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Abstract. Let ¢(n) and A(n) denote the Euler and Carmichael functions, respectively. In this paper,
we investigate the equation ¢(n)" = A(n)*, where r > s > 1 are fixed positive integers. We also study
those positive integers n, not equal to a prime or twice a prime, such that ¢(n) = p — 1 holds with some
prime p, as well as those positive integers n such that the equation ¢(n) = f(m) holds with some integer
m, where f is a fixed polynomial with integer coefficients and degree degf > 1.
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1. Introduction

Let ¢(n) and A(n) denote the Euler and Carmichael functions, respectively.
We recall that, for any positive integer n, ¢(n) is the cardinality of the multi-
plicative group U, = (Z/nZ)*, while A(n) is the maximal order of any element
in U,. There exists an extensive literature in which the distributional and arith-
metical properties of ¢(n) and A(n) have been studied (for example, see [1, 3-6,
8,9, 12-17, 24, 26, 28, 29]). Here, we list a few examples of properties and
interrelations between ¢(n), A(n) and n that have been investigated in those
works:

e The problem that has attracted perhaps the most attention, which directly
relates the arithmetic properties of A\(n) and n, is the question about the existence
of infinitely many Carmichael numbers, that is, composite numbers n for which
A(n)|n — 1 (see [1], as well as the recent improvement given in [2]).

e It is shown in [13] that a “typical” value o(n) has about 0.5(loglogn)?
distinct prime divisors (it is useful to recall that a “typical” positive integer n has
only about loglogn distinct prime divisors).
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e The set of positive integers n for which the relation
k

pln
p prime
holds, where k is a fixed positive integer, has been investigated in [8].
e Positive integers n such that ¢(n) is smooth, and those for which ¢(n) is a
perfect square, have been studied in [3].
e Bounds for exponential sums and the number of solutions of several con-
gruences with ¢(n) and A(n) are given in [5].

In this paper, we consider several more problems with a similar flavor. In
particular, we study the set of positive integers n such that

p(n) " = An)’,
where k > 2 is an integer; for example,
©(1729) = A(1729)%,  (666)* = A\(666)°, (768)° = \(768)",
More precisely, for a fixed integer k > 2 and a real number x > 1, we define:

Apx) = {n<x:pm) ™ =An)Y}.

In Section 2, we establish a lower bound for the cardinality #.o7;(x). Our bound is
constructive, and it allows us to generate elements of .o, (x) in a regular fashion. In
Section 3, we present conditional proofs, under various widely believed conjec-
tures about the distribution of prime numbers (such as Dickson’s Prime k-tuplets
Conjecture and Schinzel’s Hypothesis H) of the fact that for fixed positive integers
r=s =1 the set

Ay =4{n:on)’ =An)"}

is infinite. We also give an unconditional proof of the fact that the set
{log ¢(n)/log A(n)}, - ; is dense in the interval [1, c0).

In the special case k = 2, an alternative (and more explicit) construction of
elements from .o/, (x) arises from solutions to the equation

p(n)=p—1, n#por2p,
where p is prime. Indeed, for any such n, one has ged(n,p) = 1, and therefore
@(np) = (p — 1)* = A(np)>. Another motivation to consider such equations comes
from a very old problem due to Carmichael concerning the study of the equation
o(n) = ¢(m) with distinct positive integers n and m (see [34]). It is certainly inter-
esting to study the equation ¢(n) = (m) under various additional hypotheses, as in
this case where we insist that m = p be a prime number. Accordingly, we define

Z(x) ={p < x:p prime and ¢(n) = p — 1 for some integer n#p or 2p},
and in Section 4, we establish the upper bound

X
#ZL(x) < Tog2 My (1)
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We also present heuristic arguments which suggest that this bound is tight, and the
term o(1) cannot be removed from the power of log x.

The estimate (1) has an interesting consequence. For each m > 1, let A(m) be
the number of preimages of m under the map ¢ : N — N; that is,

A(m) = #(0~'({m})) = #{n : p(n) = m}.

In view of Corollary 3 of [16], we know that for every fixed integer k > 2, the
equation A(m) = k holds for a positive proportion of those integers m > 1 for
which A(m) # 0. Our result (1) shows that the function A behaves quite differently
when restricted to the sequence of shifted primes; in fact, by the prime number
theorem, we see that the equation A(p — 1) = 2 holds for almost all primes p (note
that A(p — 1) = 2 for all primes p).

Also in Section 4, we use a similar method to study the cardinality of the related set

N(x) ={n<x:¢(n)=p—1 for some prime pin},

and we present heuristic arguments which suggest that our upper bound is rather tight.

