3)

Vomt1 =Pmt2t, — Ym-19¥m, 41 form > 2

Yom = (ﬁ;) (Ymi2¥2_1 — Ym—2®?, ;) form >3

The polynomial v,,, € Z|[x, y] is called the m'™ division polynomial

There are more more complicated formulas for general Weierstraf3
equations.
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® Y, = Points of finite order

= i e el T

Endomorphisms

The Discriminant

Absolute Galois Group

Chebotarev Density
Theorem

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture
for trace of Frobenius

Definition of the Lang Trotter
Constant

state of the Art

Lang Trotter Conjecture
for Primitive points

Some reading



o o o . . Dipartim. Mat. & Fis.
The division polynomials (continues) pam, TR
Universita Roma Tre

=A:Z

Weierstral Equations

Properties of division polynomials

* Yomi1 € Z[z] and ¢, € 2yZ|z]
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* Yomi1 € Z[z] and ¢, € 2yZ|z]

2 o .
y(mazm =4/2 L ...) if mis even o
o wm = Points of finite order

mae0™ =D/24 . ifmis odd.
— _ wm—lwm+1 me(w,y) — ¢m(m) wm(w’y)

e m(z,y) = (9” 2@ wmav)) (w%@)’%(zvy)) Chebotarv Dersi
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where Theorem
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The division polynomials (continues)

Properties of division polynomials

* Yami1 € Z[z] and thyp, € 2yZla]
y(maz(m*=D/2 4 ...) if mis even
mx(mQ_l)/Q + ..

° Y, =

if m is odd.

o m(z,y) = (ac—

where

o (@) 7 297 ()

Ym—1¥m+1 ’l/sz(w,y)) _ (¢m(ﬂv) wm(%?]))
P2 (z)? 3, (z,y)

2 2
_ '¢'m+2'¢'m71_wm72'¢)m+1

¢m = $1/J,,2n - wm+1¢m—17wm == Iy

_ = m2

o #E[m] =#{P € E(K) : mP = oo} 2

ifptm
ifp|m
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The division polynomials (continues)

Properties of division polynomials

Yom+1 € Z[x] and o, € 2yZ[x]

wm:

mam*=1/2 4 .

_ Ym—1¥m41

y(maz(m*=D/2 4 ...) if mis even

if m is odd.

Pm () wm(z,y)

m(x,y) = (ac

where

o (@) 7 297 ()

’l/lzm(w;y)>

= (wmz)v wﬁn(z,y)>

2 2
_ '¢'m+2wm71_wm72'¢)m+1

¢m = $1/J,,2n - wm+1¢m—17wm ==

#E[m] = #{P € E(K) : mP = o}

4

Y

:m2

<m

2

ifptm
ifp|m

E2m+1] = {oo} U{(z,y) € E(K) : Yom+1(x) = 0}

Dipartim. Mat. & Fis.

Universita Roma Tre

EAE

Weierstral Equations

‘The Discriminant

Points of finite order

Endomorphisms
Absolute Galois Group

Chebotarev Density
Theorem

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture
for trace of Frobenius

Definition of the Lang Trotter
Constant

state of the Art

Lang Trotter Conjecture
for Primitive points

Some reading



The division polynomials (continues)

Properties of division polynomials

* Yomi1 € Z[z] and ¢, € 2yZ|z]

° Y, =

y(mx(m2_4)/2 _|_ ‘e )
mam*=1/2 ...

Ym—1PYm+1  Yam(x,y)

if m is even

if m is odd.

Pm () wm(z,y)

e m(z,y) = (o -
where

¢m = $1/J,,2n - wm+1¢m—17wm

¥ (2)

o #E[m]=#{P € E(K) : mP = oo}

? 245, (2)

) - (wfn(fﬁ)’ d)?n(zyy)>

2 2
_ '¢'m+2wm71_wm72'¢)m+1

— 4

:m2
<m

Y

2

ifptm
ifp|m

* El2m+1] = {00} U{(z,y) € B(K) : thomy1(w) = 0}
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1bl2m = me/zy
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The division polynomials (continues)

Properties of division polynomials

° 1/)2m+1 S Z[IE] and 'I;Z)2m S QyZ[x]

o = y(maz(m*=D/2 4 ...) if mis even
™=\ i -D/2 4

m(x,y) = (ac

where

¢m = 1'7/}3,; - wm-‘rld}m—lvwm

#E[m] = #{P € E(K) : mP = 00} {: i

if m is odd.
_ Ym_1¥mia wzm(w,y)> _ (¢m(w) wm(w,y)>
Y. (x) 0 298 (2) 7, (2) ¢35 (z,y)

2 2
_ wm+2wm71_wm72'¢)m+1

4

<m

Y

2

ifptm
ifp|m

E[2m +1] = {00} U{(z,y) € E(K) : a1 () = 0}
E[2m] = ER2]U{(z,y) € E(K) : ¢5,,(x) = 0}

