On Artin’s Conjecture for Primitive Roots

by

Francesco Pappalardi *

Department of Mathematics and Statistics
A thesis submitted in partial fulfillment
of the requirements of the degree of
Doctor of Philosophy at McGill University
February 1993

*(©Francesco Pappalardi - (1993)



ACKNOWLEDGMENTS
There are many people who I would like to thank at this point:

My Master thesis Supervisor Marco Fontana for having trusted me and supported
my choice to come to Canada. Professor Paulo Ribenboim for having always advised

me on my choices and his precious mathematical teaching.

Professors Jal Choksi, lan Connell, Hershy Kisilevsky, John Labute, V. Seshadri
and Georg Schmidt, whose help and politeness made my time at McGill pleasant.

Raffaella Bruno who corrected the english of this thesis. None of my problems

were ever unsolvable for her.

Valerie McConnell, Elaine Tremblay for never having denied a smile and their

valuable help.

My friends Mark Fels and Djordje Cubri¢, the first having shown me the human
side of being a graduate student, and the second , with whom I shared an office was

a true gentleman and a solid office-mate. It will not be easy to find others like them.

Masato Kuwata, who has helped me considerably with the computers and Damien

Roy who helped me with the theory of Kummer’s Extensions.

My wife Claudia and my daughter Silvia, the first for support and encourage-
ment during these difficult years, and the second for having waited that extra week

necessary to finish this thesis.

Last but certainly not least I would like to thank my supervisor Ram Murty. He
is an exceptional man, who placed his trust in me and guided me to many of the
problems which lead to this thesis. His teaching did not cover only Mathematics but
he has also been a precious counsellor on any issue that I have brought to him. I
hope to be able to pass on what I have learned from Professor Murty to others in the

future.



ABSTRACT

Various generalizations of the Artin’s Conjecture for primitive roots are consid-
ered. It is proven that for at least half of the primes p, the first log p primes generate
a primitive root. A uniform version of the Chebotarev Density Theorem for the field
Q((, 211 valid for the range [ < logz is proven. A uniform asymptotic formula for
the number of primes up to x for which there exists a primitive root less than s is
established. Lower bounds for the exponent of the class group of imaginary quadratic

fields valid for density one sets of discriminants are determined.

RESUME

Nous considérons différentes généralisations de la conjecture d’Artin pour les
racines primitives. Nous démontrons que pour au moins la moitié des nombres pre-
miers p, les premiers log p nombres premiers engendrent une racine primitive. Nous
démontrons une version uniforme du Théoreme de Densité de Chebotarev pour le
corps Q((;,2'!) pour lintervalle I < logz. On établit une formule asymptotique
uniforme pour les nombres de premiers plus petits que x tels qu’ il existe une racine
primitive plus petite que s. Nous déterminons des minorants pour 'exposant du
groupe de classe des corps quadratiques imaginaires valides pour ensembles de dis-

criminants de densité 1.
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INTRODUCTION

The famous Artin Conjecture for primitive roots states that any integer a # 41 which
is not a perfect square is a primitive root for infinitely many primes. More precisely,

if N,(x) is the set of such primes up to z, then
No(z) ~ A(a)7(x)

where A(a) # 0.

Artin also gave an explicit formula for A(a) and his intuition was based on the
following heuristic argument (see [1]):
For any prime p less than z, let P,(q) be the probability that the prime ¢ divides the

index [F), : (a)]; then,by considering such instances independent, we have

A(a) = [](1 = Pua))-

q

In order to have ¢|[F} : (a)], the two necessary and sufficient conditions
p = 1(modq) and a® 17 = 1(modp) (1)

must be satisfied.

Now consider the field L, = Q(Qpal/ 7), let p be a rational prime that splits
completely in L, and let P be a prime over p. The residue field at P has p elements,
therefore (1) holds. Conversely if (1) holds for p, then p splits completely in L,,.

The Chebotarev Density Theorem indeed states that the probability that p splits

completely in a normal extension K, equals 1/[K : Q] and therefore the probability
Pu(q) is 1/q(q¢ — 1) and



Later, calculations made by D. H. Lehmer and E. Lehmer (see [35]) suggested that
in some cases the expression of A(a) was not correct and the factors of the product
expansion of A(a) corresponding to the prime divisors of a had to be replaced by

other expressions.

