An analogue of Artin’s conjecture for
multiplicative subgroups of the rationals
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Abstract. Given I' C Q* a multiplicative subgroup and m € NT, assum-
ing the Generalized Riemann Hypothesis, we determine an asymptotic
formula for the number of primes p < z for which the ind, I' = m, where
ind, I' = (p—1)/|T'p| and T', is the reduction of I' modulo p. This prob-
lem is a generalization of some earlier works by Cangelmi—Pappalardi,
Lenstra, Moree, Murata, Wagstaff and probably others. We prove, on
GRH, that the primes with this property have a density and, in the case
when I' contains only positive numbers, we give an explicit expression
for it in terms of an Fuler product. We conclude with some numerical
computations.

Mathematics Subject Classification (2010). Primary 11R45; Secondary
11A07.

Keywords. Primitive roots, multiplicative groups of rational numbers.

1. Introduction

Let I' C Q* be a finitely generated multiplicative subgroup and let m € N*.
The support of ' is the (finite) set of primes p for which the p—adic valuation
vp(g) # 0 for some g € I'. We denote this set by SuppI' and define or =
HpESuppr' For each prime p{ or, the set

Iy = {g(modp) : g € '}
is well defined. The aim of this paper is to determine, given I and m as above,

whether there exist infinitely many primes p such that ind, I' = m. To this
purpose we introduce the function:

Nr(z,m)=#{p <z :p¢&Suppl,ind, T =m}.
So, Na)(7,1) enumerates the primes p for which a € Q is a primitive root
modulo p. The famous Artin’s conjecture for primitive roots, proved by Hoo-

ley in [3] assuming the Generalized Riemann Hypothesis (GRH for short),
predicts an asymptotic formula for N, (z,1) and, in particular, predicts the
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existence of infinitely many primes p for which a is a primitive root modulo
p,aslong as a € {—1}U{q? : ¢ € Q}. The work of Hooley was generalized by
several authors (including Moree [7], Murata [10], Lenstra [4], Wagstaff [15]
and others) who determine, assuming the GRH, an asymptotic formula for
Nigy(z,m). In particular, Lenstra, Moree and Stevenhagen, in [5], propose a
complete characterization, assuming the GRH, of the pairs (a, m) for which
there are no primes p { ¢ with ind,(a) = m. For a complete and updated
account, we refer to Moree’s Survey [8].

In another direction, the first author and Cangelmi in [11, 1], deter-
mined, on GRH, an asymptotic formula for Np(z,1), the number of p < z
for which I';, contains a primitive root modulo p. The main goal of this paper
is to consider Nr(x,m) in a general context and to propose the following:

Theorem 1.1. Let I’ C Q* be multiplicative subgroup of rank r > 2 and let
m € N. Assume that the GRH holds for the ﬁelds of the form Q(C, TV/*)

with k € N. Then, for any € > 0 and for m < o D) -,

Nr(z,m) = (P(Fam) + O<W)> li(z),

_ p(k)

where

In the special case when I' C QT, we express the value of p(I',m) as an
Euler product. To this purpose, we use the notation

P(k)=T-Q"*/Q".
An important role is played by the subgroup I';(2%) C T'(2%) consisting of
the elements of order dividing 2. Clearly I'y(1) is trivial and, if o > 0, every
clement X € I'y(2%) can be written in the form X = 72" -Q**" for a unique
divisor 1 of op. Hence, if a > 0, I';(2%) can be identified with the set of
integers
{neN: nlor, " Q% er@)}

With the above identification, we denote by 6(X) := d6(n) where d(n) is
the field discriminant of Q(y/n). Finally we consider the subgroup I'(2%) C
I'y(2%) of those X € I'y(2%) such that v2(6(X)) < a. Hence, if a > 0, IV(2%)
can be identified with the set

{neN: nlor, n
We prove the following:

a—1

-Q* €T (2), va(3(n)) < a}.

