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1. Introduction. Let d be a square-free positive integer. We denote by
C(d) the ideal class group of the imaginary field Q(v/—d) and by e(d) the
exponent of C(d), that is, the least positive integer e such that

z¢=1 for all z € C(d).
In 1969, at the Stony Brook conference, K. Iwasawa asked whether

dlim e(d) = oo.
In 1972, Boyd and the first author (see [1]) showed under the assumption
of the Extended Riemann Hypothesis that for all ¢ > 0, there exists d(e)

such that for all d > d(¢), one has
logd

(LD e(d) > (2+¢€)loglogd’
which is a conditional positive answer to Iwasawa’s original question. As we
will sge, this result is ineffective due to the inexpliciteness of the error term
in the Chebotarev Density Theorem.

In 1992, the second author (see [4]) proved that the inequality (1.1) holds
(unconditionally) for almost all discriminants d.

The proof of the estimate in (1.1) consists of two steps:

(a) One notes that if « is an integer of Q(v/—d) which is not in Z, then
(1.2) N(a) > d/4.

(b) One uses the fact that the least rational prime p which splits in
Q(v/—d) is'less than (log d)?*¢ for all d large enough. :
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Finally, if p is a prime above the split prime p then the ideal p*(4) is a
principal ideal (a) (a & Z). Taking norms one has by the first step

N(p®) 2 N(a) > d/4;
and by the second step
N(p) = p° < (logd)*+).

These two inequalities imply (1.1).

Step (a) is possible since in Q(v/—d) the group of units is finite. Step (b)
can be deduced rather directly from the version of the Chebotarev Density
Theorem proven under the assumption of the Riemann Hypothesis. In the
case of function fields, the Riemann Hypothesis is known to be true and this
is the basic motivation of this article.

Let ¢ be a power of a prime, let F' = F,(z) be a function field in one
variable over the finite field with g elements and let O = Fy[z] denote the
polynomial ring. An extension E/F is said to be imaginary if there is a
unique place of E above the place ps associated with the valuation at oo
of O.

For any extension E over F we denote by Op the integral closure of O
in E. Then Of is a Dedekind domain and it is called the ring of integers
of E.

Note that if E is an imaginary extension of F, then the group of units
of Of is finite.

In the case where F is quadratic over F', char(F') # 2, then

E=F,(z,y), v*'=f(z), fl)e€O

and f(z) is not a square in F4((1/x)). Note that Fg((1/z)) is the completion
of O at the valuation at co.

~ In this case the analogous property to the inequality (1.2) of the first
step of the proof of (1.1) is shown in the following:

PROPOSITION 1.1. Suppose char(F) > 2 and let E = Fy(z,y) be an
imaginary quadratic extension of F. If y? = f(z) with f(z) € O square-free,
then for all « € O \ O we have

deg Np/p(a) > deg f.
Proof. Suppose f(z) = ag + a1z + ... + a,x", then

’ 1 1
—zman (1 4+by 1=+ ... +byp—
f(z) =z2"a ( + 1$+ + Ox")

with b; = a;/a,. Since every Laurent polynomial congruent to 1 (modp)
is a square in F,((1/z)), we see that f(x) is a square in Fq((1/z)) if and
only if n is even and a, is a square in F,. Hence E/F is imaginary if and
only if either deg f is odd or deg f is even and an ¢ (Fq)?.
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Now we can write
a=g+hy
and
Ngp(a)=g* — k%> =g° —h’f €O
with g,h € O and h # 0.

If deg(g?) # deg(h?f), then deg(g? — h%f) > deg f as h # 0.

If deg(g?) = deg(h®f), then deg f is even thus a,, & (F,)?. This implies
that if ¢ and d are the coefficients of the term with highest degree of g and
h, the term with highest degree of g2 — h%f is ¢ — d?a,,, which is not zero
since otherwise a,, would be a square in F,.

So in either case we have the assertion. m

2. The Chebotarev Density Theorem. The norm N(p) of a prime
p of O is defined as the number of elements in the residue field of the
completion of F' at p. The degree degp is defined by the identity

N(p) = g*&P.

If p is the principal ideal (g(z)), then the above degree coincides with the
usual degree of the polynomial g(z).
Now suppose that E' is a finite Galois extension of F' and set

Cr(E/F) = #{p € Spec(O) | degp = k, p splits completely in E/F}.