In 1965, C. Hooley (see [26]) used the linear sieve to prove that if the validity of
the Generalized Riemann Hypothesis is assumed for the Dedekind zeta function of
the fields L, then the Artin’s Conjecture is true, with the corrections indicated by

Lehmer.

The main tool used by Hooley is the effective version of the Chebotarev density
Theorem valid under the assumption of the Riemann Hypothesis for the Dedekind
zeta function of K. That is

1 n
#{p < x| p splits completely in K} = —1li(x) + O(z'/?(log z + log d}(/ ),
Nk
where ng = [K : Q] and dk is the discriminant.
This version of the Chebotarev Density Theorem has been for a long time the

only effective one available until 1977 when J. C. Lagarias and A. M. Odlyzko proved

a version of the Theorem valid with the condition (see [29]):

log x 1/n
\[—— dy-"" logdy ¢ .
-~ >>max{ K, log K}

For a Kummer’s extension of the type L,, this is equivalent to ¢ < log'/% 2.

Such a discovery, unfortunately, does not allow one to eliminate the use of the
Riemann Hypothesis on the proof of the Theorem of Hooley, however it gives a

uniform result for ¢ < logl/ b

In 1984 R. Gupta and R. Murty (see [15]) published the first result in which the

validity of the Artin Conjecture is established for at least one value of a. Indeed,



they constructed a set of 13 numbers for which at least one is primitive root for a
number of primes p up to x which is > mg%' This result was later sharpened by

Heath-Brown (see [21]) to a set of 3 elements.

The idea of Gupta and Murty also allowed them to deal with the analogous
statement of the Artin Conjecture for rational points on Elliptic Curves (see. [17]).
This is the Lang-Trotter Conjecture. From this they were led to consider a high-rank

version of the Artin Conjecture.

Given ay, ..., a, € Z, we say that ay,...,a, are multiplicatively independent

if, whenever there are integers nq,...,n, such that

we have ny =ng =---=n, = 0.
It makes sense to ask if

(ai,...,a, modp)=F, (2)

for infinitely many primes p and to speculate whether the density of such primes can
be calculated. It is necessary to express the condition for a prime ¢ to divide the
index of the group generated by aq,...,a, in terms of splitting conditions on some

fields. The natural generalization of Artin’s original idea is in:

Theorem 1 Let (ay,...,a,) be the subgroup of F, generated by the multiplicatively

independent ay, ...,a,. For any prime q

q ‘[F; :{ay,...,a,)] <= p splits completely in Q (Cq, all?, ... al/q> .0

» T

This result and the consequent application of the Chebotarev Density Theorem
suggests that the density of primes for which (2) holds equals

() g



In Chapter 1 we prove that if the Generalized Riemann Hypothesis holds for the
fields in Theorem 1, then

Na1,...,ar<$> = # {p S x ’ <&17 e >a1”> = F;k) } ~ Aah“.’aﬂT(iL'). (4>

where the constant A,, ,. equals the product in (3), up to finitely many factors.

The complete formulas, with the analogous corrections of those suggested by Lehmer
for the Artin Conjecture, are worked out in Section 2.1 by the use of some properties

of Kummer’s extension.

The proof follows the original one of Hooley but now the estimate for the number
of primes for which there is a large prime divisor of the index is made using a Lemma

due to C.R. Matthews which is an application of the pigeon-hole principle.

The new parameter given by the rank, suggests to take r as a function of x and
try to adapt the proof to obtain a result independent of the Riemann Hypothesis.
This is done in Section 3.1 and the conclusion is that for a positive density of primes

p, F, can be generated by about log p multiplicatively independent integers.

The main obstacle comes from those primes for which the index

[F; : <a’17 s 7ar>]
has some prime divisor in the interval [log"/® z, log? z].