Finally, in Section 5 we show that similar arguments can be used to study the
values of the Euler function attained by polynomials and other sequences. More
precisely, for a polynomial f(X) € Z[X], we define

Np(x) ={n <x:p(n) = f(m) for some integer m}.

As we have remarked, in the special case f(X) = X?, this problem (and other
similar ones) has been studied in [3]. However, the underlying method of that
paper cannot be extended to work for general polynomials f. Here, we propose an
alternative approach that works for all polynomials of degree degf > 1.

Throughout this paper, we use the symbols ‘O’, ‘<, >, <’ and ‘0’ with
their usual meaning (we recall that A < B and B>> A are equivalent to A = O(B)
and that A < B means that both A > B and B > A hold).

We also use 2(n), w(n) and 7(n) with their usual meanings: Q(n) denotes the
number of prime divisors of n > 1 counted with multiplicity, w(n) is the number of
distinct prime factors of a positive integer n > 1, and 7(n) is the number of divisors
of n. We also use P(n) to denote the largest prime factor of n > 1, and we adopt the
convention that P(1) = 1.

Finally, for any real number x > 0 and any integer £ > 1, we write log, x for the
function defined inductively by log; x = max{logx, 1} (where logx is the natural
logarithm of x) and log,x = log, (log,_, x) for £> 1. When ¢ = 1, we omit the
subscript in order to simplify the notation; however, we continue to assume that
logx = 1 for any x > 0.

2. Collisions Between Powers of the Euler
and Carmichael Functions
In this section, we establish a lower bound on the cardinality of the set .o7;(x).
Theorem 2.1. For any fixed integer k = 2, the bound

#<%k(x) > X19/27k.
holds if x is sufficiently large.
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Proof. It is known [11] (more recent results can be found in [2] and [18]), that
there exists a positive constant § < 1 such that for all sufficiently large y, the set

P = {p <y:pprime and P(p — 1) <y' %} (2)
has cardinality
#2 > yexp(—log'?y). (3)
Let
2={g<y"": q prime} (4)

and observe that 2 C 2. Taking # = 2\ 2, we have
H#R = H#P — #2 > yexp(—log'?y) — n(y'°) = yexp(—log”?y)  (5)

if y is sufficiently large. For any subset . of 2, let my be the positive squarefree
integer whose prime factors are precisely the elements of .%, and for every g € 2,
let the nonnegative integers {cy, (%) : ¢ € 2} be defined by the relation

my) H (P _ 1 H qwq(V)

peEYS qe2

From now on, . denotes an arbitrary subset of %. For any such subset .7, let
S =S(T)=2U7T, and let ny be the positive integer given by

ngy = 2k+1my<10(my)k71 _ 2(k—1)a2(y)+k+l H q(k—l)aq(ff)Jrl H p.
qge 2 peET
q72
Note that, by unique factorization, different subsets 7~ C £ lead to distinct values
of the positive integer n.
Let us first Verlfy that every number n = ngy with 7 C Z satisfies the relation
k-1
©(n)*"" = A(n)* whenever y is sufficiently large. Since
k

o(ng) = p(my) - 2k Dea(F)+k H g Daal?) = | gea(2)+1 H ¢, ()
qe?2 qge2
q72 972

it suffices to show that
k—1

/\(l’lg‘) _ 2(22(,9”)+1 H q(yq(QV)

ge2
972
Now A(ns) is the least common multiple of the numbers:
o )\(zk laz(f/)+k+1 = pk=1)(@(#)+1)
o gk D)1y = q(kfl)%( 7)(g — 1) with g€ 2,

e \p)=p—1withpeT

Moreover, it is clear that the only primes ¢ dividing A(ns) are those that lie in 2.
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For a prime ¢ and integers @ > 0 and s > 1, we write, as usual, ¢°||s if ¢°|s but
qa+1)(s'

Fix an odd prime g € 2. Since
q(k Doy (& ”)\( (k— laq(c/’)—H)

)

it follows that g*~D(¥)|\(n). To see that g*~1%(*)||\(n+), let us assume that
this is not so. Then there exists 7> (k — 1)y (F) = ay( Sﬁ) and a prime p€.¥
such that ¢”|p — 1. But then ¢” must also divide

my) = H p-1)= H ),
pes re2
which is clearly impossible. Now suppose that ¢ = 2. Since

z(kfl)((yz )+1) H)\( (k— 1(12(V)+k+1>

it follows that g~ (@(#)+D| X (n ). To show that g*~D(®2(Z)+1)|| \(n ), we assume
that this is not the case and argue as before.
Thus, we have shown that

