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WEIERSTRASS EQUATION:  E:Y?2=X?+aX +b, a,beZ;

>

DISCRIMINANT OF E: Ap = 4d® — 27p?

Serre’s Cyclicity
Conjecture

— _ 2 _ 2 _ 2
¢ AE - (al az ) (a?) az ) (a?) a31 ) Lang Trotter Conjecture
(a1, ag, a3 roots of X° + aX + b); for trace of Frobenius

state of the Art

e Ap =0<= X3+ aX + bhas a double root! Sere's uperhound

Average Lang Trotter
Conjecture

Some ideas on Average results
proofs

Definition
if Ap #0 = FE'is called ELLIPTIC CURVE

Lang Trotter Conjecture
for Primitive points

Artin Conjecture for
primitive roots

Group of Rational Points Attin vs Lang Trotter

. . Further reading
If K/Q is an extension. Then

E(K) ={(z,y) € K? : y*> = 3 + az + b} U {00}



The n-torsion subgroups

IfneN E[n] :={P € E(Q) | nP = oo}

e E[n] C E(Q) = Q/Z x Q/Z is a subgroup
e En|=C,0C,
O E[Q] = {(alv O)a (0627 0)’ (O[3, 0), OO}
(o1, 2, a3 Toots of 23 + ax + b)
e E[3] is the set of inflection points
o Ifnisodd, P = (o, ) € E[n] = ¢n(a) =0,
1y, is n—division polynomials (9%, = (n? — 1)/2 if n odd)
o E:y® =23 -2z = E[2] ={(0,0),(v2,0),(—Vv2,0), 00}
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The n—torsion field: Q(E[n]) = ﬂ K
K2DE[n]\{co}

e Q(FE[n]) is Galois over Q R
* Gal(Q(E[n])/Q) € Aut(E[n]) = GL2(Z/nZ) Laog Troer Conjece

state of the Art

Gal(Q(E[n])/Q) — GLa(Z/nZ) S

Average Lang Trotter

Conjecture
o — { (x’ y) f_> (U’(.’E) , o (y) ) } s’oon;:;deas on Average results
o o . Lang Trotter Conjecture
Injective representation for Primitive points
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Theorem (Serre)

If E/Q is not CM. Then Gal(Q(E[{])/Q) # GLa(F¢) only for
finitely many .

Further reading

Conjecture (¢ < 37)



Reducing modulo primes

Facts about elliptic curves over finite fields

e pprime, ptAg

E(F,) ={(X,Y) €eF2| Y2 = X?+aX + b}U {oo}
E(F,) =2 C; ® Cyy forsome k | p—1

k = 1 above iff E(F,) is cyclic

#E(F,) =p+ 1 — a, (a, is the TRACE OF FROBENIUS)
HASSE BOUND: |ap| < 2,/p;

U, : E(F,) = E(F,), (z,y) — (2P, yP)

it is an endomorphism of E/IF,,

VU, € End(E) satisfies 7% — a,T + p

Z[¥,] C End(E)

If the equality hold above, we say that E is ordinary at p.
Otherwise we say that it is supersingular

E/F,, is supersingular

= Elp] = {oc}
— ap =0
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Serre’s Cyclicity Conjecture
Let £/Q and set

7Y (3) = #{p < x : E(F,) is cyclic}.

Conjecture (Serre)
The following asymptotic formula holds
T

cyclic cyclic &
T ~ T — 00

where
1(n)

cychc
Z#Gal( Q(E[n])/Q)

e Since E(F,) = C & Cin

and E[¢] = Cy & Cy forallﬂ;ép

E(F,) is cyclic iff E[¢] ¢ E(F,)V{¢ prime ¢ # p
e So we may rewrite

E

79 (2) = #{p < x : E[(] ¢ E(F,)V! prime , { # p}.
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We can apply inclusion exclusion principle:

Plan for today

e () — #{p <z : E[(] ¢ E(F,)V{ prime ,{ # p} _

= 71—(1') - Z ﬂ—E,Z(m) + Z ﬂ-E,leg (.T) - Lang Trotter Conjecture

£ pri 010 . for trace of Frobenius
prime 1,2 primes state of the Art

Serre’s upperbound
Average Lang Trotter

where 7m(z) := #{p < x}andif k € N, o 1
proofs
T k(@) = #{p < @ Ek] C E(Fp)}

Artin Conjecture for
primitive roots

Artin vs Lang Trotter

Hence, if p is the Mobius function, then

cychc
TR E p(k 7TEk )

keN

Further reading

We will study 7g ,(x) by mean of the Chebotarev density Theorem.