The range [logl/ 6 2,log z] is dealt by using a version of Chebotarev Density Theo-
rem for the field Q(¢;, 2'/!) valid for a range of [ up to log z/(log log z)? which is proven
in Chapter 2. Such a proof uses properties of the single non-Abelian L-function of

Q((, 21, and is of course stronger than the one of Lagarias and Odlyzko of [29].
This establishes a Conjecture of H. Zassenhaus of 1969 (see [4]).

In Section 3.3, we work out the bound of r > log®p for a set of density one of

primes p for which F is generated by r elements. Such a result is stronger than

6



the one that was known as a consequence of the work of Burgess and Elliot (see

Proposition 1.11) and uses the Large Sieve Inequality.

The Lemma of Matthews used in the proof of the asymptotic formula in (4) allows
one to conclude that for almost all primes p the index

/)

[F;:<CL1,...,G,T>]Z logp :

In Appendix A, we improve such a lower bound to

[Fr: (a1, a,)] > p/ " exp{log’ p}. (5)

This is done by deducing an upper bound for the number of primes p for which p — 1

h z" exp{log® p}) which is due to Murty and Erdos (see

has a divisor in the range (x
[14]) and proven here with the uniformity conditions that allow estimates of the type

(5) uniform with respect to r.

Next we take into consideration the problem of determining an asymptotic formula
for the number of primes for which two given numbers (or more in general s given

numbers) are simultaneously primitive roots. An heuristic argument similar to Artin’s

29 —1
5= [ S |}
qgme( qQ(q—1)>

and again this is proven to be the right one up to finitely many factors. Complete

suggests a density

formulas are worked out in the case where the given numbers are primes. We later
discovered that a general version of this statement has been proven by K. R. Matthews
in his Ph.D. Thesis (see [36]). However, our proof is different and by the use of a

Tauberian Theorem, we get a better uniform error term.

This result has, as an application, a uniform asymptotic formula for the number
of primes for which the least prime primitive root is less than a parameter y. Such a

formula has applications to the problem of the distribution of least primitive roots.

7



In Appendix B, we consider the problem of the exponent of the class group of

imaginary quadratic fields.
If e(d) is the exponent of the ideal classgroup of the imaginary quadratic fields
Q(v/—d), the Iwasawa Conjecture states that

lim e(d) = +o0.
d—+o00

In 1972, D.W. Boyd and H. Kisilevsky (see [3]) proved that if the Extended Riemann
Hypothesis holds for certain Dirichlets L-functions, then the Iwasawa Conjecture is

true.

The proof consists on noticing a link between the least prime p for which —d is a
quadratic residue and e(d) (this is p®? > d) and then use the Riemann Hypothesis
to prove that p < log®d. This argument establishes the bound

1
e(d) > ogd

— 6
> loglog d (6)

We prove unconditionally that (6) holds for a set of discriminants of density one,
by calculating uniform asymptotic formulas for the number of integers (resp. square-

free integers) d < x for which the least prime p with (%d) = 1 is smaller than s.



1 ON HOOLEY’S THEOREM

1.1 A generalization of Hooley’s Theorem

Suppose ay, ..., a, are multiplicatively independent integers and let I' be the subgroup
of Q™ generated by ay,...,a,. For all but finitely many primes p, it makes sense to
consider the reduction of I' modulo p which we indicate by I', which can be viewed

as a subgroup of F;.

In the case r = 1, Hooley has shown that if the generalized Riemann Hypothesis
holds for the Dedekind zeta function of the fields Q((, a}/ l), with [ prime, then the

set of primes p for which F = I, has non zero density (see [26]).

We will consider the following generalization first introduced by R. Gupta and R.
Murty in [15].

if the Generalized Riemann Hypothesis holds for the Dedekind zeta function of the
fields Q(Q,a}/l), [ prime, then

Ne(e) = #{p < olF, =Ty}~ orpo
Remark: a) Note that
N > [Q(Cmy ™)+ Q) > d(m)m, (1)

therefore dr is a convergent series and thus a well defined number. We will prove in

the second section that dp # 0.



b) Theorem 1.1 can also be proven on the weaker assumption that there exists a € I'
with the property that all the Dedekind zeta functions of the fields Q(¢;, a'/!) (I large

prime) have no zeroes in the region

1
r+1

o>1-—

Proof: Let us assume r > 1. The first steps of the proof follow the original idea

of Hooley who considered the following functions:

Nr(z,y) =#{p<az |V, I <y, | [[F,:T},]},

Mr(z,y,z) =#H{p < | 3, y <T< 21| [Fy: Ty},

Mr(z,z) =#{p <z |3, | > 2| [F, : T}]},

_1
6r+8

r+1)

where y = loglog z and z = z!/( log x.

