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Abstract

We establish an asymptotic formula for the number of positive integers n < x for which ¢(n) is free of
kth powers.
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1. Introduction

Let ¢(n) denote the Euler function, which is defined for all n € N by

o) :=#2/m2)* =[] p*~'(p 1.
phin

Here p? || n means that p® | n but p®*! { n. We recall that an integer m is called k-free if Pk tm
for any prime number p. In this paper, we study the set of integers n € N for which ¢ (n) is k-free.

In the special case k = 2, it is easy to see that if m = ¢(n) is squarefree, then the following
properties hold:
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if a prime p divides n, then p — 1 is squarefree;

p> 1 n for any prime p;

if 4 | n, then p {n for any odd prime p (thus, n = 4);
if 4 n, then p | n for at most one odd prime p.

These properties imply that n € {p, 2p, p?, 2p?} for some prime p for which p — 1 is squarefree,
hence the problem of estimating the number of positive integers n < x for which ¢(n) is square-
free reduces to that of estimating the number of primes p < x for which p — 1 is squarefree.
These questions have been previously investigated. For example, Mirsky [7] (see also [5,11]) has
shown that for any constant C > 0, the asymptotic relation

#{péx:p—lissquarefree}:azn(x)—l—O( xc )
log™ x

holds, and in [11], this fact is used to establish the formula

. 30 X
#{n <x: @n)is squarefree} =—nax)+ 0 | @))
2 log™ x

Here, o5 is the Artin constant:

ay:rml

) =0.3739558136..., (2)
P

Cplp—1)

and the implied constant in the Landau symbol depends only on C.
Here, we study the same question for an arbitrary (but fixed) integer k > 3. Our main result is
an asymptotic formula for the counting function #.4; (x) of the set

Ai(x) :={n <x: @(n) is k-free}.

Clearly, since 2% { ¢(n) for any n € Ai(x), every such n can have at most k — 1 distinct odd
prime factors. Moreover, it is natural to expect that integers with precisely k — 1 distinct prime
factors make the largest contribution to #.A4 (x). In view of the well-known result of Landau [6]
on the number of integers n < x with £ prime factors (stated as Theorem 2.6 below), the rough
estimate

log1 k—2
BAL () = X(Ogl&
ogx

is not too surprising and can probably be established using simpler methods than those presented
here. The problem of determining a precise asymptotic formula for #A4(x), however, is rather
delicate.

We remark that the tools used to derive the precise estimate (1) in the case k = 2, for which
one has a very simple description of the set A (x), are no longer available once k > 2. Also,
in contrast to the case k = 2, when k > 3 there is a significant contribution to #.4;(x), of order
#A, (x)/loglog x, which comes from integers with precisely k — 2 distinct prime factors.
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In order to state our main result, let us define

k—

fE B )G )

1= J

for every integer k > 2 and prime p > 2 (in the case p = 2, we adopt the convention that 0° = 1,
and thus B2 = 2k=1 _ 1), and put

Br,
% ::H(l T 1))'

p

Theorem 1.1. For every fixed integer k > 3, the asymptotic formula

3o x(loglog x)F—2

A = D) Togx

(1+o0(D)
holds as x — oo, where the function implied by o(1) depends only on k.

Remarks. Taking k = 2 in the statement of Theorem 1.1, one recovers the asymptotic formula (1)
(with an imprecise error term). Our proof of Theorem 1.1 uses elementary methods, and in several
instances, we have followed closely certain arguments from the book [9] by Nathanson. We
also remark that, as is clear from our proof, we do not need the full strength of some of the
known results that are recalled in Section 2. In the proof, we show that the o(1) error term in the
statement of the theorem is of size

(loglog log x)2k+D* =1
(loglog x)1-1/k ’

which is reasonably close to the expected error Ex(x) < 1/loglogx when k is large; however,
our main focus in this paper is the determination of the main term for #.4; (x). Finally, using the
method of Moree [8] and the Pari program, we have computed the fifty decimal digits of each
constant o with 2 <k < 10:
oy =0.3739558136 19202 2880547280 54346416415111629248 60615 . . .,
a3 =0.18984 91224 2023531991 66681 67621 86073 62451 0288008604 . . .,
a4 =0.096713050743055 5679223408 99706 16695 80481 9971396223 . . .,
a5 =0.04914 98625 18789 6832337383 9335596691 22084 26605 56681 ... .,
ae = 0.0249228833 35419 10300 95723 08364 04557 22962 18064 16898 . . .,
a7 =0.01261642365719548181 6698078776 82881 81757 5894073078.. . .,
ag =0.0063783900 1431582338 851554043085389 8473602454 15212.. . .,
a9 = 0.00322 1408753892 8251540641 0986803144 9088021993 85574 ... .,
a10 =0.0016256470180014823226934 50203 112794974537231 54564 . ...
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Hundreds of decimal digits can be determined using the same method.
2. Preparations
Here we collect several results that are needed in the sequel.