Chebotarev Density Theorem (from tuesday) Dipartim it 1

If K/Q be Galois and p is prime unramified in K, the Artin Symbol

K/Q Jp prime of K above p s.t.
[ } = {UEGal(K/Q): ca = a™NP mod pVa € O
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p Plan for today
Note that [ ] = {id} then p splits completely in K /Q F
ang Trotter Conjecture
(i.e pO C O s the product of [K : Q] prime ideals) for e of Fobeniis
Serre’s upperbound
Theorem (Chebotarev Density Theorem) v L Toter
Let K/Q be finite and Galois, and let C C Gal(K/Q) be a union of S
conjugation classes. Then the density of the primes p such that Lo oy s
e or Primitive points
[459] € € equals gotfirgy e
In partlcular, if C = {id}, then the density of the primes p such that vt vs Lane Trotter
K/Q| _ 1 v
I:T:I = {ld} equals m, Further reading

If K = Q(E[n]), then

B aE) o [
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E
E[n] - E(Fp) < [W} = {1d} Plan for today
’ e
Also recall that g, (2) 1= #{p < x : E[k] C E(F,)} e g
state of the Art
T @) = Y ke () i
keN A

proofs

= 2 nlk# {p <@ [W} = {id}}

keN

Artin Conjecture for
primitive roots

Artin vs Lang Trotter

To proceed we need a quantitative versions of the Chebotarev Density
Theorem. Let

mesg() = #{p <u [KT{Q} c c}.

Further reading



The quantitative Chebotarev Density Theorem

ot fo o1 [519] c).

Theorem (Chebotarev, Lagarias, Odlyzko, Serre, Murty, Saradha)

Let

The Generalized Riemann Hypothesis implies

c [* d
me/g(x) = % A @ +0 (x/#C\/Elog(xM#g))

where M is the product of primes numbers that ramify in K/Q.

In the case of K = Q(E][k]) and k is square free, the above
specializes to

() = 1 / Todt
PR T #Gal(QER)/Q) Jy logt

+ O (Vzlog(zk))
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The quantitative Chebotarev Density Theorem and Serre’s Conj

In the case of K = Q(E/[k]) and k is square free, the above
specializes to

1 odt
esl0) = QU J, Tog + O (V0SEH)

Hence

c Chc
5 Z # Gal(Q

k E)/Q) /x dt + ERROR

The error can be estimated by standard analytic number theory
Finally
k)
5cycllc (
Z # Gal(Q(E[K])/Q)
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The state of the Art on Serre’s Cyclicity Conjecture

li lic o
o Serre (1976): GRH = n™ (x) ~ 63 12

Murty (1979): E/Q CM = 7Tcychc (z) ~ 5%/0110 lozw
Gupta & Murty (1990): 73" (x) > (o iff B[2 ¢ E[Q

Cojocaru (2003): Simple proof and explicit error term for CM
curves

Cojocaru & Murty (2004): improved error terms depending on
GRH

Serre: 62 is a rational multiple of

1
- L= s | = 0-81375190610681571 - - -
¢ 1;[< 00— 1)2@_'_1)) 0.8137519061068157

e Lenstra, Moree & Stevenhagen (2013): If E/Q is a Serre curve
then:

~1
E-1E—10)-

6CEyclic = C % 1 + H
0|2 disc(Q(vV/AEg))
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Lang Trotter Conjecture for trace of Frobenius
Let E/Q, r € Z and set
@) =#{p<z:ptApand #EF,) =p+1—r}

Conjecture (Lang — Trotter (1970))
If either r £ 0 or if E has no CM, then the following asymptotic
formula holds

JE

WTE(LL‘)NCE’T@ T — 00

where Cg - is the Lang—Trotter constant

o T T HGIQEme)/Q AL T FGLE)

and mg is the Serre’s conductor of E
e If F is a Serre’s curve, then mp = [2, disc(Q(vAg))]
2—-1) ifr=0
GLy(F¢)y=r =
* # CLao(Fe): {E(EQ —{—1) otherwise.