A(l’l) — 2(](—1)(&2(5/’)-4—1) H q(k—l)aq(ﬂ’) — 2a2(5/’)+1 H qaq(y’) 7

qge?2 qe2
q72 q72

and using (6), we derive the relation gp(nf)k_l = /\(n_q)k.
It now remains to count numbers of the form n. Let N = |§y'~°|. Then, by
(5), the number of subsets I C Z of cardinality N is

H#R - HR N> yexp(— log2/3) 8y!~*+o(1)
N) \N) T oyl—0

= exp((1 +o(1))8y' " log )

as y — 00. On the other hand, each integer ns satisfies the bound

k
;= 2k+lmy(p(my)kfl <2k+1m9<2k+1 ( H q> ykN
qge?2

= exp((1 + o(1))kéy' " logy)
as y — 00; here, we have used the estimate
I a~exp'?)
qe2

as y tends to infinity, which follows from the Prime Number Theorem.
Now let € > 0 be small and fixed, and put ¥ = ke /(26 — ke) > 0. For all suffi-
ciently large x, define y by the relation

x = exp((1 +9)kdy' °logy).
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Then if x is large enough, we see that ny < x for every subset . C % of cardin-
ality NV, and the number of such subsets is at least

exp((1 — 19)6%y' P logy) = x"/k==.

According to Theorem 1 from [2], one can take 6 = 0.7039. Choosing ¢ suffi-
ciently small for any given value of k, we obtain the stated result. ]

3. Further Collisions

We recall the statement of the Prime k-tuples Conjecture (see [10, 20, 32]),
which is due to Dickson.

Conjecture 3.1. For any k = 2, let ay,...,a; and by, ..., by be integers with
a;>0 and ged(a;, b)) =1 for each i =1,... k. Suppose that for every prime
number p < k there exists an integer n such that Hf:l (ain + b;) is not a multiple
of p. Then there exist infinitely many positive integers n such that p; = a;n + b; is
prime foralli=1,... k.

Theorem 3.2. Assume that Conjecture 3.1 holds. Then for every positive inte-

r

ger r there exist infinitely many n such that p(n) = \(n)".

Proof. The case r = 1 is trivial since ¢(n) = A(n) for every prime n, so we may
assume that r > 2. Let ¢; > -+ > ¢, > 1 be positive integers such that D = []'_, ¢;
has the following properties:

e D+ 1 is a prime number,
e D/c; is a multiple of M, =lem[l,...,r]fori=1,...,r

To construct such a D, we can choose ¢; = (r+1—iM, for i=2,...,r
and then let ¢; = M\, where A=1(mod M,) is sufficiently large and D + 1 =
M,cyc3---c; A+ 1 is prime. Let us write a; = D2/ci and b; =D/c;+ 1 for
i=1,...,r. Then it is easy to see that gcd(a;, b;) = 1 for i = 1,...,r. Moreover,
if n is an arbitrary positive integer and p < r is a prime, then p divides D/¢; for all
i=1,...,r, and thus a;n + b; = (D*/c;)n + (D/c; + 1) is coprime to p; in par-
ticular, []'_, (a;n + b;) is coprime to all primes p < r. By Conjecture 3.1, there
exist infinitely many » such that p; = a;n + b; is prime foralli = 1,...,r. Letn be
one such number. Write £ = Dn + 1, so that p; = (D/c;){ + 1 fori=1,...,r. Put
also po =D + 1. Since ¢; > --- >¢,>1 it follows that po <p; < --- <p,. Let
m = [];_,pi- Then

olm) = [T~ 1) = DT [D/fet = O)
i=0 i=1
We also have
A(m) =lem[p; —1:i=0,...,r] = D,

since, on the one hand, A(n)|D¢, while on the other hand, D and ¢ are coprime,
D|(po — 1)|A(n) and £|(p; — 1)|A(n); thus D¢|A(m). This shows that the number
m satisfies p(m) = A\(m)", and the result follows. O
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Remark 3.3. A more precise version of Conjecture 3.1 (see [20, 32]) is that under
the given assumptions there exists a constant ¢, depending only on k, ay, ..., a; and
by, ..., by, such that the number of positive integers n < x such that a;n + b; is prime
forall i = 1,...,k is asymptotic to (c + o(1))x/log" x. Under this stronger conjec-
ture, the construction in the proof of Theorem 3.2 implies the number of positive
integers n < x for which (n) = \(n)" is of order at least x'/” /log” x as x — oo.