Theorem 1.2. Let ' € QT = {q € Q;q > 0} be multiplicative subgroup of
rank v > 2 and let m € N. Let

L(ewetm)|
o= i 11~ =ayre) * I (2~ sy
B o(m) [T (m)| g ef1 )[T(6) g (| (£1+ve(m)|

“m £lm
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and

Bra= ) H e—1|r|

Xer/(2vz(k) £]6(X)
Uk

where £ always denotes a prime number. Then

L (2°20m))
Tr =Arm | Brom — Brom | -
p(I';m) r, ( r, (2’m)|1"(21+v2(m))‘ rz2

REMARKS.

e It remains to deduce an Euler product for p(I';m) in the case when
I' ¢ Q%. This task presents more serious technical difficulties and should
be addressed in the future.

e A tedious, but routine, computation shows that for I' = (g) with g € Q*,
the formula for p(T", m) coincides with the one due to Wagstaff [15, page
143] or with the one due to Moree [7, Theorem 3].

e Since [T'(¢)| = |- Q**/Q*‘| = ¢" for all but finitely many primes ¢ (see
[1, Section 3] for details), the density p(I',m) is a rational multiple of

(- 77-5)

14

e In the special case when I' = (py,...,p,), where py,...,p, are primes
in ascending order, we have that |['(k)| = k" for all k& € N. Therefore

Ar,m=w(mlr+1)><H(1 4_1>XH< W“)

£>2 £>2
“m £lm

Furthermore, for m € N, let

cor T e (S pr [ G
" e pi P Pip—1)—1
pjlm,p;>2 pjit2m

Then, a calculation shows that

1—

+1 (Cm m) if 2 'i' m;

27
(%Cﬂ (2 )C if 2||m;
F, =A m X ’ i b
A = A (1, wapm; Y
(1= 5%0) 2p)Cn W8 |m.

e In the classical case when r = 1, a range of uniformity m < (log x)l/z’6

for any € > 0 for the truthfulness of the asymptotic formula in Theo-
rem 1.1 was proven by L. Murata (see [10, Theorem 1]). The techniques
of the present paper do not allow any improvement to the uniformity of
Murata’s result.

e Ifthe 5~ GRH holds (i.e. the Dedekind zeta function of Q((x, T'/*) has no
zeroes in the region o > ¢) for some § < r/(r + 1), then the asymptotic
formula in Theorem 1.1 still holds with a larger error term.
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2. Notational conventions

Throughout the paper, the letters p and ¢ always denote prime numbers. As
usual, we use 7(x) to denote the number of p < x and

. *odt

li(z) = Tont
2 logt
to denote the logarithmic integral function.

The letters ¢ and p denote respectively the Fuler and the Mobius func-
tions. An integer is said squarefree if it is not divisible by the square of any
prime number. If n € Q*, by 6(n) we denote the field discriminant of Q(,/7).
For o € Q* we denote by v¢(a) the {—adic valuation of «.

For functions F' and G > 0 the notations ' = O(G) and F < G are
equivalent to the assertion that the inequality |F| < ¢G holds with some
constant ¢ > 0. In what follows, all constants implied by the symbols O and
< may depend (when obvious) on the small real parameter € but are absolute
otherwise; we write Oy and <) to indicate that the implied constant depends
on a given parameter .

3. On the vanishing of the Density

In this section we investigate, in the case when I' C QT, the problem of
determining whether

Nrm = {p & SuppT,ind, ' = m}
is finite. If I' = (g) with ¢ € Q\ {0,1,—1}, this problem has been solved

(on GRH) by Lenstra [4, (8.9)—(8.13)] (see also [7]). In fact the following is a
special case of Moree’s Theorem 4 of [7].

Proposition. Let g € Qt \ {1} and write g = gl, where go € QF is not the
power of any rational number. Then p({g), m) = 0 if and only if one of the
following two conditions is satisfied:

1. 24m, §(g) | m;

2. va(m) > va(h), 3| h, 3tm, 6(—3g0) | m .
Furthermore, on GRH, N gy ,, is finite if and only if one of the above two
conditions is satisfied.