_ 2mp# Gal(Q(E[mg])/Q)u=r o H 0# GLo(Fy) =
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Lang Trotter Conjecture for trace of Frobenius
An application of /-adic representations and of the Chebotarev density Theorem

Theorem (Serre)

Assume that E /Q is not CM or that r # 0 and that the Generalized
Riemann Hypothesis holds. Then

78 (logx)~Y? ifr#0

() K
B(®) a3/4 ifr =0.
o If £/Qis CM and r = 0. It is classical
1 =z
0
~ = —
m(T) S logz T — 00

e Murty, Murty and Sharadha: If r # 0, on GRH,
7h(z) < 2% /(log ) ~1/5

e Elkies 7% (x) = 00 = — 00

e Elkies & Murty: GRH = 7% (z) > loglog

e Average Versions later
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Lang Trotter Conjecture for trace of Frobenius

Unvonditional Stetements

o J. P. Serre (1981),
ﬂ%ﬁ%ﬁ ifr#0

TEr(T) <
5 (@) Z3/4 ifr = 0and

FE not CM

e N. Elkies, E. Fouvry, R. Murty (1996)

7E.0(x) > logloglog /(log log log log x) ¢
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Chebotarev Density Theorem and Serre’s Theorem on fixed traces

Let ¢ be sufficiently large such that

g = Gal(Q(E[(])/Q) = GLo(F,)

SetC = GLQ(F[)U:T = {(T € GL2(]F[) tro = t}

So that
# GLo(Fy) = (12 = 1)(> = 1)
and
20—1) ifr=0
GL2(Fo)y=r =
# GL2(F¢)s {g(ﬁ — ¢ —1) otherwise.

Then by Chebotarev Density Theorem on GRH,

T g
Tejg(x) = % ; ﬁ +0 (\/#TC\/Elog(fﬂM#Q))

1 =z

& - —— 4+ 3% /xlog(xl)
{log x

Dipartim. Mat. & Fis.

Universita Roma Tre

Plan for today

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture
for trace of Frobenius

state of the Art

Average Lang Trotter
Conjecture

Some ideas on Average results
proofs

Lang Trotter Conjecture
for Primitive points

Artin Conjecture for
primitive roots

Artin vs Lang Trotter

Further reading



Chebotarev Density Theorem and Serre’s Theorem on fixed traces

Finally recall (from tuesday) that if ®,, is the Frobenius
endomorphism,

#EF,) =p+1—-r <= Te(®,)=r
Hence for all ¢ sufficiently large,
mp(x)=#{p<z:ptAgand #EF,) =p+1—-r}
<#{p<z:ptAgand Tr(®,) =r mod p}
= mc/g(x)
1 =z

Z_ oy pB/2
< Tiogz + 0772 \/z log(xl)

It is enough to choose £ = /% (log ) ~*/°
To conclude that

mp(r) <€ x4/5(10g x)*l/‘r’
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Average Lang Trotter Conjecture
Theorem (David, F. P. (1997))
Let

C, ={E:Y?=X34aX+b :4a>+27b* # 0 and |al, |b| < zloga}

Then 1

C Z mr(T) ~ Crlﬁ as T — 0o
|Cz| Eec, ogx

where
2 11 £| GLy(Fp)"="|
™ | GL2(Fe)|

@p =
Theorem (N. Jones (2004))

Let
cee .= {E € C, : E is a Serre curve}

Then |C§erre |

lim —z 1 _1
z=100 |Gy

In this sense almost all elliptic curves are Serre’s curves
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The General Lang-Trotter Conjecture

Definition (General Lang-Trotter function)

Let K/Q be a number field, Let E/K be an elliptic curve and set
f[K : Q). Define

m5l (@) = #{p < x| degk(p) = £, Ivlp,ap(p) =7}

Conjecture (The General Lang-Trotter Conjecture for Fixed Trace)

Jeg,r,r € RZY such that

Tg

(z) ~ cg,r,

logz

logz

loglog x

if FhasCMandr =0

if f=1
if f=2
otherwise.