We now recall the statement of Schinzel’s Hypothesis H (see [32]).

Conjecture 3.4. Suppose that fi(n),...,f.(n) are irreducible, and integer
valued polynomials (for integral n) with positive leading coefficients. Also, sup-
pose that for every prime q there exists a positive integer n such that
qtfi(n) - -f,(n). Then the numbers fi(n),...,f.(n) are simultaneously prime for
infinitely many positive integers n.

Theorem 3.5. Assume that Conjecture 3.4 holds. Then for all positive integers
r = s there exist infinitely many n such that o(n)' = \(n)".

Proof. We may clearly assume that r >s and that » and s are coprime. Put

t=2(r—s)+1>3.Letay,...,a,_1> be squarefree positive integers that are
pairwise coprime and such that the product a;---a,—; is a multiple of
M = Hp <np-Letag=ifori=1,...,1—1, and let oy = 1s. We define a collec-

tion of polynomials as follows. First, let
filn) = aiag? - alint 4 1.

Next, let f>(n), ..., f;(n) be obtained from f (n) by cyclically permuting the expo-
nents «y, ..., q,; that is,

Qitl | Qi 2 Qi1
ﬁ( )_a a, at 1+1ar it2 A A

fori =2,...,t We claim that the polynomials f; (n), .. ., f;(n) satisfy the conditions
of Conjecture 3.4. Indeed, note that each f;(n) is primitive (because its last coefficient
is 1), and it is irreducible because f;(n) = A;in® + 1 with some positive integers A;
and (3;, and such a polynomial is reducible if and only if there exists a prime number
p dividing (; such that A; is the p-th power of a rational number. Since ay, ..., a;_;
are pairwise coprime and squarefree, it follows that if such p exists, then it must
divide every o; fori = 1,...,t — 1, which is impossible because «; = 1. Finally, to
see that for every prime g there exists a positive integer n such that g1 f(n), where

= Hﬁ(ﬂ)

note that f(n) is a polynomial of degree #(t — 1)/2 + st = rt, which is constant
(and equal to 1) modulo every prime g < rt since

t—1
M Ha,».
i=1

In particular, f(n) is nonzero modulo ¢ for any n provided that g < rr. If
g >rt = degf, then since f is primitive, it follows that f cannot have more than
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degf < g roots n modulo ¢; in particular, there exists an integer n such that f(n) is
nonzero modulo g. This proves the claim.

By Conjecture 3.4, there exist infinitely many positive integers n such that f;(n) is
prime foralli = 1, ..., ¢. Moreover, we can assume that for infinitely many of these,
n is coprime to a; - - - a,—1; indeed, assuming Conjecture 3.4, and replacing f;(n) by

() =f<H+ 1)

for i =1,...,t, one may check (as above) that the polynomials g;(n) satisfy the
conditions of Conjecture 3.4 fori = 1,...,¢ as well.
Write p; = f;(n) for i = 1,...,t, and let m = [[,_, p;. Clearly,

= 22:1 @i =1 1(t=1)/2+4st —1 "
o= (o)™ = (oITa) = (oT1)"
i=1

i=1 i=1
On the other hand, since aj,...,a, 1,n are pairwise coprime and o, > «; for
i=1,...,t—1, we get that

=1 a =1 st
A(m) = (n Ha,) = (n Hai) .
i=1 i=1
From the above computations, it is seen that ¢(m)’ = A\(m)’, and this finishes the

proof. O

As a consequence of Theorem 3.2, we see that the truth of Conjecture 3.1
implies that the function log ¢ (n)/log A(n) contains in its range all positive inte-
gers. Similarly, by Theorem 3.5 we see that if Conjecture 3.4 is true, then this
function contains in its range all rational numbers greater than 1. We close this
section by giving an unconditional proof of the fact that the range of the above
function is dense in [, 00).

Theorem 3.6. The set {log p(n)/log A\(n)}, 5 5 is dense in [1,00).