Theorem 2.1 (Siegel-Walfisz). There exists an absolute constant ¢1 > 0 such that for any con-
stant ¢ > 0 and uniformly for

x23, 1<m<log°x and (a,m)=1,
one has

- —c1/Togx
Z A(n) = o) + OC(xe ),

n<x
n=a (mod m)

where A(n) is the von Mangoldt function:

An) = { log p ifnisapower of the prime p,
' 0 otherwise.

The reader can find a detailed proof of Theorem 2.1 in the book by Huxley [4] or in that by
Ellison and Mendes-France [2].

Let P C N denote the set of prime numbers, and for any real number x > 1, let P(x) be the
set of primes such that p < x.

Corollary 2.1. There exists an absolute constant ¢y > 0 such that for any constant ¢ > 0, the
relation

Z log p = x + OC()cefcl v logx)
@(m)
peP(x)
p=1 (mod m)

holds uniformly for x >3 and 1 < m <log‘ x.

Proof. If 7(y) denotes the number of primes p < y, one has the estimate

Z logp < Z Uznglogpgn(xl/z)logxzO(xl/z),

peP,a=2 peP(x1/2)
PI<x

and the result follows immediately from Theorem 2.1. O

The following result is due to Norton [10]; see also [12, Theorem 1].
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Theorem 2.2. The relation

1 loglogx
Yo == g( “i + 0(1)
peP(x) p plm
p=1 (mod m)

holds uniformly for x > 3 and m > 1, where the implied constant is absolute.

We also need the Brun—Titchmarsh theorem; for example, see [3, Theorem 3.7, Chapter 3].
Let 7 (x; m, a) denote the number of primes p < x such that p =a (mod m).

Theorem 2.3 (Brun—Titchmarsh). For integers m, a with m > 1 and for all x > m, the bound

X
m(x;m, a) K @(m)(1 +log(x/m))

holds, where the implied constant is absolute.

We also need the following well-known result (see, for example, [13, Theorem 9, §1.1.5]):

Theorem 2.4 (Mertens). There exists an absolute constant ¢ such that for all x > 2, one has

1 1
Z — =loglogx +c+ O(—)
logx

peEP(x)

For any integer £ € N, let P¢ denote the set of ordered £-tuples of primes. For any real number
x > 1, let P¢(x) be the set of ordered ¢-tuples (p1, ..., pe) in P¢ such that py--- py < x.

Theorem 2.5 (Landau). For fixed £ € N, the estimates
1 ¢
SE(.X) = Z ﬁ N(loglogx)
(PropoePln

and

Pe(x):= Y log(pi--pe) ~ tx(loglogx)*~!
(P11 POEP(X)

hold as x — oo.

For an elementary proof of Theorem 2.5, we refer the reader to Theorems 9.7 and 9.8 in the
book [9] by Nathanson.

Now let w(n) denote the number of distinct prime divisors of an integer n € N. Then we have
the following well-known result of Landau [6] (see also [9, Theorem 9.9]):
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Theorem 2.6 (Landau). For every fixed integer £ € N, the asymptotic formula
log1 -1
#{n <x: o) zg} ~ w
€ —1)!logx
holds as x — oo.

Let p(n) be the Mobius function, and let (n) be the number of positive integral divisors of
neN.

Lemma 2.1. For any positive integer t, the following estimate holds:

Y ) < y(logy)* ™!

n<y

For any integers t,r € N, we also have

Zu(n)r(n)f (log y)?~!
e Oy

n>y

Proof. The first estimate is well known and follows directly from the theorem of Wirsing [14]
which states that if f(n) is a non-negative multiplicative arithmetic function such that:

@ f(p") < clc; holds for any prime p and integer v > 2, where cy, ¢, are positive constants
with ¢ < 2;

(i) Zpgx f(p) ~ tx/logx holds as x — oo, where T is a positive constant,

then, as x — 00, one has

rtox fp) | f(p?)
Y fm r(r)logxn(l+T+ o +)

n<x

where y is the Euler—Mascheroni constant, and I'(s) is the Euler I"-function. Indeed, applying
Wirsing theorem with the function f(n) = t(n)’, we obtain