Then the Riemann Hypothesis for function fields allows one to prove the
following;: ‘

THEOREM 2.1. Let L be the algebraic closure of Fy in E and let
n=[L:F,], m=[E:LF|.
Then for all k for which n |k,

1q*

Ck(E/F) - E? < 4qk/2<1+ %),

where gg 1s the genus of E. If ntk then Cy(E/F) = 0.
Proof. See Proposition 5.16 in Fried and Jarden [2]. =

We will use the Chebotarev Density Theorem in the following form:

COROLLARY 2.2. With the same notation as above, let
14log(gp + mn)
log q ‘

Then there exists a prime ideal p of O which splits completely in O and
N(p) < r2

r:4(gE+mn+m
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Proof. In order to have Cx(E/F) > 1 we must assure that the main
term in Theorem 2.1 bounds the error term.

Indeed,

cuE/r) > L agrr(14 9E 0 2
w(E/ )>ﬂ— q (1+%)"W(Q —4(mkf9E))'

Let ko be the least integer such that n | kg and ¢ > r2. Then

2logr < ko < 2logrT
log q

+n

log g

and therefore

r 2logr
Ci. (E/F —|r- -
W(BIF) > (s 4m( 8 0) a5
8r

- kologg

(7log(gg + mn) — logr) > 0.

The last inequality holds since (gg +mn)? > r for all gg, m,n and q. There-
fore Cx(E/F) > 1 for some k < ko. Hence there is a prime in O that splits
completely in O with norm less than 2. =

We can now state the first result:

THEOREM 2.3. Suppose that char(F) > 2, let E = Fy(z,y) be an imagi-
nary quadratic extension of F' and let y*> = f(z) with f(z) € O square-free.
Let e(f) be the exponent of the ideal class group of the Dedekind domain
OE. Then

deg f log q

e(f) 2 2log(72deg f)

Proof. From Corollary 2.2, we see that there exists a prime ideal pg of
O that splits completely in E with degree such that

2
1 + 2
qdesro < (4 (gE + 2+ 28——'——‘0g(1igq ))>

< (4((28/log3 + 1)gp + 28/ log 3 + 2))*.
Now let Po be a prime above po. As in the case of Q(v—d) we see that
‘,Bg(f )isa principal ideal (a), hence by Proposition ’1.1,
qe(f)degpo — NE/F( g(f)) — NE/F(a) Z qdegf’
which by taking logarithms gives

o) > deg flogq
= 21og(4((28/log3 + 1)gg + 28/log 3 +2))
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Finally, by the Riemann-Hurwitz formula we have

deg f ~ 1
o < G5 =1

and since deg f > 3, the statement is proved. =

3. The relation with the Jacobian. In this section we want to com-
pare the estimate for the exponent obtained by this method (algebraic esti-
mate) with the geometric estimate.

Suppose that E is the function field of a curve X/F,, and let Jo(F)
denote the points in the Jacobian of X rational over F,. Then Jy(E) is
isomorphic to the group of divisor classes of degree 0 of E. The ideal class
group C(Og) can be related to Jo(E):

PROPOSITION 3.1. Suppose E is an imaginary extension of F of degree m
and let P, denote the unique prime of E dividing p, of F. If h = deg P
and d is the least degree of a prime divisor of E/F then

C(O5)/Io(B) = Z/(h/d).

Proof. Let D(E) be the divisor group and P(FE) be the group of prin-
cipal divisors. By considering the exact sequence

0 — (Po)P(E) — D(E) - C(Og) - 0,

NooPoo + 2 ngP —  [[]P"]
we have the isomorphism

D(E)

(PBoo)P(E)
On the other hand, consider the exact sequence

0 — Do(E) —» D(E) — dZ — 0,

C(Op) ~

where the second map is the degree and first map is the inclusion of the
group Dy(E) of divisors of degree 0 in D(E). Since P(E) C Dy(FE), we have
that

P(E)(Boo) C Do(E)(Poo) C D(E),
therefore
Do (E){Boo) D(E) D(E)

O P E P P(E)(Pw)  DolE)(P=)

— 0

and finally

(deg D(E))Z
(deg Poo)Z

Now, since deg P, = h and deg D(FE) = dZ, we get the assertion. m

(3.1) | 0— Jo(E) - C(Og) — — 0.
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Now let us turn our attention to the exponent of Jo(E). If L(s) is the

L-function of X, then it is known that

29e

lJo(E)| = L(1) = [] (1 - ).

i=1
By the Riemann Hypothesis for function fields, |o;| = /g, and thus it follows
that

[Jo(E)| 2 (Vg —1)*=.

It follows from the theory of Riemann surfaces that Jo(E) has at most 2gg
generators, therefore the exponent e(E) of Jo(E) is not smaller than

(3.2) e(E) > |Jo(E)|V/?95) > /g — 1.
In the case of Theorem 2.3 we have deg P < 2 and therefore
IC(OE)/Jo(E)| < 2.