Clearly,
NF(I,y) > NF(‘T) > NF(I‘,y) - MF(x7y7 Z) - MF(;CVZ)? <2>

and establishing the following:

a)  Nr(z,y) = orig; +0(55);

logx
b)  Mr(z,y,2) = o(5);
C) MF(ZE,Z) = O(lozx)’

the Theorem would be proven.

In his original work, Hooley used the GRH to treat both the main term N (z,y)

1

605 loglogx

and the term Mr(x,y, z). In this proof we will show that a choice of y =
enables to remove the GRH from the treatment of the main term. This is a key

element for subsequent applications.

10



a) By the inclusion-exclusion formula,

*

Nr(z,y) = p(m)mn()

m

where g is the Mobius function, the upper * means that the sum is extended to all
the integers m whose prime divisors are distinct and less than y (note that this forces
m < [lcyq = e?¥) < €% the last inequality being implied by the Prime Number

Theorem) and

Tm(z) = #{p < 2 | Vg, qlm, q| [F},T,]}.
Now recall that

q| [F;:Tp] <= p splits completely in Q((,, all? .. Lal/?),

and if a prime splits completely in two fields then it does also in their compositum.

Hence if Ly, = Q(Gmyat’™, ..., al/™), we have

mm(z) = #{p < x | p splits completely in L,,}. (3)
The result that gives an asymptotic formula for (3) and makes possible to handle

this step without the use of the GRH is the Chebotarev Density Theorem, with the

error term described in page 243 of [39]:

Lemma 1.2 (Chebotarev Density Theorem): If L is a Galois extension of Q

with discriminant dy, and degree ny,, then there exists an absolute constant ¢ such that
for
Vg z > ¢ ny/* max(log |dy |, |dr| /"),

one has

. . L. ~1/2
< lit letel L} =—1I1 O —A 1
#{p < x | p splits completely in L} - i(z) + O(zexp—An; '"y/log x)
where A is constant depending only on c¢.O

11



Now, let d,, be the discriminant of L,, and n,, its degree. The Hensel inequality

(see. page. 259 of [42]) states that

log|din| < n Y logg, (4)

q|d7n

therefore

d},{”m < H qg<mai...a. <n, <logd,
qldm

since indeed in any field logd > n. We can also prove the following.

Corollary 1.3 If m < (log x)ﬁ then

li(z)

Nm

Tm(x) = + O(z exp —A(log 2)'/?)

for some absolute positive constant A.

Proof of Corollary 1.3: The inequality assumed for m and the Hensel inequality

in (4), imply (n,, < m™1):

~0 (m exp (—A(log x)—<*+>>) — 0 (exp (~Aflog)"#)) .0

The choice made for y allows us to apply Corollary 1.3 to all the m < e* =
(log aj)ﬁ Using the estimate (1) for the degree n,,, we get:

5 (110 + O ) -

12



_ 3 MMy 4o (Z mq;(m)h(:c)) +O(e¥z exp —A(log )1/?)

— i plm) _x + o(li(z)) + O((log x) mexp(—A(logm)l/S))

x x
= (SF +o0 .
log <log1:>

c¢) To deal with the last term, we will make use of the following result due to

Matthews (see [37]):

Lemma 1.4
#{p | Tyl < t} =0 loga;)

where the constants involved in the O symbol do not depend on t nor r, nor on

{(117 N ,ar}.

Proof of Lemma 1.4: Consider the set S = {a7* -...-a™ |0 <n; <t/7}. As

ai, . ..,a, are multiplicatively independent, the number of elements of S exceeds
(Y + 1) > t.