Z()[ < <1+2t+3t+ )
F(Zf)logy p P’ ’

and the first estimate follows from the observation that

H<1+2t+3t+ ><< H(l 1)2r<<(1 )
J— p— e —_ Ogy ,
p P p

Py Py

where we have used Merten’s theorem in the last step.
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For the second estimate, we first apply Wirsing’s theorem with the function

Fony = ;ﬂ(n)nr(n)”
p(n)

which implies

t

2 t —y2!
D(x)=Z“(”)’”(”) Lo ]‘[<1+

< x(logx)? 1.
f )
() T@)logx L

p—1

n<x

Then, by partial summation, we have

3 wmrm)' D)

(log y)* !
n"o(n) - yr+1 r

)

n>y

o0
D(s)
+(r—|—1)/ 2 ds K
y

and this completes the proof. 0O

Finally, we need the following estimate, which is a simplified and weakened form of Lemma 2
from [1]:

Lemma 2.2. Let T'(x, w, q) denote the number of positive integers n < x such that w(n) < w
and ¢(n) =0 (mod q). Then

x(loglogx)* !
T(x,w,q) < —ngg;s .

Proof. By [1, Lemma 2],

rw(q)r(q))l/z

T(x,w,q) < x(cloglogx)*~! (
q

for some absolute constant ¢ > 0, where t,,(q) is the number of representations of n as an ordered
product of w positive integers. It is well known that 7,,(¢) = O.(¢°) for any fixed ¢ > 0; in
particular, 7,(g)t(q) < g3 for all sufficiently large values of g (depending on w), and the
lemma follows. O

3. The seven hills of Rome

The proof of Theorem 1.1 consists of seven individual steps (which, to commemorate the visit
of the first author to Rome, we chose to name after the seven hills); these results are combined in
the next section. The first step deals with the problem of expressing the constant o as an Euler
product. The second step addresses issues related to the convergence of the series that defines oy.
The following three steps present an adaptation of the method of Landau for counting integers
with a fixed number of prime divisors, which is applicable to the present situation. The last two
steps concern our use of the inclusion—exclusion principle to eliminate integers n for which ¢ (n)
is not k-free.
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Viminal
Lemma 3.1. For every € € N, let Ay(m) be the arithmetical function defined inductively by

1 . _

Az(m) = { @(m) lfﬁ - 1’
' () .

dim, elm/d) wiedy Ae—1(5) ife=2

Then A¢(m) is multiplicative. For every integer a > 1 and prime p > 2, we have

(O (G 0 [

Proof. One can verify directly that if {A,: ¢ € N} are the multiplicative functions defined on
prime powers by (3), then these functions also satisfy the stated inductive property. In this proof,
however, we show how to deduce (3) directly from the inductive definition using the method of
generating functions since the results we obtain along the way are useful for estimating Ay in
Lemma 3.2 below. We remark that, for the special case p =2, formula (3) simplifies to

1 ¢4—1—i

Az

-
‘PP izo

~.

-1

A2 = so(lza) 2 (a : ])'

i=0

To show that A,(m) is multiplicative, we use induction on ¢, the case £ = 1 being obvious.
Suppose that A,_1(m) is multiplicative, and let m = mm5,, where m| and m, are coprime. For
any divisors d | m and e | (m/d),letd; = (d,mj) and e; = (e,m ), j = 1,2. Then

Agmimy) = Y :(f;)) Ag—1 (mldm2>

d|lmymy
el(mymy/d)
u(erer) mymy
B Z Z €0(€1€2d1d2)A£71 didp
di|m dy|my

e1l(my/dy) exl(my/dy)

(e1) mi (e2) my
= X e (7) X ey <d_)
dijm, pleray 1 ol plexdr 2
e1|(my/dy) ex|(ma/dr)

= Ag(my)Ag¢(my),

which shows that A, (m) is multiplicative.
Suppose that m = p® where p is an odd prime and a > 0. Write d = p? for each divisor of m
and e = p¢ for each divisor of m /d. Then the inductive formula for £ > 2 becomes

a

u(p) a
Z p(phte) A ().

b=0 ¢=0
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For the inner sum, since w(n) is supported on squarefree integers, we see that

1 e
a—b w(p°) ) ifb=a,
—b 1 e
Z(p(pb+6‘) A1 (p*77) = (1- pfl)Ae—l(Pa) ifb=0,
0 #M—l (Pt otherwise.
Thus, if we define Dy (a) := ¢(p®)Ae(p?), it follows that
1 ifa=0ort=1,

Dy(a) = “

_ﬁDFl (@) + Y p_oDe—1(b) otherwise.