1bén@ = ¢2m/2y
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Amap a: E(K) — E(K) is called an endomorphism if
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a(z,y) = (Ri(z,y), Ra2(w,y))  V(x,y) & Ker(a)
(K (z,y) is the field of rational functions, a(co) = 0o ) [ Endomorphisms
Absolute Galois Group
Facts about Endomorphisms Cheotrey Densiy

- Serre’s Cyclicity
e can assume that a(z,y) = (11 (), yra(z)), r1,7r9 € K(x) Conjecture
Lang Trotter Conjecture
for trace of Frobenius

Definition of the Lang Trotter
Constant

state of the Art

Lang Trotter Conjecture
for Primitive points

Some reading



Endomorphisms

Definition

Amap a: E(K) — E(K) is called an endomorphism if
e a(P+g Q) =a(P)+r a(Q) («is a group homomorphism)
e dR1, Ry € I_((m,y) S.t.
a(z,y) = (Ri(z,y), Rao(z,y))  V(z,y) & Ker(a)
(K (x,y) is the field of rational functions, a(c0) = 00 ')

Facts about Endomorphisms

[\
&
N—
:—/
<

T
S
[V
m
=
o
SN—

e can assume that a(z, y) = (r1(z), yr
o if r(z) = p(x)/q(z) with ged(p(z), g(x)) = 1.
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o a(P+g5 Q) = a(P)+g o(Q) (o is a group homomorphism) Weier:rafs Equm;s
o HR:[, R2 E I_((.x’ y) S.t. The Dheriminant
a(z,y) = (Ri(z,y), Rao(z,y))  V(z,y) & Ker(a) s
(K (z,v) is the field of rational functions, a(o0) = 00) Endomorphisms
Absolute Galois Group
Facts about Endomorphisms Chebotarey Density
e can assume that a(z, y) = (r1(z), yra(x)), 1,72 € K(2) Conetne
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Endomorphisms

Definition

Amap a: E(K) — E(K) is called an endomorphism if
o a(P+g5 Q) = a(P)+g o(Q) (o is a group homomorphism)

e dR1, Ry € I_((x,y) S.t.
O‘(x’y) = (Rl(x’y)7R2(1‘7y))

Facts about Endomorphisms

e can assume that a(z, y) = (r1(z), yr2(z)),
o if r1(x) = p(x)/q(x) with ged(p(x), q(z)) = 1.

V(z,y) ¢ Ker(a)
(K (x,y) is the field of rational functions, a(c0) = 00 ')

r1,T9 € I_((:E)

o The degree of o is deg @ := max{degp, deg q}

e ( is said separable if (p'(x), ¢’ (x)) # (0, 0)

(identically)
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Endomorphisms

Definition

Amap a: E(K) — E(K) is called an endomorphism if
o a(P+g5 Q) = a(P)+g o(Q) (o is a group homomorphism)
e dR1, Ry € I_((x,y) S.t.

a(fE, y) = (Rl (17, y)7 R2(1‘7 y))
(K (x,y) is the field of rational functions, a(c0) = 00 ')

Facts about Endomorphisms

e can assume that a(z, y) = (r1(z), yr2(z)),

V(z,y) & Ker(a)

o if r1(x) = p(x)/q(x) with ged(p(x), q(z)) = 1.
o The degree of o is deg @ := max{degp, deg q}
e ( is said separable if (p'(z), ¢’ (x)) # (0, 0)

o [ml(,y) = (

Pm W
h2 ah3
Vi Yo

) is an endomorphism Vm € Z

r1,T9 € I_((m)

(identically)
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Endomorphisms

Definition
Amap a : F(K) — E(K) is called an endomorphism if
o a(P+g5 Q) = a(P)+g o(Q) (o is a group homomorphism)
e 3R, Ry € K(2,9) s.t.
a(z,y) = (Ri(z,y), Rao(w,y))  V(z,y) ¢ Ker(a)
(K (x,y) is the field of rational functions, a(c0) = 00 ')

Facts about Endomorphisms

e can assume that a(z,y) = (r1(x), yra(z)), 1,72 € K(2)

o if r1(x) = p(x)/q(x) with ged(p(x), q(z)) = 1.
o The degree of o is deg @ := max{degp, deg q}

e ( is said separable if (p'(z), ¢’ (x)) # (0, 0) (identically)

o [m](x,y) = (;’Z:Q:, z—gﬂ is an endomorphism Vm € Z

o if B/F,, ®,: E(F,) = E(F,), (z,y) — (z9,y?) is called
Frobenius Endomorphism

Dipartim. Mat. & Fis.