In the higher rank case, we can generalize the above in the following
way:

Proposition 3.1. Let I' C Q7 be a non—trivial, finitely generated subgroup
and let m € N. Then p(I';m) = 0 when one of the following two conditions
18 satisfied:

1. 24t m and for all g € T,6(g) | m;

2. 2| m, 3tm, T'(3) is trivial and there exists Xo € T'(2V2(™)) such that 3
is the only odd prime that divides 6(Xo) and that doesn’t divide m.
Furthermore, if m is odd, the first condition is also necessary in order to have

p(I';m) =0.
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Proof. Since Ar., # 0 for all m and all T, the equation p(I'ym) = 0 is
equivalent to

[T (2v20m))|
(2,m)[T(21Fv=0m)))|
If 21 m, then the above identity specializes to

T@)|=Bran= Y. [I —|_1

XeTr(1) £6(X)
2m
It is clear that if T' and m satisfy 1., then I'(2) = I'(2) and each factor on
the right hand side above equals 1. So (3.1) is an identity.
On the other hand |Br 2m| < [IV(2)] < |T'(2)]. So if (3.1) is an identity
then I'V(2) =T'(2) and for all g € T,

-1
11 ERCET

£5(g)
2m

BF,m =

Br am. (3.1)

This implies that for all g € I",d(g) | m and the condition in 1. is satisfied.
Next assume that the condition in 2. is satisfied. We claim that Br ,, =
Br 2, = 0 which implies that (3.1) is an identity. Observe that

~1 ~1
H = = 1.
e'g(;‘()) =DrE@)[-1  2r@) -1

Therefore

BF,m = Z H W = _BF,m~

XeT/(2v2(m)) £|§(XoX)
2m

. vo (m)— vg (m)
By the same argument, we observe that, if Xy = n32 2m) 1@*2 : , then

X\ = ngvz(m)Q*ZW(mHl € T7(2v2(m)+1) also satisfies that 3 is the only odd
prime that divides 6(X{)) and that doesn’t divide m. So we deduce that
Br 2, = 0 and this concludes the proof. O

Proposition 3.2. Assume thatT' C Q* and m satisfy one of the two conditions
of Proposition 3.1, then Nt ,,, is finite. Hence, on GRH, if 2{m,

Nr o finite <= Yg €T,(g) | m.

Proof. Suppose that I" and m satisfy the first condition in the statement of
Proposition 3.1. Let p ¢ SuppT and let go € T' be such that [T',| = [(go)| =
(p —1)/m, then ‘%‘) = 1 which implies that 2 | m, a contradiction.

Next suppose that I' and m satisfy the second condition in the statement
of Proposition 3.1. First note that, if p ¢ SuppI is a prime such that |T')| =
(p — 1)/m, then p = 2mod 3 since 3  m and since all elements of I' are
perfect cubes. Furthermore the hypothesis m even implies that all elements
of I',, are squares modulo p.
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vg(m)

Let g9 € T be such that Xy = go(@*2
hypothesis and that §(—3gp) divides m. Finally

()-(52)- () (552) -~

which is a contradiction and this completes the proof. O

. We have that 3 | §(go) by

REMARK. Unfortunately, we are unable to show that if 2 | m and p(T',m) = 0,
then the second condition in the statement of Proposition 3.1 is satisfied
nor we are able to provide a counterexample for such a property. Possibly
the approach due to Lenstra, Moree and Stevenhagen [5] could provide a
complete characterization of the pairs I, m with p(I'; m) = 0 also in the case
when I" contains some negative rational numbers. The techniques of [5] have
been adapted to the context of higher rank groups by Moree and Stevenhagen
in [9] where the case m =1 is considered.

4. Lemmata

In this section we present some results needed for setting up the proofs.
We start by the Chebotarev Density Theorem. The following statement is
obtained using the effective version due to Serre [14, Théoréme 4].

Lemma 4.1 (Chebotarev Density Theorem). Let I' C Q* be a finitely gener-
ated subgroup of rank r and k € NT. We denote by Q((r, TY*) the extension
of the cyclotomic field Q((x) obtained by adding the k—th roots of all the el-
ements in T'. Then the GRH for the Dedekind zeta function of Q(Cr,TV/*)
implies that #{p <z :p & SuppT, k|ind,T'} equals
li(z)
[Q(Cka Fl/k) : @]

The following explicit formula for the degree [Q((k, IRVAD Q] is proven
in [13, Lemma 1 and Corollary 1]:

+ O(Vzlog(zk™or)) .