Now for each a > 0, let E,(x) be the generating function given by

E (x):= Z Dy(a)xt.

=1
Using (4) it is easy to see that
. = ifa=0,
X) =
¢ x+x(1- ﬁ)Ea(x) +x Zg;l E;p(x) otherwise.

By induction on a, one immediately verifies that

x(1+ ﬁ)“‘l

Eq(x) =
T m— T

for every a > 1. Extracting the coefficient of x¢ from this expression, we find that

a—1\(—a 1 \'/ 1 Y
Dy(a) = SR Y (—T
w= ¥ ()G)6EE) G

i+jtm=0—1

and the result follows from this using standard algebraic manipulations. The case p =2 is similar
and somewhat easier since 1 — 1/(p — 1) = 0; the details are omitted. 0O

Palatine

As usual, we denote by £2(n) the number of prime factors of n > 2 counted with multiplicity,
and we denote by w(n) the number of distinct prime divisors of n; we also put £2(1) = w (1) =0.

Lemma 3.2. Let A¢(m) be the arithmetical function defined in Lemma 3.1. Then the following
estimate holds for all m € N:

29(m)+w(m)€

Ag(m) < o)
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Furthermore, for k > 3 one has
2k—1
(logy)*™ !
Z /L(m)Ak—l(mk) =oy + Ok(gT ,
m<y Y
where oy is the constant defined in Theorem 1.1.

Proof. We first consider the case when m = p“ for some prime p > 3 and a > 1, the cases p =2
and a = 0 being obvious. As in the proof of Lemma 3.1, we have the formal relation:

00 X(l—}—ﬁ)a_l

a A a E: 3
;‘P(F )Ac(p“)x (l_x)(l_i_(ﬁ—l)xy‘

which is an identity of analytic functions whenever |x| < (p — 1)/(p — 2). Taking x = 1/2 we
deduce that

(P([)a)AZ(Pa) < 2a+2’
which yields the stated bound in this case. For general m € N, we have

2a+€ 2.(2(m)+a)(m)€

Aclm) = l_[ Ae(p*) < l_[ o(p*) - p(m)

ptllm ptllm

For the second statement of the lemma, we first observe that

> u2<m)Ak_1(m")>.

m>y

D um) A (m*) =Y ) Ay (m) + 0(
m=1

m<y

Using the multiplicativity of A;_;, we immediately deduce that

mijjl pm) 1 (m*) = [T(1= 21 () =T (1 - ,(_’3"7”_10 =ay,

peP peP p

where {8 ,: p € P} are the constants defined in Theorem 1.1. If m is squarefree, we also have
2(m*) = kw(m), hence by the results above:

2(2k71)w(m)
Ak—l(mk) < Ky k=1 :
@(m*) m*=g(m)

T (m)Zkfl

Therefore, by the second part of Lemma 2.1, it follows that

)Zk—l )22"*1 -1

2
Z uz(m)Akfl(mk) < Z pu(m)“t(m (log y

—1 k k—1 ’
m>y m>y m (p(m) y

which completes the proof. O
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Aventine

Let F(n) be the completely multiplicative function defined for all n € N by

Fny=[]-D"

palin
Observe that F(n) = ¢(n) whenever n is squarefree.
Recall that for any integer £ € N, P¢ denotes the set of ordered £-tuples of primes, and for any

real number x > 1, PY(x) is the set of ordered £-tuples (p1, ..., pe)in P* such that Pl pe < X.
For every m € N, we now put

Plxim) == {(p1,..., po) € P (x): m| F(p1--- po)}.

The following result is not needed for our proof of Theorem 1.1, but we believe it to be of
independent interest.

Lemma 3.3. Forall £,m e Nand x > 1, let

Se(x;m) := Z o

l e E !
(P1se ) EP(xsm) P P

Then for any constant ¢ > 0 and any fixed £ € N, and uniformly for x > 2 and 1 <m < logf x,
we have

¢ .E(m)2€72
Se(x;m) = (loglogx)™( A¢(m) + Oc,e Toeloax ) )’
oglogx

where A¢(m) is the arithmetical function considered before.