Universita Roma Tre

Weierstral Equations
‘The Discriminant
Points of finite order

‘The group structure

Absolute Galois Group

Chebotarev Density
Theorem

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture
for trace of Frobenius

Definition of the Lang Trotter
Constant

state of the Art

Lang Trotter Conjecture
for Primitive points

Some reading



Endomorphisms

Definition

Amap a : F(K) — E(K) is called an endomorphism if
o a(P+g5 Q) = a(P)+g o(Q) (o is a group homomorphism)
e dR1, Ry € I_((x,y) S.t.
a(z,y) = (Ri(z,y), Rao(w,y))  V(z,y) ¢ Ker(a)
(K (x,y) is the field of rational functions, a(c0) = 00 ')

Facts about Endomorphisms

e can assume that a(z,y) = (r1(z),yra(x)), 1,72 € K(2)

if 1 (z) = p(x)/q(z) with ged(p(z), g(x)) = 1.
o The degree of o is deg @ := max{degp, deg q}
e ( is said separable if (p'(z), ¢’ (x)) # (0, 0) (identically)

[m](z,y) = (i:{, %) is an endomorphism Vm € Z

if E/Fy, @4 : E(Fq) = E(F,), (z,y) — (x%,y?) is called
Frobenius Endomorphism

If « # [0] is an endomorphism, then it is surjective
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Facts about Endomorphisms (continues)

o O (z,y) = (27, y9) is endomorphism
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But pg ¢, may be non-surjective even when E does not admit a
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E[n] C E(F,)
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ﬂ_gcliC(l‘) = #{p < x: E(F,) is cyclic}.
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The following asymptotic formula holds

cyclic cyclic &
ma (x) ~0

E E T —r 0

log x

where

cyclic Tl)
% ZGal@ ER)/Q)

o Heuristics based on Chebotarev Density Theorem
e Serre proved that GRH implies the conjecture
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Definition

Let £/Q be an elliptic curve with out CM and consider the

representation of the torsion points:pg : Gg — Aut(E[oco]).Let

m € N and denote by G, the projection of pz(Gg) in H GL2(Zy)
Llm

e We say that m splits pg if

£(Go) = G x [ ] GLa(Z0)

Hm

o We say that m stabilizes pg if

G = 17, (Gal(Q(E[m])/Q))

where

Tm ¢ HGL2 Z/)*}Gdl( ( [ D/Q)
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is the reduction map
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Theorem (Serre)

Let E/Q be an elliptic curve with out CM. Then there exists m € N
that splits and stabilizes pg

The smallest such an m is called the Serre’s conductor of E and
denoted by mg.
Lang and Trotter showed that

C — 2 lim m‘#GalQ(E[m'])/Q)n=r
E,r T m—00 # GalQ(E[m!])/Q)

0 #GalQ(E[mg])/Q) # GL(Fy)

Ump

2 mp# Gal Q(E[mp])/Qu=r 11 U4 GL2 (Fo)u=r
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Lang Trotter Conjecture for trace of Frobenius

Theorem (Serre)

Let E/Q be an elliptic curve with out CM. Then there exists m € N
that splits and stabilizes pg

The smallest such an m is called the Serre’s conductor of E and
denoted by mg.
Lang and Trotter showed that

C — 2 lim m‘#GalQ(E[m'])/Q)U=T
E,r T m—00 # GalQ(E[m!})/Q)

0 #GalQ(E[mg])/Q) # GL(Fy)

Ump

Although it is hard to compute in General, there is a simple formula
to compute the Serre’s conductor of Serre’s curves. (more next
lecture)

sz#GalQ(E[mE])/Q)tr:r x H E# GLZ(FZ)U:T
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Assume that E /Q is not CM or that r # 0 and that the Generalized
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0
~ = —
T (x) 2 logz T — 00
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Riemann Hypothesis holds. Then
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Theorem (Serre)

Assume that E /Q is not CM or that r # 0 and that the Generalized
Riemann Hypothesis holds. Then

z7/8(logx)~Y? ifr#0

mp(r) <
5(@) e ifr=0.

o If £/Qis CM and r = 0. It is classical
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0
~S —
T (T) 2 logz T — 00

Murty, Murty and Sharadha: If  # 0, on GRH,
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Theorem (Serre)

Assume that E /Q is not CM or that r # 0 and that the Generalized
Riemann Hypothesis holds. Then

z7/8(logx)~Y? ifr#0

mp(r) <
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o If £/Qis CM and r = 0. It is classical

T

1
WOE(w)Nilogm T — 00

e Murty, Murty and Sharadha: If r # 0, on GRH,
7t (z) < x4/5/(log x).
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Let £/Q and let P € E(Q) be of infinite order. P is called primitive

for a prime p if the reduction P of P mod p (P) = E(F,)

Set

mg.p(x) =#{p <z :ptAg and P is primitive for p}.
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Let £/Q and let P € E(Q) be of infinite order. P is called primitive = A =
for a prime p if the reduction P of P mod p (P) = E(F,) =M=
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Lang Trotter Conjecture for Primitive points

Definition

Let £/Q and let P € E(Q) be of infinite order. P is called primitive
for a prime p if the reduction P of P mod p (P) = E(F,)
Set

mg.p(x) =#{p <z :ptAg and P is primitive for p}.

Conjecture (Lang-Trotter for primitive points (1976))

The following asymptotic formula holds

WE,P(-'E)N(SE,P x T — O00.
log x
with
Z /vL #CP,TL
7 Gal(Q(E[n],n~'P)/Q)
where Q(E[n],n~1P) is the extension of Q(E[n]) of the coordinates

of the points Q € E(Q) such that n@Q = P and C P,n 18 a union of
conjugacy classes in Gal(Q(E[n],n~'P)/Q). (more next lecture)
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