Lemma 4.2. Let k > 1 be an integer. With the notation above, we have that

QG T%) : @(G)] = ID(k)I/IT(k),

where
wov2(k)

f(k;) =(Tn Q(Ck)gvz(w) . Q*sz(m /0

Furthermore, in the special case when I' C QT

~ vo (k)—1
I'(ky={neN: nlor, »" Q

The invariant A,.(I") of a multiplicative subgroup I' C Q* with rank r
is defined as the greatest common divisor of all the minors of size r of the
relation matrix of the group of T' (see [1, Section 3.1] for some details).

The next result follows immediately from Lemma 4.2 (see [13, Equation
(7)] or [1, Corollary 1]):

w2v2(k)

e 1(2%=™), 6(n) | k}.
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Corollary 4.3. Let I' C Q* a subgroup of r = rankz(I") and k € N. Then
(k/2)"
A (D)

Corollary 4.4. Let r = ranky(T") > 2 and let P(t) denotes the product of all
primes up to t. Then, for r < t/logt, we have the following:

p(k) _ 27 A, (T)
2 oty A (i)

2k" > [Q(C, TVF) - Q(G)] >

Proof. We apply Corollary 4.3 and we use the fact that p(mk) > o(m)e(k).
Hence

1 1 2" A, (T)
Qe T7F) Q) = mym )k (4.1)
Note that
p(k) e 1
k;t) [Q(Cpe, TV/mF) - Q] p(T, )+O<kz>t Qo T Q]> :

The result follows from (4.1) and from the estimate
ok S \r T T
Py ekt T m \r t

which can be derived via partial summation from the classical asymptotic

formula
ZL =11 (1+1>t+0(10gt)
2o U\
which can be found for example in [2, Exercise 6.5.3]. O

Next lemma is implicit in the work of C. R. Matthews [6]:

Lemma 4.5. Assume that I' C Q* is a multiplicative subgroup of rank r > 2
and assume that (ay,...,a,) is a Z-basis of T'. Let t € R, t > 1. We have the
following estimate

t1+1/r

#{p ¢ Suppr : |Fp| S t} S 37’ 10g(|a1 - 'ar‘)w.

5. Proof of Theorem 1.1

Let T and m be as above and set r = ranky(I") > 2. Like usual, the proof
follows the classical framework of Hooley’s [3]. We start with the simply
Inclusion—Exclusion Principle:

Nr(z,m)=#{p<z:p¢&Suppl,ind, ' = m}
:Zu(k)#{p <z:p¢&Suppl',mk|ind,T'}.

k>1
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So, for each t € [1,z], if P(t) denotes the product of all primes up to ¢, we
have
U(z;m,t) — Er(x;m,t) < Np(z;m) < U(x;m,t),

where

U(z;m,t) = Z w(k)#{p <z:p¢&Suppl',mk|ind, '}

k| P(t)

and

Er(z;m,t)=#{p<z:p¢&Suppl', 3 >t ¢m|ind,T}.
First, we deal with U(x;m,t). By Lemma 4.1 (Chebotarev Density Theorem)
and Corollary 4.4, we have:

im,t) = li(z) zlog x(mk) o
UG, ,t)k;@)u(k)([(@(w,r"}k):(@]+O(f1g (k) o) )

Az >+

ro(m ™t logx
O(ﬁ?”(t) log(x(mP(t))THUp)) .

We choose t = logz so that 27() = zO(1/loglogx) Hence, if m < x'/(r+3)
then

=p(T, m)li(z) + O <

U(x;m,t) = p(T,m)li(x) + Or (ga(m”l)flog x)”l) .

In order to estimate Er(z;m,t), we define, for any ¢t < & < 0 < z,
Ep(w;m,€,0) = #{p <z p & SuppT, 3¢ € (¢,6], ém | ind, T'}.
So
Er(z;m,t) < Er(z;m,t,€) + Er(z;m, §, ).
Applying Lemma 4.5, we obtain
2 14+1/r
Er(z;m, & r) <r (mf) .