Proof. To simplify the notation, let us write £(x) :=loglogx in what follows.
If £ =1, then by Theorem 2.2 we have for x > 3:

1 L
Sim = Y 5= S o) =L (a1 + 06w ),
pzqe(?nf)fl)m)

and the lemma is proved in this case.

Now suppose that £ > 2 and that the lemma has been proved for £ — 1. If (py1, ..., p¢) is any £-
tuple in Plix;m), thenm | (p1 —1)---(pe — 1). Collecting together terms with (py — 1,m) =d
for each divisor d of m, we see that

sem =Y Y+ Y

dim peeP@) T (pro )P primd)
(Pe—l.m)=d

1
Pl Pe—1
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> ()
= —S0—1| =5 =
d
d|m peP(x;d) p p
((p=1)/d,m/d)=1
1 X m
-2 2 (2 we)sa(3)
dim peP ey U Nelp=D7d.m/d) b
uie) X m
> X Msa(%Y)
dim  pePl(x:de) P p
el(m/d)
By induction, we can assume that
3 T(n)2€—4
Se-1(y;n) = L) I(Ael (n) + 0c,e(—
L(y)
holds uniformly for all y > 2" and 1 < n <log* y. In particular, for primes p < x'/2 we have
x/p >x1/2> eze since x > e Hl, and
m c 20 X
1< —<m<log" x <log™ | — )
d p
therefore,

x m \! t(m/a’)ze_4
Se_il —; = )=L| — A Oct| —————
(5 =eG) (o (F) o ()

for each divisor d of m. Moreover, since

z:(x> Lix )+0(1 g”) = L(x)+ 0(1)
)4 log x

for such primes p, we obtain the uniform estimate

Consequently,

2

dim  pePl(x1/2;de)

e|(m/d)

x m —1 t(m)%“))
S“(p d) £ (A“<d>+0”‘< o )

uie) X m
2 S 1<p d>

p

d|m
el(m/d)

)

—1 172 T(m)*
=L@ DT w@Si(x*de)( Ar d + 0\ =z
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. 4
Since x1/2 > ¢2 > ¢* and

1 <de<m<logtx < 10g2c(x1/2),

we have
Si(x'/% de) = L(x'7?) (A1 (de) + Oc(ﬁ(xl/z)_l))
Recalling that

@) m\
dXW: w(de)AZ“<3)_A’Z(m)
e|(m/d)

and using the naive estimate

> L < romp?
p(de)

d\m
e|(m/d)

together with the fact that Ay_1(m/d) = O,(1) by Lemma 3.2, we obtain:

PO (X pin W))
> > . Sel<p,d>—£(X) (Ae(m)+0c,e( 3T :

dim  pePl(x1/2;de)
el(m/d)

To complete the proof, it suffices to show that

(e) X m _
‘ >y M—S/é—l<—;E)‘ZO/&(T(’”)ZE(X)K h. (5)
dlm pe'Pl(x;de) p p
e|(m/d) p>xl/2

For this, we first apply Theorem 2.5 to obtain the crude estimate:

S (% %) < Sem1(x) = 0 (LY.

By Theorem 2.4, we also have
y loeylosy ooy oo,

peP! (x;de) peP(x) peP(x) peP(!/2)
pox1/2 pox1/2

SR

and (5) follows immediately. O
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Capitoline
Lemma 3.4. Forall ¢,m €e Nand x > 1, let

Be(x;m) := Z log(p1--- po).
(P11 pO)EP (x;m)

Then for any constant ¢ > 0 and any fixed £ € N, and uniformly for x > 2

we have

and 1 <m < log€ x,

-1 .L,(m)ZZ—Z
9¢(c; m) = Ex(loglogx) ' Agm) + O ¢ —r— ) ).
loglog x

Proof. By Corollary 2.1, we have for x >3 and 1 <m < log‘x:

191 (X, m) = Z logp — L + Oc(xe—c‘h/logx)
peP(x) ¢ (m)
p=1 (mod m)

:x(Al(m) + OC('C(X)_I))’

where we use the notation £(x) :=loglogx as in Lemma 3.3, and the lemma is proved in this
case.
Now suppose that £ > 2 and that the lemma has been proved for £ — 1. We claim that

b4
ﬂz(x;m)=m Z Z M(@W—l(%;%)-

d|m Pl(x;d
el(m/d) peP iride)

Indeed, let
plﬁ?plz l_[ pi
1<i<e
i#]

for j=1,...,¢. Then

(€= DY (xim) = > @=Dlog(pi--pe)