Proof. Tt suffices to show that if o > 1 is fixed but arbitrary, then « is a limit
point of the sequence {log ¢(n)/logA(n)}, - 5. Let 6 €(0,1/2) and let y be suffi-
ciently large so that if & is the set defined by (2), then (3) holds. Let
0 = |logy/log2| + 1. Let 2 be the set of primes defined by (4), and put

n=(Ta) @ n=nm I »

g€2 pPEP\2
It is obvious that A\(n) = A(m). Moreover,
logA(n) = (8-1) D logg<y'"logy =y,
g <y
while

log p(n) = log \(n) + Z log(p — 1) < #2 -logy = ylto),
pEP
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In particular, we see that

logp(n) _ si01) (7)
log \(n) ’
while
IOgQO(I’l) — 20=1+0(1) :0(1) (8)
log? A(n)

We now assume that y> a2 so that by (7) log ¢ (n)/log A(n) > . We construct
a finite sequence n; <np < --- <n, as follows: Let n; = n. If n; has been con-
structed, we then set n;, | = n;p;, where p; is a prime in the interval # = (y°/2,y°)
which does not divide n;, such that further (p; — 1)/2 has at most two prime
factors, none of which divides ¢ (n;), and each one of which exceeds y*/*. If no
such p; exists, we stop.

Let ¢ be the maximal index for which p; exists. We claim that > y°/ 4/ log?y.
Indeed, since P(n;) < y'~% < /4, it suffices to find a lower bound on the positive
integer ¢ giving the length of the longest chain of primes p,...,p, such that
pi€ ¥, (pi —1)/2 has at most two prime factors, each one exceeding y*/#, and
such that (p;;1 — 1)/2 is coprime to p; — 1 for all j < i. By the Chen theorem (see
[22]), the set 2 of primes p in # such that (p — 1)/2 has at most two prime
factors, each one exceeding y*/4, is of cardinality #2, > y*/log?y. If ¢ denotes
the length of the longest such chain, it then follows that every such prime p in 2,
has p — 1 divisible by some prime g >2 dividing p; — 1 for some i <t. The
number of such primes ¢ is at most 2¢. For each prime ¢, the number of primes
p <) that are congruent to 1 modulo ¢ does not exceed y°/q < y'3/4, Thus, the
total number of such primes p in 2, cannot exceed 2ry'>/4, and, by the Chen
theorem, we get 7 >> y/*/log? y. Thus, the inequality 7> y>/#/log? y holds once y
is large enough. Assume now that i < ¢ is such that

lo n;
% >a. )
Note that i = 1 is one such index. We then show that for sufficiently large y we have
log p(n;) _ log p(nit1)
log A(n) ~ Tog A(mis1)
Indeed, the above inequality is equivalent to
logp(m) _ logp(ni) + log(pi — 1)
logA\(n;) = log A(n;) + log(p; — 1) — log?2’
which in turn is equivalent to
log o(n;) o1 log2
log A(n;) log(p; — 1) — log2

which is certainly true for sufficiently large y by (9) and the inequality o > 1.
Define #y as the largest integer 7y <t such that logy(n;)/log A\(n;) >« holds
for all i=1,...,% (but not for #y + 1). By the above argument, we have that




10 W. D. Banks et al.

log v(n;)/log A(n;) is decreasing for i = 1,... 4. The difference between two
consecutive values is positive but upper bounded by
logp(ni)  logp(niy1)  logp(n)  logp(ni) +log(pi — 1)
log A(n;)  log A(niy1)  logA(n;)  log A(n;) +log(p; — 1) —log2
log ¢(n;) log p;
log® A(n;)
log (1) logy 1-28+0(1)
—_— < o =0(1),
log® A(n1) ' W
because of (8). Finally, notice that when i = ¢ the inequality
log ¢(m;) log p(n1) + tlog(y*)

fog A(m) ~ Tog A{m) + (logr/2) — Tog2) — | (=@

holds if y is large enough. It is now clear that « is a limit point of the sequence
{log ¢(n)/log A(n)}, - 3, and this completes the proof. O

4. Euler Function and Shifted Primes
Let

=——=0..8178...
" 2logp! ’

where p = 0.5425 ... is the unique root of the equation

0 .
Z ap' =1
=1

with a; = (i+ 1)log(i +1) —ilogi—1, i=1,2,... (see [15, 26] for more
details).
Theorem 4.1. The inequality
X

#23) < g-exp((x -+ o(1))(logs 1))
g x

holds as x — oc.
Proof. Let x be a large positive real number and put

= max n, =4lo and = yl/u,
Y p(n)+1e ZL(x) " £2 L=y

From Theorem 328 of [21], we have p(n) > n/log, n, therefore
y < xlog, x.