If deg f is large with respect to g, more precisely if deg f > /g, then
the estimate of Theorem 2.3 is sharper than (3.2).

4. Application to the exponent. From now on we will suppose that
E is an imaginary extension of F' of degree m in which oo is totally ramified.
That is, if peo is the prime at infinity of O and P is the unique prime of
Of above poo, then Poo = p™. Let gr denote the genus of E.

We note that since p is totally ramified, for o € O we have

deg Np,p(c) = ~Vpo. (Ng/r(@)) = —vgp,(a).
We can extend the result of Proposition 1.1 to a special class of such fields:

THEOREM 4.1. Let E = Fy(z,y), y™ = f(z) where char(F) does not
divide m, and where f(z) is a polynomial such that every prime divisor of
f(z) divides it to a power coprime to m. Suppose also that (deg f,m) = 1.
Ifa € Og\ O, we have

29E
m—1
Proof. First we note that the condition (deg f,m) = 1 implies that p.
is totally ramified in E and so E is imaginary over F. Let f = ]_[3-:1 p;j
with p; € Fu[z] irreducible, (aj,m) = 1, and 1 < a; < m — 1, and let
fi= H;:l Dj-
The Riemann-Hurwitz formula then gives
_ (m—1)(deg f1 - 1)
= 5 .
Let P; be the prime of E dividing p; = (pi(2)). Then since (a;,m) = 1,
it follows that %B; is totally ramified in E/F, and that P> = p; for 1 <1 <.

+ 1.

deg Np/p(a) >

g
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Hence
¢
(v) =y-Op =[] B
i=1

For 1 <k <m -1, write
ak =mqix +riye withl <rje <m-—1.

Then, for each fixed i, as k ranges over the distinct non-zero residue classes
modulo m so does r;i, since (a;,m) = 1. For each k,1 <k <m -1,

t t t
(yk) _ Hp:hk H(p:ik: = (cx) H;B:zk
; i=1 1=1

=1
for some ¢, € O, with (cx) = szl pl*. Let yr, = y*/ck. Set yo = 1 and let
A= ZZ:OI Oyyi. We claim that the ring of integers is
(4.1) Op = A,
and we will prove this later. Now if @ € Og\O, we have o = ZZ:Ol 9rYk With

gr € O, and g # 0 for some k > 1. Then since the valuations vg_ (gxyx)
are distinct (modulo m), we have

¥ = i < i .
vpfo) = min vy (giyr) < ocin vy, (k)

Taking norms and noting that r;; > 1, we obtain

Voo (NE/F(a)) < 0 U0 Voo (NE/P (k) < vp (f1(2))

which is equivalent to

deg Np/r(a) > deg(fi(z)).

We need only prove (4.1). For this, let 8 € Og. Then we can write 3 as
8= ZZ:OI bryi, where by, € F and we want to show that the b, are elements
of O. We note that the trace Tr(ys) = Tr(y*) =0 for 1 <k < m — 1, and
Tr(y™) = mf. Therefore, Tr(8) = mby and hence by € O since m € O*.
Similarly, for all 1 <k <m — 1,

Tr(Ym-1B) = Tr(bryrym-&) = mfor/(cm—kck)
and therefore fb, € O. Now write
fB=etey+...+em1Yym_1

with e, € O and eg € fO. If p; is a prime factor of f and P; is a prime
ideal of E above p;, then

(4.2) vp, (fB) 2 vy, (f) = ma,.
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On the other hand, since the valuations vy, (exys) are all distinct (modulo m)
and hence distinct, we have for each i, 1 <37 < t,

vp,(eo+ery+ ...+ em_1Ym-1) = gcn;g v, (erYk)-

Since rj < m — 1, it follows from (4.2) that
vy, (ex) > ma; — i, > m(a; — 1).

But since vy, (ex) = 0 (modm), we see that vy, (ex) > ma;, and conclude
that f|eg for all k. This implies that b, € O for all k and proves the
statement. =

As a consequence we have the following:
COROLLARY 4.2. With the same notations as in Theorem 4.1, let

log(ge + mw(m)))
log g '

r= 4<gE + me(m) + 14m

Then
gelogq

O T Dlogr

Proof. We first note that a prime ideal splits completely in E if and
only if it splits completely in the Galois closure E of E.
In this case, if L is the algebraic closure of Fg in E, then

[L:F]<¢@(m) and m=[E:F]=[E:F],

since E = EL. Thus the genus of E equals gp.