(P1,. POEP (x)
m|(p1—1)--(p¢—1)

¢
> > log(pi-- Py pe)

(P1,p)EP (x) J=1
ml(p1—1)-(p¢—1)

4
S Yt Fepo

7=l (py,....pe)ePt(x)
m|(p1—1)-(pe—1)
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¢
:ZZ Z Z log(p1---pj---pe)

J=tdim  pi€PX)  (p1,.c..Dj,s POEP (x/ pjim/d)
(pj—1,m)=d

-y > > log(pi -+ pe—1)

dim peP(x;d) (p1..epe—))EP1(x/pim/d)
(p—1,m)=d

Y X (X we) (%)

dim peP!(x;d) “el((p=1)/d.m/d)

=y ) u(e)ﬂe_l(%%),

dim  pePl(x;de)
el(m/d)

which proves the claim.
Now, by induction, we can assume that

204
Je-1(yin) = (€= DyLy) <A€1 (n) + Oce <%))
L(y)

holds uniformly for all y > ¢ and 1 < n <log% y. In particular, for primes p < x'/? we have
2+l

e
x/p=x'2>e* sincex >e? , and

I<—=<m<logfx £ logz‘(f).
p

S

Therefore,

s (f.ﬂ)_(g_l)££(£>“(A <ﬂ>+0 (M))
“N\pd)” p \p “\a ““\ " Lee/p)

for each divisor d of m. Since

ﬁ(f) = L(x)+ o(loﬂ> —L(x)+ 0(1)
p log x

for such primes p, we obtain the uniform estimate

xom\ _ X m Tm?**
(35w vz () 0555,

Consequently,

12 X m
-1 Z Z M(e)l%il(;;g)

dim  pePl(x1/2;de)
el(m/d)
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204
={xL(x) 2 Z Z M;) (Ae_l (%) + Oee <%)>

dim  pePl(x1/2;de)
el(m/d)

20—4
e 5 oo (2) 0 (222

dim
e|(m/d)

Proceeding from here as in proof of Lemma 3.3, we obtain that

14 x m
X X M(@W—l(;;g)

dim  pePl(x1/2;de)
el(m/d)

20-2
=lxL(x)"! (Ag(m) + 00,@<%)>.

To complete the proof, it suffices to show that

Z Z n(e)Pe—1 (% %)‘ =0y (x[,(x)e_zt(m)z).

dlm  pePl(x;de)
elm/d) = 172

For this, we first apply Theorem 2.5 to obtain the crude estimate:

(x m) (x) (xﬂ(x)52>
Vel == | <P | = | =0 ——).
p d p P

As in the proof of Lemma 3.3, we also have

Y t-ow,

pePl(x:de)
p>x1/2

and estimate (6) follows. O
Quirinal
Lemma 3.5. Forall {,m e Nand x > 1, let

Be(x;m) := {n <x: n)=whn)=4~Landm | <p(n)}.

341

(6)

Then for any constant ¢ > 0 and any fixed £ € N, and uniformly for x > e and 1 <m < logfx,

we have

x(log logx)‘z_1 7(m)3t—2
#By(xim) = —2 80 (A ce 2.
Be(x;m) (£ —1)!logx ¢lm) + Oc.e loglog x
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Proof. We recall that F'(n) = ¢(n) if n is squarefree, i.e., when £2(n) = w(n). In other words,

Be(x;m)={n<x: Qn)=w(@m)=~Landm | F(n)}.

Let r¢(n) denote the number of representations of n as an ordered product of £ primes, i.e.,

re(n) = Z 1.

(p1.....pe)EPE
pL--pe=n
Then
Pe(x;m) = Z log(p1---pe) = Z re(n)logn.
(p1.es p)EPE (x3m) n<x

m|F(n)

Since 0 < rp(n) < £! foralln e N,

#P(x:m) = Z re(n) = O¢(x),

n<x
m|F(n)
and we obtain by partial summation:
X
¢ #PE (1 m) y
Ve(x;m) =#P"(x; m)logx — fdt =#P"(x;m)logx + O¢(x).

1

By Lemma 3.4, this gives

_ {x(log logx)¢!

202
#P (x: m) <Az(m) + OC,z(%»-
log x loglog x

On the other hand, by Theorem 2.6,

#Pmy= Y o+ Y 0D

n<x n<x
2(n)=w(n)=~L wn)<2n)=¢L
m|F (n) m|F(n)
x(loglog x)¢~2
=#B(x;m)e! + Og(&).
log x

This estimate combined with (7) yields the desired result. O

N
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Esquiline

The following result may be viewed as an analogue of the Brun—Titchmarsh theorem (Theo-
rem 2.3).