Let &(y) ={n<y:P(n) <zor P*(n)ln}. According to Theorem 1 in
Chapter III, Section 5.1 of [33] (see also [23]), we have

1
#{ngx:P(n)<y}<<xexp{2;gg);}, x=y=2. (10)
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Therefore,

y y y
#E(y) < + )y 5K )
log®y L;qz log®y

Next, let

N(y) = A NED).
Each n € ./ (y) leads to a solution (p, £) to the equation o (m){ — (<p( )—1)=
where the primes p, ¢ satisfy p < x and ¢ < y/m. Note that p(m) > 1 since m >
and we have m < y/z.
By the Brun method (see, for example, Theorem 2.3 in [19]), we see that for
any integers a > 1 and b > — a with ged(a,b) =1 and b#0, the linear form
al + b takes prime values for at most

y|b| ([ ylog,(5a)log,(5|b|)
0( <a>w<|b|>1og2<y/a>)0< alog?(v/a) ) (1

primes ¢ < y/a.
Let 77(r) be the set of values of the Euler function up to 7; that is,

P
3

Y (t) ={a <t:a=p(m) for some me7Z}.

Let
w= mn;a;;z o(m).
We have
w < yz_l.

Using (11) with a running through the set #"(w)\{1} and b = 1 — qa, and taking
into account that

lo lo
log(y/a) = log(y/w) > logz = % > 08X

log, x’
we obtain
log,(5a))* _ x(log, x)* 1
LP(y) < #EW) + y(log,(5a)) < ( gé) Z -
aeV( )alog ( / ) lOg X uE“I/"(w)a
a>1
Using the inequality
t
#9°(0) = foexpl(s - o(1) g3 1)) (12)

given in [26] (see also [15] for a more precise statement), and partial summation,
we derive that

S L= exp(( + (1)) (logs w)2),
ac v (w)

and the result follows. ]
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Remark 4.2. Clearly, if g > 3 is a Sophie Germain prime (that is, p = 2g + 1 is
also prime), then ¢(3q) = 2qg = ¢(p), which together with the effective version of
Conjecture 3.1 from [20, 32] seems to imply that Z(x) > x/log* x. Heuristic
considerations suggest that

log? x B

lim #.%(x)

X—00

Q.

This is based on considering, as in the previous proof, integers of the form
n=ml < x with m <y and such that p = ¢(m)f + 1 is prime, where y is some
slowly growing function of x. For example, if the density of such primes p is of
order x/(¢(m)log? x) uniformly for m < y, then the bound (12) implies

1 2
$P0) > 22

1 log? x
>~ 2 exp((+ o(1))(l0g; )
a7

(it is useful to notice that logyy = (1 + 0(1))log,x even when y is very small
compared to x). However, it seems that a proof of the above relations requires a
very strong quantitative form of Conjecture 3.1.

Next, we show that the method of Theorem 4.1 can also be used to derive an
upper on #.4"(x).
Theorem 4.3. We have

1
log x

Proof. Let y = x'/#1°22% and set
&1 (x) = {n <x:P(n) <y or P(n)*|n}.

As in the proof of Theorem 4.1, using (10) gives #&(x) < x/logx. We now
define the sets

&2(x) = N (0)\&1(x)
and
M(x) ={3<m<x/y: P(m) <x/m}.

Therefore, every n € &,(x) can be written as n = ¢m, where ¢ = P(n) > P(m), and
mée M (x).

Fix m € .4 (x). Then the equation p(n) = (¢ — 1)p(m) = p — 1 holds for some
prime p. In particular, @(m)¢ — (p(m)—1) =p. Since @(m)—1>0 and
ged(p(m), p(m) — 1) =1, by the Brun method (see Theorem 2.3 in [19] and
(11)), the number of primes ¢ < x/m for which the same equation holds with a
different prime p is

o) X <p(m) -1 .
<<P(s0(m))10g(x/80(m))2 plp(m) — 1))
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Summing up the above inequality over all the possible values of m, we get

G 1 p(m) — 1
ROl <x 2 el og ) el — 1)

We now recall the estimate

(13)

Z |« Hoga! tlog, t

m<t p
ple(m)

(see Theorem 3.5 in [12], for example). Let us define the functions

20(p) = logy i, zi(p) = (logy )", () = logp,

and let us also define for m > 3,

1
Z —, gm= > =
Plg(m plem-1 P
P>Zl() z1(m) <p < z2(m)

Clearly, by changing the order of summation, we have

> ZZ—<<Z Y

t<m<2t m < 2t plp(m <p<z m < 2t
p>z1() ple(m)

<L tlog,t Z

pSalt p 10g2 )

(14)

Next, suppose p is prime and ¢ > exp(4 log? p). Put u = 2logp and note that
p <t'/2*. By (10),

#{m <1:P(m) <1'/" or PP(m)|m} < te™/> + 171" < t/p.