If p is a prime ideal of O with least norm that splits completely in F
then by Corollary 2.2, we have N(p) < r2. Hence if P is a prime of E above
p, we see as in the proof of Theorem 2.3 that 3*(©#) is a principal ideal o
and finally that

log Ng/r(a) - (29/(m —1))logq .
log N(p) ~— 2logr '
A different method allows us to calculate a similar bound as in Theo-

rem 4.1 for another family of extensions of F* which are not necessarily tame.
This case was not treated in Theorems 2.3 and 4.1.

THEOREM 4.3. Let E be an imaginary extension of F of prime degree m
and genus gg, in which oo is totally ramified. Then for all a € O\ O, we
have
2(gr — 1)

m-—1
Proof If ® € D(E) is a divisor of E, then £(D) will denote as usual

LD)={f € E|vp(f) > —vg(D) for all prime P € D(E)}

‘deg Ng/p(a) >
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and we let {(D) = dimg_(L(D)). Note that for any n,

{(nPBoo) = U((n — 1)Poo) < deg Poo = 1.
Consider the Weierstrass semigroup of B, defined by
W={n€N|3a € E, with vy_(a) = —n, and vg(a) > 0 for P # Poo}.
We have 0 € W as 1 € E, and since by the Riemann-Roch Theorem,
(4.3) (NP) =n-gg+1 forn>295 —1,
it follows that 2g9p,2g9p + 1,... € W. Since vyg_(z¥) = —km, we see that
0,m,2m,...e W. If welet H=Wn{0,1,...,2g5 — 1}, then |H| = g as
(292 — 1)Bs) = g by (4.3).

Let a be minimal with respect to the property that £(a) contains
an element o ¢ F. Then a cannot be a multiple of m since if it were km,
then both o and z* would be elements of £(as.) \ £((a — 1)Ps) and
since (aPoo) — I((a — 1)Po) < 1, this implies that {a,z% 2%tz 1)
are linearly dependent over F, and so o € F.

Hence since m is prime, (a,m) = 1. If we let, for 0 < j < m — 1,

29p —1—ja
m Y

Wj:{ja—}—km 0<k<

then the elements of U;";Ol W, are distinct and all lie in H. But then

m—1 m—1 .
29 —1—ja m—1
(4.4) IUOWJ-‘z > O:T=(29E-1)—a .
j= 7=

2

Since |H| = gg, (4.4) implies that

a>2(gE*1)
- m-1

and the assertion follows. =

We let 7@ and 7 denote the dimension of the Galois closure E of E over
F and the dimension over F, of the algebraic closure of F, in £ respectively.

In the case where E is a tamely ramified extension of F, then E is a
tamely ramified extension of F' and the genus of E can be related to the
genus of F:

LEMMA 4.4. If E is a tamely ramified extension of F, then

29 — 2
2g,§—2§2m< 9k +1).
m

Proof. By the Riemann-Hurwitz formula we have that

25 - 2=-2m+ Y vg(D(E/F)),
P
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where the sum is over all primes that ramify in E/F, including oo, and
D(E/F) is the ramification divisor. Since E over F' is tamely ramified, if p
is a prime of F such that P divides p, then

(4.5) vg(D(E/F)) = (e(PB/p) — 1) deg(B/p) < e(B/p)f(B/p).
Let ‘B be a prime of E dividing p. Then the right hand side of (4.5) equals
e(B/B)f(B/B)e(B/p) f(B/p)-

Now note that p is ramified in E if and only if it ramifies in £, and therefore
(46) ) vp(D(E/F))
P
< Y e(w/0)fB/0) (3 e(B/P S (F/P))

P PP

= 5 e(B/R)(B/P)
B

<270 3 (elB/p) — 1) deg(B/p).
P

Finally, using the Riemann-Hurwitz formula for the extension E/F we con-
clude that the right hand side of (4.6) equals

2m
—(29g — 2+ 2m)
m

and the result follows. m

COROLLARY 4.5. With the same notations as in Theorem 4.3, let
14log(gz + r'ﬁﬁ))

r=4(g5+1_ﬁﬁ+'r_n

log q
Then
(9e — 1)loggq
> = -
e(Op) 2 (m—1)logr

In particular, if E is tamely ramified over F, then

(gE — 1) Iqu
e(Op) 2 (m — 1)log(120m?(gr/m + 7))

Vijava Kumar Murty and John Scherk [3] have recently proven a new
version of the Chebotarev Density Theorem for function fields. Their re-
sult gives a slightly better bound for the least norm of a prime that splits
completely in a function field Galois extension. The same argument of The-
orem 2.3 and Corollary 4.2 applies.
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