If p is prime such that |I',] < ¢, then two distinct elements of S are congruent

(modp). Hence, p divides the numerator N of
ay--ea)m —1
for some my, mo, ..., m, satisfying |my| < /7,1 <i <.
For a fixed choice of my, mo, ..., m,, the number of such primes is bounded by

log N < ¢V/7 Zlog a;

i=1
Taking in account the number of possibilities for mq, mso, ..., m,, the total number of

primes p cannot exceed

O3 log ay).

i=1

13



This completes the proof of the Lemma.O

Now note that

—1
Mp(x,z)g#{p§x|3l2 z, l|p|F|}
P

xXr
S#{prHPp'SZ}

and applying Lemma 1.4 (no dependence on r is required here), we get

(1-1/(r+1))(1+1/r)
MI‘(.T,Z):O<$ )zo( ° )

(log z)1+1/7 log =

b) For the middle term we assume the GRH which allows to state the following
version of the Chebotarev Density Theorem (a proof can be found in [26] or also in

[30]):

li(x) + O(z?logzl)  (5)

#{p < x| p splits completely in Q(¢,ay")} = T

Now, as in the main term, [|[F; : T')] if and only if p splits completely in the

/U

Kummer extension Q((, ai . ,ai/ 1) and thus, in particular, p splits completely in

Q(¢, a}/l). From this we get:

Mr(z,y,2) < #{p < |31, y <1< zp splits completely in Q(¢, ay’")}

< > (l(lil)h(x) + O(z'/? 1ogxl)> :

y<I<z
As Y5y ﬁ is the tail of a convergent sequence and
1 1,1
ZW logxl < 2771 log x,
<z
for » > 1 this yields to an estimate of the type:

1
Mr(z,y, z) < ~li(z) + O(z2* 71 log z) (6)
)

14



which is o(log z/z), and this completes the proof for r > 1.

For completeness we add the the proof of the remain case r = 1. Estimate (6)

has no meaning anymore. We have that
Mp(z,y, 2" log x) < Mp(x,y,x'/%/log® x) + Mp(z,z*?/log® 2, 2"/*log ).

The first term is treated as the general case and leads to the coresponding estimate

of (6) that in this case is o (10:; x) For the second term we proceed as Hooley and we

note that z = z'/?log z and

Myp(z, 242/ log® z, '/ % log ) < > m(x,l,1)

xz1/2/log3 z<l<zl/2logx

5 1:O<xloglogx>.

2
z1/2/log3 z<i<zl/2 logx lOg X

<
log x

the last by the Brun-Titchmarsh Theorem and the Merten’s formula.O

15



1.2 Computation of the Densities

The density dr can always be expressed as an Euler product. Doing so one can prove
that the density is not zero. In this section we will calculate or in the case when
a; = p; is an odd prime for any ¢ > 1, we will also be able to prove that in this
particular case

r—00

The first step is to calculate the degrees of L,, over Q.

Theorem 1.5 Let py,...,p, be odd primes, m a square-free integer and let

Suppose (m,p1 -+ py) = pi, -+ iy, then n,, = d’(ygimr, where

0 m isodd ort =0
a=4qt if p, =pi, = =p;, =1 (mod 4)

t —1 otherwise.

Proof: Fix m > 1, we may assume without loss of generality that p,---p; =
(pl o 'pram)J we let K = Q(Cm), A= K(p}/mv . 7ptl/m) and for any 1 < i <r-— t7
let B; = A(p;/:f, . ,pzﬁn) We have that

and clearly [K : Q] = ¢(m).

Step 1): We claim that [B,_; : A] = m"".
Since the polynomial 2™ — p;,q splits completely in By = A(pL/FT), we know that
[By : A] = %, Let g|d be a prime, then [A(p;/rql) : Al =1 or ¢q. If it was ¢, we would

have g = [A(ptlﬁ) : Al|[By + A] = %, which is a contradiction since m is square-free.

16



Therefore piJ/rql € A, which implies that p,; ramifies in A/Q, but, from Kummer’s
Theory, we know that the only primes that ramify in A are pq,...,p; and those that
divide m, and since (p;11,m) = 1, we conclude that d = 1. Now, by induction, we

have that
[Brft : A] = [Brft : Brftfl][Brftfl : A] = [Brft : Brftfl]mr_t_%

and again, [B,_; : B,_4_1] = % and since (p,,m) = 1, we conclude that d = 1. Hence

(B, : Al =m" .