Now suppose that m <t, g = P(m)>t"", ¢*tm and p|(¢(m)—1). Writing
m = gs, we see that pj(ap and that

(g—1Dp(s)=1 (modp).
Since p < /2 by the Brun-Titchmarsh theorem (see for example Theorem 3.7 in

Chapter 3 of [19]), for a given s, the number Q; of such ¢ is

t 1 tu
o5 <
splog(t/(sp)) ~ splog(i7*/p)  splogt”

Upon summing over s < 7'~/ we conclude that for 7 > exp(4 log? p) the follow-
ing bound holds

Yo Y Q‘Y+0(r/)<<%.

m<t s < tl—]/u
pl(p(m)—1)
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Therefore,
1 logp t
g(m) < — l <t < o
z<;< 2 20 <; w@P 1 m;, pSal) P (logy 1)
pllp(m)—1)

(15)
We also need the following estimate, which is a variant of Lemma 2 of [24] and
can be obtained by the same arguments:
t
#{m < t:3p < zo(m), ptp(m)} < ——5, (16)
(log, 1)
Using (14), (15) and (16), and taking

A (t) = {m < t:h(m)>1or g(m)>1 or Ip < zo(m), pte(m)},

we obtain
#%m<a&%w+§]mm+ﬂm>
2 m<t
<<¥+Z 21,<< U (17)

(logs 1) =, log”j ~ (log, 1)’
For me # (x/y), we use the fact that

plp(m) — m p(m) o(p(m)) m
together with the fact that

1 1 1 2
m_ p(m) <<(0gzx)

)

1 1 loggx
5 < L —5—.
log“(x/m) ~ log”y  log“x
Hence, by inequality (17) and partial summation, we get that

1 log3 x 1
2 e < Togtx, 2

me A (x/y) i 10g Xme H(x]y) m

_ logsx x/) 1
([ Sawrn + o)
log X
1
og3 ¥ ( dt+ >
log X
10
gz ( 5+ >
log X log2
log2 <1 N log x > '
log x (log, x)° logxlogzx
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We now estimate the contribution to the sum in (13) from m ¢ #(x/y). By the
Mertens formula, we deduce that if m ¢ 5 (x/y), then

1 1 o(m) 1 I
o)~ pom) o) — ooy L (1 e 1>

ple(m)

1 1 1
<1 <1+—) I (1+—)
(p(m)p<zl(m) p—l p>z1(m) p_l

ple(m)

exp(h(m))logz;(m) logzi(m)  logsx
ST em S e S em)

Also, since there are O(logm) prime divisors of ¢(m) — 1, for m ¢ #(x/y) we
have

pm)—1 R
@(@(m) - 1) B pl(wl(;[)—l) (1 +p - 1>

1 1
< o8 |4 14— 1.
¢ H <+p—1) H (+p—1 <

20(m) <p < z1(m) p>20(m)
pl(p(m)—1)
Therefore, it now suffices to show that
1 1
< . (18)
m;;(x)so(m) log”(x/m)  logx

From the Landau bound on the sum of reciprocals of the Euler function (see [27]),
we derive that

1 o ! 5 Lo
W p(m)log?(x/m) — log’x = @(m) ~ logx

Let w = [log, x| + 1. For an integer k in the interval 2 <k < w, we define
the set

Fo(x) = {me d(x) : XK <m < X1V 0D)

Clearly, each m € 7 (x) is x'/*-smooth, and 1/log(x/m) < k/log x. Thus,

1 k 1
< —.
mer:k(X) @(m) logz(x/m) logzxxl—l/k <m < xl-1/k) cp(m)
P(m) <x!/k

From Lemma 1 of [30], one derives, via partial summation (see also the proof of
Theorem 2 of [30]), that

P(m) <x!/k
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Thus,
k7k+o(k)
P log (e/m) < logx
and summing up over k we get (18), thus completing the proof. O

Remark 4.4. Heuristically, for each m (say, up to x'/1°) the number of primes
x'/2 < < x/p(m) for which p = (¢ — 1)¢(m) + 1 is prime is likely to be of order
x/(¢(p(m)) log? x). In particular, those primes £ are at least as large as x'/? once x
is large enough. Summing over m < x'/'°, we conclude that apparently

X 1

Zm (p(m))

m<x

H#HN(x) >

19
log? x (19)

