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We prove an unconditional analog of Artin’s conjecture for the function field of
a curve over a finite field. 1995 Academic Press, fnc.

In this paper we consider an analog of Artin’s conjecture for polynomials
and rational functions over the finite fields T, of g elements. A proof
of the original Artin’s conjecture was given by Hooley in [H]} under the
assumption of the Generalized Riemann Hypothesis (see also [N] for a
survey of many other relevant results). We show that similar considerations
{a kind of sieve method) can be used (in a much simpler form) for the case
of function fields as well. Moreover, because for function fields an analog
of the Generalized Riemann Hypothesis has been obtained by Weil (see
[L-N] for details), we get an unconditional result. We also mention the
papers [B] and [L] where similar (and even more general) questions were
considered. However, the asymptotic formulas obtained there do not con-
tain any estimates of the error terms.

Let r(x) € F,(x) be a rational function over the finite field [, of ¢
elements. One of many possible analogs of Artin’s conjecture is the question
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about the number of monic irreducible polynomials p(x) € [ [x] of degree
n such that r(x) is a primitive root modulo p(x), i.e., such that the powers

rx),  i=0,1... ..

generate all nonzero clements of the residue ring F,[x]/p(x). In this paper
we consider this and an even more general but similar question for arbitrary
function fields over a finite field.

Let %€ be a nonsingular irreducible curve over [, of degree d: this means
that it is defined by a system of polynomial equations of total degree d
over F,. In particular, its genus g does not exceed (d — 1)(d — 2)/2. We
denote by KK = F,(‘€) the function ficld of the curve ‘€.

For a divisor 11 let us denote by O the local ring of 11, namely

Oy ={fEK|f isregularonsupp ll}.

A rational function #(X) € K is said be a primitive root modulo a prime
divisor ¥ if all the powers

r(X), i=0,1,.. .,
generate all the nonzero elements of the residue ring
@1{/% == [F,,H.

Let N(r, I, n) denote the number of prime divisors ¥ of € of degree n
such that r(X) is a primitive root modulo *¥. Let v(k) and ¢(k) denote the
number of distinct prime divisors of an integer k and the Euler function, re-
spectively.

THEOREM. Let K = F,("€) be the function field of a nonsingular irreduc-
ible curve € of degree d over F, and let r(X) € K be a rational function of
degree m > 0. Suppose that for all integers k > 1, klg" — 1. r(X) is not the
kth power of a rational function from the function field on 6 over the
algebraic closure of F,. Then, for all integers n,

N(r. K, n) ~ _‘P(_‘I_n;ll < 1.5(d + 1)(d + 2m)n 127"\,

Proof. Let F, be a fixed field of ¢ elements. It is known that. for any
prime divisor 1 of degree n,
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O/ ¥ = F,p»

and the isomorphism is given by V(X)) (Q), where W(X) is the image
in Cu/¥ of a function Y(X) € K and Q is a F -rational point on ‘€ corre-
sponding to ¥8. Thus, r(X) is a primitive root modulo ¥ if and only if #(Q)
is a primitive root of the field [F .

For every given prime divisor ‘| of degree n there are exactly s different
F,»-rational points corresponding to it. namely,

Frob'(Q). i=0,....n—1,

where Frob is the Frobenius isomorphism over F,. We deduce that nN(r,
I, n) equals the number of [+-rational points Q on 6 corresponding to at
least one prime divisor of degree n for which r(Q) is a primitive root of
F.

Moreover, we may count only F-rational points Q because if Q corres-
ponds to a divisor of degree less than n, then Q is a rational point in some
proper subfield of [, thus #(Q) is an element of the same subfield and,
therefore, it cannot be a primitive root of .

Hence, we have that

N(r.K.n) = n 'T(r, 6. n),

where T(r. €, n) is the total number of F -rational points Q on € for which
r(Q) is a primitive root of F .