Using Lemma 4.1 (Chebotarev Density Theorem) and Merten’s formula, we
deduce:

Er(z,m,t,€) <<Z€%:£] ([Q(Cm;;(iﬂ/)"w) ) + \/Elog($(m£)r+1ar)>

li(z) 1
Ny ; F—) T VED les(am)

1<
+ vz log(axm).
141/

<r

x

@(m+1)(log z)" 1!
-

Finally we choose £ such that (%) = /z€ and we deduce that

Er(z,m,t,§) <r 4 B3/ (4r+2) 160 g

X
o(mr 1) (logz)r+1
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and since (3r +3)/(4r 4+ 2) < 1 for r > 2, we deduce the thesis.

6. Proof of Theorem 1.2
We start by applying Lemma 4.2:

p(n) [T(mn)|

2o plmn) [T(mn)] 2= p(2mn) [T(2mn)|’
(n,2)=1 (n,2)=1
where
T(k) = {neN:q|or, 2?7 Q2" er@2®), 5(n) | k}.

So, if we set, for k even,

Iy (k) = F2(2U2(k)) = {,7 eEN:p| Jr7n2v2<k>71(@*2vz(m c F(2”2(k))}

and, for k odd, we set I'y(k) = {1}, we deduce that p(I",m) equals
(
|

p(n)
Z Z W B Z Z 2mn |F 2mn)|

nely(m) (n,2)=1 nerz(2m) (n,2)=1
o(n)|mn 6(n)|2mn

=Po — Pe-
The condition 6(n) | nm is equivalent to % | n. Therefore, if we set

_ %)
" ged(3(n).m)’

then 7, must be odd (i.e. v2(6(n)) < va(m)) and p, equals

(k) -
Z 1(1m) Z ©(kmay, )T (kmmnm)| N

nel's (m) keN
Nm odd (k,2nm)=1

1 £(11m) p (K, mipm)) [T (magm )|
] 2= S 2 O SR
Nm odd (k,2nm)=1

where, for d = mmn,,, we used the identities:

p(kd)|L(kd)| = (d)|T(d)] x
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and ©(mn,) [T (mnm)| = e(m)|T(nm)] X o(m)|T(m)]. For d fixed, the func-

tion gp(k)%% is multiplicative in k. Hence p, equals

- (€. m))[r(eet™)]
p(m)[L(m)] 2 @)L ()| |F hm)| 11 ( f—l ) (£, m) [T (£HFeelm) )I)

n€la(m) £>2
G
s (= ) < T (= rmsn )~

Nm odd Y1,

£>2 Z>2
Hm
-1
77m p((,m)) [T ()| )
< ¥ SI(-
m _1 T 14+ve(m)
b PO oL\ = e ) ()
Nm O

A calculation leads to the identity
1

p0im) _elmpre -1
I (- e mae) = I e

£]6(n)
o42m
We set
[T (evetm))|
Ap = H( )XH<1vm
PRSNGSR D)
“m Lm
and

Brm= > ]I W

n€lz(m) £6(n)
Nm odd  Hm

Finally observe that, if m is even, {1 € Ta(m) : 1, is odd} = I'(2v2("™)). So
the value of Br ,, above is the same as the one in the statement. Furthermore
Po = Ar,m X Br , and a similar calculation shows that p. = Ar 2y, X Br om.
Finally note that

Argm _ [D(2720M))

Arm — (2,m)|D(2u2tm+1)|”
Therefore, subtracting the two expressions for p, and for p., we obtain

T (202 (),
=Ar. | Brom — Brom | .
p=ar ( (2, m)|T(2e20m+1)] 712

7. Numerical Examples

In this section we compare numerical data. All values, when significant, have
been truncated to 7 decimal digits.