Example. K = Q(i): 7™! counts split primes = 1 mod 4;

72 counts inert primes

3 mod 4
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Another Average result

Theorem (C. David & F.P. (2004))

Let K = Q(3), r € Z, r # 0 and for o, B € Z[i], set
Eop:Y?= X3+ aX + B. Further let

o= a1 +azi,f = b+ bai € Zli],
Co=<Enp: | 403278240
max{|a1l, |az|, |b1], |b2|} < xlogx

Then

1
A Z 7 (x)~c, loglog .
*l Eec,

where
2

1 -1 (=£)
3L 0= (-10)

Cr =

Extended to the Average of the General Lang-Trotter function by
Kevin James and Ethan Smith in 2011
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Sketch of proof. 1/4 Dipartim. Mat. & Fis.
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Definition (Kronecker—-Hurwitz class numbers)

Letd € Z,d = 0,1 mod 4. Then

Plan for today
d
73 Serre’s Cyclicity
§ f Conjecture
i Lang Trotter Conjecture
‘ f2 for trace of Frobenius

state of the Art

Serre’s upperbound
where v LngToter
‘onjecture
e h(D) = class number e
o w(D) is number of units in Z[D + v/D] € Q(/d) Lan ToerConcure

for Primitive points
Artin Conjecture for
primitive roots

Theorem (Deuring’s Theorem)

Artin vs Lang Trotter

Let g = p", r odd (simplicity) with r*> — 4q < 0. Further reading

F, — isomorphism classes of E/F, | 2
# { with ag(E) =1 = E — 4l

2



Sketch of proof. 2/4

Step 1: switch the order of summation

|C|Z”E’”

EeC,

S

p<lx
ap(E)=r
HE €Cy:ap(E)=r}
p<z Ce|
1 H(r*—4p
52 A=) | o
p<z P

Theorem (Dirichlet Class Number Formula)

Let xq(n) = (2) and let L(s, x4) be the Dirichlet L—function. Then

the class number

h(d) =

w(d)ld]'
A L(Lxa)

Next we use the definition of the Kronecker—Hurwitz class number
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Sketch of proof. 3/4

Step 2. applying the class number formula
Letd = (r? — 4p)/f?. Then

%ZH(T_ZLP Z Z % +0(1)
p<z f<293

(f,2r)=1 4p_'r'2 mod >

So the problem is reduced to a special L—function value average.
Analytic tools become relevant!!

Theorem (Barban—-Davenport—Harberstam Theorem)
Let o be the Euler function. Then for 1 < Q < x and V¢ > 0,
2
x z2
Z Z Z logp — —| < Qxlogzx +
©(q)

log®
¢<Qamodq| p<e <
p=a mod ¢q
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Ve > 0,

Conjecture

Lemma (Crucial analytic Lemma)

Lang Trotter Conjecture
1 €T for trace of Frobenius
g _ 5 L(]-?Xd) logp = er + 0 = siaie&‘)flheArI
f 10 o€ x Serre’s upperbound
L2z p<lz Average Lang Trotter
(£,2r)=1 4p=r? mod f2 Cotizcn

Lang Trotter Conjecture
2 for Primitive points
2 é =l= ( 12 ) Artin Conjecture for
k = — primitive roots
T3t (-1 —(F)
£>2

Artin vs Lang Trotter

where

Further reading

The rest is classical analytic number theory...
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Lang Trotter Conjecture for Primitive points

Definition

Let £/Q and let P € E(Q) be of infinite order. P is called primitive
for a prime p if the reduction P mod p is a generator for E(IF,,).
(P mod p) = E(F,)

Set

7 p(x) =#{p <z :pt{Agand P is primitive for p}
Conjecture (Lang-Trotter for primitive points (1976))

The following asymptotic formula holds

7TE7P(£C)N(5E’p J? Tr — 00
log x
with
Z ,U/ #CP,TL
7 Gal(Q(E[n],n~1P)/Q)
where Q(E[n],n~1P) is the extension of Q(E[n]) of the coordinates

of the points @ € E(Q) such that nQ = P and Cp,, is a union of
conjugacy classes in Gal(Q(E[n],n"1P)/Q).
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Statement of the Artin Conjecture

Conjecture (Artin Conjecture (1927))
Leta € Q\ {0,1, -1} and set

P,(z) :={p < x: ais aprimitive root mod p}.

Then there exists J, € Q=% such that
) ~ dq H< 3_1))X7T(x)

Theorem (Hooley 1965)

Leta € Q\ {-1,0,1} and assume GRH for all the Dedekind
C—functions Q[e*™/™ a'/™] m € N. Then the Artin Conjecture

holds: -
Pu() = 6u—2— + 0 (w) ,
log = log” x

Dipartim. Mat. & Fis.