Lemma 3.6. For any integers m, £ € N and any real constant C > 0, we have

.L,(m)2€72 )Efl

@(m) logx

x(loglogx

#By(x; m) <L,

if m <log® x and x is sufficiently large, depending only on £ and A.

Proof. The proof proceeds by induction on £. First, suppose that £ = 1. We have by Theorem 2.3:

#Breem =rlim D < s T togt/m)

Since m < logc x, the lemma follows in this case.

Now suppose the lemma is true up to £ — 1, where £ > 2. We remark that 2(n) = w(n)
implies that n is squarefree, and any squarefree n < x with w(n) = £ can be expressed in the form
n = pn’ where p is the smallest prime divisor of n, p < x'/¢,n’ < x/p,and p(n) = (p — D ®’).
Therefore,

#Bo(x; m) = Z 1<Z Z 1

n<x p<alse n’'<x/p
2((n)=wn)=t 2 )=wn")=t-1
mlp(n) m|(p—1Dg(n’)
<X X 2. !
dim  pxl/t n'<x/p
(m.p—Dy=d 2n")=o@)=t-1
(m/d)|p(®n)

< Z Z #35—1(%; %)

dlm pgxl/z
p=I1 (mod d)

To estimate each term #B,_ (x/p; m/d), since x/p > x'~1/¢, we have

C
m <m< logcx < 67 logc<£> < logzc<£>
d p p

if x is sufficiently large; we can therefore apply the inductive hypothesis (with C replaced by 2C),
obtaining:

x m T(m/d)*~* (x/p)(loglog(x/p))*~2
#Be (_’ E) SC T ) log(x/p)
(m)**~* x(loglog x)¢~2 1

<
p(m/d) log x p
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Since each d < logc x, Theorem 2.2 implies that

1 loglog x
Y <o —
paire P ¢(d)
p=1 (mod d)

and therefore

)2[74x(loglogx)e’1 1
logx 4= o(m/d)g(d)

#Bo(x;m) Lo c T(m

Noting that

@(m)

m - @(m) p(m) _ ¢(m)
¢<3>¢w):¢m” I1 (1_p1)>2MMmMD>2M®;BTu)>

pld,m/d)

the lemma follows. O
Caelian
Lemma 3.7. For any fixed integer k > 3 and any real number x > 1, let
Cr(x) := {oddn <x: 2m)=wn)=k—1and p(n) is k—free}.

Then,

H#i =
Cr00) = o= Mo

(loglog x)1-1/k
where . is the constant defined in Theorem 1.1.
Proof. Since the set

{evenn <x: 2(n) =w(n) =k — 1 and ¢(n) is k-free}
is a subset of

{n <x/2: w(n) =k—2},

and the latter set is of size

x(loglogx)k=3
Ok TP —
0ogx

by Theorem 2.6, it suffices to estimate the number of elements in

Di(x) := {n <x: 2m)=wm)=k—1and ¢(n) is k-free}.

(m)’

x(loglog x)k—2 (1 N Ok((10gloglogx)z(kJrl)Zk4_1 >>’
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Now the characteristic function yxj of k-free integers n € N can be defined in terms of the Mobius
function via the formula

Xi(n) =y p(m).

mk|n

1/k

Thus for any real parameters y, z with y < z <x '/, we have

#D) = ) D umy= Y pum)# By (xim")

n<x mk|p(n) m<xl/k
n)=wn)=k—1

= 20,0+ 21,2+ Z(z.x"%),
where

XY (a,b) .= Z ,u(m)#Bk_l(x;mk).

a<m<b

To evaluate the main term X'(0, y), we apply Lemma 3.5 with ¢ =k and £ = k — 1; for any
vy < logx, we obtain that

)kZ

x(loglogx 7 (mk)2k—4
X (0, A 4+ Ol —— | ).
0.9 = - o > um)( Aor (m*) + Ok oglonr
m<y
By Lemma 3.2, we have

) 22k—1_1
Z w(m)Ag—q (mk) =+ Ok(%)’

m<y

while by the first part of Lemma 2.1,

2k—4 _ 2k—4
msy m<y

Therefore, if 6 =2(k + 1)2’<’4 — 1, we see that

x(loglog x)*—2 1 y
YO, y)=op————— 1+ Ok 1
©.5) = (k —2)!logx + Ox(log” y loglogx

1/k

Choosing y = (loglogx)'/* (which balances the two terms in this estimate) and noting that
y <logx if x is sufficiently large, it follows that