(since £ > x'/2, each such n = m¢ < x is counted only once). By Lemma 2 of [24],
we know that as ¢ tends to infinity, the set %(¢) of positive 1ntegers m < t such
that @(m) is divisible by all primes p < log,#/(logs#)* is of cardinality
#%(t) = (1 4+ o(1))z. By the Mertens formula, we see that the inequality

L1 p(m) 1 1 log, t
o) = s pem) = g 1L O+w4)> p

p<log, 1/(log; 1)*

holds for all m € (). Putting z = exp(logl/ 2 x), by partial summation, we deduce

21710

I I
Z/mso(SO(m)) Flogx ), = 10g3x<11

m<x m € G(x1/10)

>log3x<J
z

which together with (19) suggests that the bound of Theorem 4.3 is of the correct
order of magnitude. Again, a rigorous proof depends on a quantitative form of
Conjecture 3.1.

—ﬂ#gw>+ouﬂ

1/10

H#9(t
tz( )a’t +0(1) ) > log; xlogx,

5. Euler Function and Polynomials

Theorem 5.1. Let f(X) € Z[X] be a polynomial with integer coefficients of
degree d > 1. Then the bound

#N1(x) <5 xexp(—(rq +0(1)) log'* x)
holds for sufficiently large values of x, where kg = /(2 — 2/d) log 2.

Proof. We let x be a sufficiently large positive real number. Let y be a real
number to be chosen later.
We define the set

&1 (x) = {n<x:7(n) =27}
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By the well known upper bound (see Theorem 5.4 of Chapter 1 of [31])
Z 7(n)* < xlog® x

n<x
we derive that
#6(x) < x27 log> x. (20)
We now define the set

62(x) = {n < x:7(p(n)) > 2"}

By a result of [35] which asserts that the estimate

3 rlptm) < exp (o( f:))

holds, we derive that

1
#E(x) K x277 exp (0( 1;;2) ) . (21)

We denote A7 (x) = A +(x)\(&1(x) U &2(x)).

We now consider the set .#(x) of positive integers m such that |f(m)| = p(n)
for some n€ N ¢ (x).

It is clear that for every n € .4/(x) we have

240 < 7(n) < 2V and 2“0 < 7(p(n)) <2V (22)

Consider the prime number factorization of n€ A (x) given by n = p' - - - p.

If |f(m)| = ¢(n), then

)] =P~ (o1 — 1) - p (e — 1)
It is easy to verify that for any integer a there are at most two solutions of the
equation p®(p — 1) = a in prime p and positive integer o. By (22), we have
k <y/2. Therefore each representation |[f(m)| = aja; - - - a; of |f(m)| as a product
of k positive integers leads to at most 2X <2'/? possible values of n with

|f(m)| = p(n). As usual, we denote by 7;(s) the number of representations of a
positive integer s as a product of s integers, s = aja; - - - a;. Therefore

#J/f(x) < #e%(x)Zy/2 max{7(|[f(m)]) : me . (x), k<y/2}.

Since |f(m)| = 0.5|m|* holds for all but finitely many values of m, it follows
that #.4/ (x) <y xl/d
Let s = g, b, qﬁ be the prime number factorization of s > 1. Then,

76 =] (ﬁf N ) H(@ = (9!

Thus, if m € .4 (x), then, from (22), we derive
RllFm)) < (e < () <22
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Hence,
HN 7 (x) < 2192702, (23)
Thus, combining (20), (21) and (23), we derive

1
#Np(x) <5 x2 77 log* x +x2Vexp [ O _08Y 4 x1/dpy /2 +y/2,
log, x
Choosing
logx
= 2 — — )
Y ( d ) log2 7
we obtain
20?/2+5/2 < A(42)° /2=y _ ,1-1 /dz,y’
which completes the proof. O

Remark 5.2. We note that if d = 1 and f(X) = c(aX + b), where abc #0, a and
b are coprime, and |a| > 2, then the inequality

#Np(x) <5

24
log™ x (24)

holds for sufficiently large values of x, with some positive constant (3, depending
only on a. Indeed, taking p to be any prime factor of q, it follows that if p || f(m),
then o, < 1. In particular, if n < x is such that ¢(n) = f(m) holds for some integer
m, then n has O(1) prime factors ¢ which are congruent to 1 modulo p, and the
Wirsing theorem (see [33]) now easily implies that the inequality [24] holds for
sufficiently large x with 3, = 1/(p — 1).

Remark 5.3. It is natural to expect that the factorization structure of the poly-
nomial f should affect #./7¢(x) in a rather dramatic way. For example, it is reason-
able to expect that #./"¢(x) is much smaller for f(X) = X>+ 1 than for f(X) = X°.
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