The first table compares the values of p(I',.,m) as in (1.1) (second row)
and Nr, ,,(10%,m)/m(10%) (first row) with T, = (2,...,p,), 7 < 7 (p; is the
i — th prime) and m = 2,...,16.
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m\L,. 1 2 3 1 5 6 7
1 0.3739568 | 0.6975239 | 0.8568298 | 0.9313241 | 0.9667172 | 0.9837224 | 0.9919961
0.3739558 | 0.6975013 | 0.8567856 | 0.9312900 | 0.9666713 | 0.9836828 0.9919573
2 0.2804694 | 0.2051420 | 0.1146316 | 0.0601277 | 0.0306819 | 0.0154801 0.0077552
0.2804668 | 0.2051474 | 0.1146293 | 0.0601323 | 0.0306941 | 0.0154918 0.0077801
3 0.0664931 | 0.0394969 | 0.0159572 | 0.0057619 | 0.0019836 | 0.0006634 | 0.0002187
0.0664810 | 0.0395098 | 0.0159661 | 0.0057606 | 0.0019904 | 0.0006748 0.0002268
4 | 0.0467497 | 0.0205211 | 0.0065476 | 0.0017992 | 0.0004589 | 0.0001087 | 0.0000251
0.0467444 | 0.0205147 | 0.0065523 | 0.0018067 | 0.0004709 | 0.0001199 0.0000302
5 0.0189129 | 0.0069911 | 0.0014736 | 0.0003456 | 0.0000741 | 0.0000158 | 3.06x10~°
0.0188946 | 0.0069891 | 0.0014689 | 0.0003477 | 0.0000748 | 0.0000154 | 3.14x10~°
6 0.0498435 | 0.0098867 | 0.0019880 | 0.0003478 | 0.0000506 | 5.54x10~° | 8.06x10 "
0.0498607 | 0.0098774 | 0.0019912 | 0.0003598 | 0.0000621 | 1.05x107° | 1.77x10~°
7 | 0.0089324 | 0.0023793 | 0.0004156 | 0.0000657 | 9.02x10~° [ 1.49%x10°°% | 1.76x10~ "
0.0089347 | 0.0023736 | 0.0004163 | 0.0000646 | 9.58x10~% | 1.39x107% | 2.00x10~"
8 0.0350623 | 0.0059818 | 0.0008729 | 0.0001115 | 1.34x10~° | 1.37x10°% | 3.34x10~"
0.0350583 | 0.0059834 | 0.0008775 | 0.0001166 | 1.49x10~° | 1.88x107°% | 2.37x 10"
9 0.0073759 | 0.0014606 | 0.0001935 | 0.0000224 | 2.45x10~° [ 2.16x10~ 7 | 1.96x 10~ %
0.0073867 | 0.0014633 | 0.0001971 | 0.0000237 | 2.73x10~°¢ | 3.08x10~7 | 3.45x10~%

10 | 0.0141599 | 0.0020526 | 0.0004521 | 0.0000471 | 4.81x10~° | 3.73x 10~ " 0
0.0141709 | 0.0020556 | 0.0004596 | 0.0000481 | 4.91x107% | 4.95x10~7 | 4.97x 108
11 | 0.0033987 | 0.0005746 | 0.0000639 | 6.60x10~° [ 7.07x10~ 7 | 1.96x 105 | 1,96x 10~
0.0034024 | 0.0005764 | 0.0000643 | 6.36 x10~% | 6.00x10~7 | 5.55x10% | 5.09x10~°

12 | 0.0083077 | 0.0024617 | 0.0002406 | 1.95x10~° | 1.51x10~° | 9.83x 10~ 0
0.0083101 | 0.0024693 | 0.0002489 | 2.24x107° | 1.94x107°% | 1.64x10~7 | 1.38x10~%

13 | 0.0023936 | 0.0003484 | 0.0000321 | 2.79x10~° | 3.93x10~ 7 | 1.96x 10" ° 0
0.0023983 | 0.0003439 | 0.0000324 | 2.71x107% | 2.16x1077 | 1.67x10~% | 1.30x10~°

14 | 0.0066952 | 0.0006957 | 0.0000547 | 3.89x10~° [ 3.34x10~" 0 0
0.0067010 | 0.0006981 | 0.0000557 | 4.01x1076 | 2.98x10~7 | 2.17x10™% | 1.56x10~°

15 | 0.0033578 | 0.0003952 | 0.0000281 | 1.98x10~° | 1.76x10~7 | 3.93x10~° 0
0.0033590 | 0.0003958 | 0.0000273 | 2.15x 1076 | 1.54x1077 | 1.06x10~% | 0.72x107°
16 | 0.0087682 | 0.0007475 | 0.0000524 | 3.34x10°° [ 1.37x10~7 [ 1.96x 105 | 1.96x 10~

0.0087645 | 0.0007479 | 0.0000548 | 3.64x107% | 2.33x1077 | 1.47x10~% | 0.92x107°
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