20,y) =

x(loglog x)k—2 140 (loglog log x)2k+D* =1
g (k —2)!logx (loglog x)1-1/k

Next, we take z = log6 x and estimate X' (y, z) using Lemma 3.6 (with C = 6):
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T(y.< Y 1 m) # By (ximb)

y<m<z
x(loglog x)k—2 5, T(mk)H=4
T oex Z 2 (m)ﬁ
ogx yoms p(m
X (lOg lOg)C)k_2 5 7(m) [(2k—4)log, (k+1)]
cHlotle ) 5 o™
ogx <. mt= g (m)
By the second part of Lemma 2.1,
[(2k—4)log, (k+1)] 0
2, T(m) 2 log” y
wu*(m) <k ,
Z mk_l(p(m) yk—l

m>y

where 6 is as before, and it follows that

x(loglog x)k=2 (loglog log x)2k+D* =1 )

X(y,z) =0
(v.2) k< log x (loglog x)1-1/k

Finally, we estimate ¥ (z, xV k) using Lemma 2.2:

E(z,xl/k)< Z #Bk_l(x;mk)< Z T(x,k—l,mk)

z<m<xl/k z<m<xl/k
x(loglogx)*=2  x(loglogx)k—2
<Lk Z m2k/5 Z2k=5)/5
z<m<xl/k

Since k > 3,
L (@k=5)/5 > 715 = (logx)6/5,

and therefore

1k x(loglog x)k=2
St = o)

Putting together our estimates for X (0, y), X (y,z) and X (z,xY%), the proof is com-
pleted. O

4. Proof of the main theorem

In view of Lemma 3.7, to prove Theorem 1.1 it suffices to show that

x(loglog x)*—3 )

3
#.Ak(x)ZE#Ck(x)-i-Ok( Tog x
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Now for any real number x > 1, let us define the set
Er(x) = {n € Ay (x): nisodd and w(n) =k — 1}.

If n € Ax(x) is odd, then 2°™ | ¢(n) since 2 | (p — 1) for each prime divisor p of n; as ¢(n) is
k-free, it follows that w (n) < k — 1. On the other hand, from Theorem 2.6 it follows that

k=3
#Hn<xtom) <k—2}= 0&%).

logx

Thus,

k=3
#{n € Ai(x): nis odd} =#E (x) + Ok(w>.

logx

Next, suppose that n € Ag(x) is even and that 2 || n. Then n = 2m where m is odd, m < x/2,
and p(m) = ¢(n) is k-free; conversely, if m has these properties, then n = 2m lies in A (x) and
2 || n. Arguing as before, we also see that w(m) < k — 1, and therefore

x(loglog x)*—3 )

#{neAk(x): 2||n}=#5k<§>+0k( Tog x

Finally, suppose that n € A (x) and that 4 | n. If a > 2 is such that 2¢ || n, then 24~ 1+ | »(n);
since ¢(n) is k-free, it follows that

a—1+wim)<k—1,

which implies that a < k and w(m) < k — 2. Using Theorem 2.6 again, we conclude that

k-3
e Ao 41 =0 (ELERED)

log x

Putting everything together, we see that

k=3
#e) = w00+ (3 ) + 0 EECED ),
2 log x

hence it suffices to show that
x(loglog x)k—3
#00) =y + O (“CELE ), ®)
log x
We argue as follows. First, notice that Cx (x) C & (x). Now if n lies in & (x) but not in Cx (x), then
£2(n) > w(n), thus n is divisible by some prime power p* with 2 < a < k. Moreover, n # p*
since w(n) =k — 1 > 2. But the number of such integers is bounded above by
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k
Z Z#{oddn <x:wm)=k—1, p*| n}

2<p<x/D)1/? a=2

<k Z #{m gx/pz: w(m):k—2}
p<(x/2)1/2
x(loglog x)k—3
< Z (loglogx)

p<(x/)1? p*log(x/p?)

where the last estimate follows from Theorem 2.6. Since the last sum is bounded above by

x(loglogx)k—3 x(loglogx)¥—3
Z ( gz gx) 4 Z x1/3(loglogx)k_3 <« (loglogx) ’
p*logx log x
p<x!/3 A B<pL /)l

we obtain (8), completing the proof.
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