Let = be the set of all multiplicative characters of F . For y € = define
its order ord y as the least positive integer ¢ such that ¥ is the trivial
character. Further let ®,, denote the sct of [ »-rational points ¢ on ‘€ which
are neither poles nor zeros of r(X). Applying the Weil estimate for the
number of F-rational points on € (see for example the comments to
Section 6.4 in [L-N]) and taking into account that r(X) has a total of at
most m poles and zeros, we find that

R — q" — 1| =2gg" + m < (d — 1)(d — 2)q""* + m.

Now, it is known (sec Problem 5.14 of {L.-N] or Proposition 2.2 of [N])
that, for any p € F .

g — 1 sy o(d) = otherwise,

ord x4

g — 1 Y 1. if pis a primitive root,
o'~ 1) 5 wd) 5 X(”)_{o

where w(k) is the Mobius function. Therefore, we have
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T(r. e, n>—‘°("_ Dy 549 s o))

QER, dg"-1 ( )orl:je; 5
_e' =) 5 2O e s 0.
q — dq" -1 ‘P(s) )(dEErsQE‘.‘R"
ord x=

Since r(X) is not a power of any other rational function, we can apply
Perelmuter’s bound (see Theorem 2 in [P]),

S Q)| = (& + 2dm — 3d)g™">,
pen,

to every non-trivial multiplicative character y. Note that this is a particular
case of the result of Perelmuter. In fact, Theorem 2 of [P] deals with
general sums of additive and multiplicative characters along a curve and is
a consequence of the famous Weil result on the Riemann Hypothesis over
function fields.

The contribution to T(r, €, n) of the trivial character (i.e., the character
of order d = 1) is

IR, —“—“"‘P(({ __ D olg" — 1) + A,

1

where
A= ---~——“D(qq : ) RQ+{d-1)d—-2g"?*+m=(d—-1)d—2)g""* +m + 2.

Further, it is easy to see that

2 lu(8)] = 2.

Since E is a cyclic group (see Corollary 5.9 of [L-NJ]), there are exactly
¢(d) characters y € E with ord y = d. Taking this into account, we obtain

[T(r,6.n) — @(g" — )| = (d — 1)(d — 2)g""* + m +2
+ (d® + 2dm — 3d)q""? >, |w(5)|
Ag" -1
= 244" Vg"((d — 1)(d - 2)/2
+mi2+1+d*+ 2dm — 3d)
< 1.5(d + 1)(d + 2m)24a" - gn?2,
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which is the claimed estimate. ®

Cororrary 1. For any ¢ > 0,
N(r,IK, n) = ﬂ(ﬂ_n__l) (1 + O(d(d + m)q="172-2),

where the implied constant depends only on &.

Proof. From the well-known inequalities
k) = O(log k/log log k), k!p(k) = O(loglog k),

we get

Zt(q”-l) — O(qnmz)’ (qn _ 1)/(.0((]” _ 1) - O(qnewz)q

and the estimate follows. ®

In the special case of the rational function field over a finite field, that
is, when d = 1, K = F,(x), N(r, F,, n) is the number of irreducible polynomi-
als p(x) of degree n such that r(x) is a primitive root of F [x}/p(x). Then,
we get

N(r,F,, n) = ";(‘.IT:_.QU + O(mg "172-#Y)

for any given rational function r(x) € F (x) of degree m.

COROLLARY 2. Given a rational function r(X) € K of degree m, there
is a prime divisor 8 of degree

deg I8 = O(log, (d + m) + 1)

for which r(X) is a primitive root modulo .

Proof. It is easy to see that the least n such that N(r, I, n) > 0 is of
order O(log, (d + m) + 1). =

We define the norm an integer divisor U as
Nm (U) = g¥&™,

We conclude with
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CoRrROLLARY 3. [If q is fixed then, for any rational function r(X) € € of
degree m and for any € > 0. there is a prime divisor R of norm

Nm () = O(d(d + m))>?)

for which r(X) is a primitive root modulo ‘¥,

Proof. 1t is easy to see that for ¢ fixed, the minimal » such that N(r,
K.n) > 0is of order (2 + &) log, ((d + I)(d + m)) + O(1). =
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