Universita Roma Tre

SAS

Plan for today

Serre’s Cyclicity
Conjecture

Lang Trotter Conjecture
for trace of Frobenius

state of the Art
Serre’s upperbound

Average Lang Trotter
Conjecture

Some ideas on Average results
proofs

Lang Trotter Conjecture
for Primitive points

Artin vs Lang Trotter

Further reading

27



Lang-Trotter Conjecture, Serre’s Cyclicity & Artin

three “‘sister” conjectures

Conjecture (Lang Trotter primitive points Conjecture(1977))

Let P € E(Q) \ Tors(E(Q)). Jap p € Q2% s.t.

#{p<z:ptAg, EF,)= (P modp)}
m(z)

~ OKE,PHZ (1_

Conjecture (Serre’s Cyclicity Conjecture (1976))

E|”)/E,p € QZO S.t.

#{p<z:ptAp E(F})
m(z)

Conjecture (Artin Conjecture (1927))
Leta € Q\ {0,1,—1},34, € Q=0s. t.

#{p < x: a primitive root mod p}

()

3 _e—1
Z(e—1)2(¢e+1)

is cyclic} .
~v5.p || (=)
¢

)
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Plan for today

e The Artin Constant (primitive roots naive density)
Serre’s Cyclicity
Conjecture

A= = 0.37395581361920228 - - -
(-7

for trace of Frobenius
state of the Art
Serre’s upperbound
Average Lang Trotter

e The Lang Trotter first Constant (LTC naive density) Conjtre
B H - é - 1 0 44014736679205786 Lang Trotter Conjecture
o <o o< == U. e for Primitive points
E - 1) (g + 1) Ar(il: Conje(::Jre for

primitive roots
e The Serre’s Constant (EC cyclicity naive density)  Arin vs Lang Troter
¢ =1L ( m) = 0.81375190610681571 - - -

29



Comparison between empirical data: AC vs LTC vs SCC Dipartim Mt S 6

Universita Roma Tre

Artin Conjecture )
a | Pq <225>/w<225> A— Pq<225>/w<225) = A =
2 0.57395508 - 0.0000007 - ‘
3 0.37388094 - - - 0.0000748 - - - Plan for today
7 0.37409997 - - - —0.0001441 - - - o
11 0.37422450 - - - —0.0002686 - - - Serre’s Cyclicity
19 0.37400887 - - - —0.0000530 - - - Cloeaie
53 0'3;402147 e —0.0000656 - - - Lang Trotter Conjecture
! 0.37422208 - - - —0.0002662 - - - for trace of Frobenius
state of the Art
. . . . Serre’s upperbound
Lang—Trotter Conjecture Serre Cyclicity Conjecture ) IS
Conjecture

Some ideas on Average results
proofs

7TE7P(x) = #{p S €T <P mOd p> = E(]F;)}J Lang Trotter Conjecture

for Primitive points

Artin Conjecture for

cycl . *\ . imitive
g (x) = #{p <z : E(F})is cyclic} J primitive roots
5 . . . . 5
SERRE’S CURVES OF RANK 1 (no torsion, Galois surjective V/) futher eading
5 5 cycl cycT
B ) [ e T =3¢ (229) o ™ @)
= (295 B,P = (225) = (225) e 7 (225)
37.al 0.44017485 - - - —0.000027 - 37.al 0.81383047 - - - —0.000078 -
43.al 0.44034784 - - - —0.000200 - 43.al 0.81363907 - - - 0.000112 - - -
53.al 0.44020198 - - - —0.000054 - 53.al 0.81389250 - - - —0.000140 - - -
57.al 0.44016176 - - - —0.000014 - 57.al 0.81387263 - - - —0.000120 - - -
58.al 0.44012203 - - - 0.000025 - 58.al 0.81374131 - - - 0.000010 - - -
6l.al 0.44034299 - - - —0.000195 - 6l.al 0.81397584 - - - —0.000223 - - -
77.al 0.43964812 - - - 0.000499 - - - 77.al 0.81380285 - - - —0.000050 - - -
79.al 0.44043021 - - - —0.000282 - - - 79.al 0.81392157 - - - —0.000169 - - - 30
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