Step 2) Let A; = K(p}/m,...,p;/m), then A, = Ai(p;J/rT), and for the same
reason as above, [A;y1 : A;] = 7. We claim that e = 1 or 2.
Let gle be a prime divisor and consider A; (]011 ﬁ), since m is square-free, we have that
pi/rql e A If p; J/ﬁ € K, then we would have a cyclic extension of prime degree (over
Q) Q(pg J/g[) C K and this is only possible when ¢ = 2. Therefore we may assume

that pi/9 & K, having extensions:
K C K(pilh) € A

Note that Gal(A4;/K) is the direct product of cyclic groups and a general subgroup of

order ¢ has as fixed field K ((ps, - - - ps, )*/9), with 1 < 57 < -++ < 53, < i—1. Therefore,
1

K(pi1) = K((ps, - ps,)/?) and from Lemma 3 in page 160 of Cassels and Frohlich

[7], we have that there exists 0 < i < ¢ — 1 such that

, 1/q
( Dit1 ) €K,
(pSI o .psk)l

and again this implies that ¢ = 2.

Therefore, if m is odd, [A;41 : A;] = m for every i, and thus [4; : K] = m/".

From the Theory of Cyclotomic Fields, we know that the general quadratic sub-
field of K has the form Q ( (_ﬁl) D), where D is a positive divisor of m. We gather
that if p; = 1 (mod 4), 1 < i <t, then (;—1> =1, hence \/p; € K.

7
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Step 3) If py =pa=---=p, =1 (mod 4),
then let (,, be a primitive m-th root of unity, then Gal(A;/K) is generated by o :

pi/m . <-72np}/1n7 (Note that 0(\/}9_1) — (o-(p}/m))m/Q — (Cgl)m/ngl/m)(m/Q) — \/p_l) and

hence, |Gal(A;/K)| = [A;: K] = 7.
Similarly Gal(A;4,/A;) is generated by o : i/ — (2 pi/T", therefore [Ajp @ Aj] =

and [A:K]:’;—f.

7
Step 4) If it exists 1 <14 <t such that p; = 3 (mod 4),

then we can suppose without loss of generality that p; = 3 (mod 4). Let us consider
A; = K(pi'™). We have that [A; : K] = m (If not, we would have K(y/m) = K,
but this only happens when p; = 1 (mod 4), which is a contradiction). Now consider

i > 1, and A; = Ai,l(pi/m). We claim that [A; : A;_;] = 2. Indeed either p; = 1
(mod 4) or p; = 3 (mod 4); in the first case \/p; € K, in the second case \/p1p; € K.
In any case, Gal(A;/A;_1) is always generated by o : pg/m — Cﬁlpi/m. Finally we get
[4;: Aiq] =2 and [A: K] = 25,

This concludes the proof of the Theorem.O

Corollary 1.6 With the same notation of Theorem 1.5, we have
Ny > mr¢(m)/2min(r,u(m)—l)

(where v(m) is the number of distinct prime divisors of m), furthermore such a lower

bound is the best possible.O

We are now ready to express the density as an Euler product. The case r = 1 has

been dealt with by C. Hooley in [26]. He proved that:

Lemma 1.7 Let p be a prime, ny, = [Q(Cn, pV™) : Q] and let

A= {1 gt)

[ prime

18



be the Artin’s constant, then we have:

i p(m) _ A if p# 1 (mod 4),
m=1 Ttm A1+ L) ifp=1 (mod 4).

p?—p—1

Proof: If p # 1 (mod 4), then n,, = m¢(m) for every m and the result follows
from the definition of the Artin’s constant. We can therefore assume that p = 1

(mod 4), having:

i p(m)
m=1 Nm
where 3, is the sum extended to the odd values of m and Y. to the even values.

Clearly ¥, = 2A and X, = —%Z’e, with

= Eo—’_zea

;o pu(m) = ulm)
BT 2 ) T2 2 mem)

(m,2p)=1 p|m,modd
—1 p(m) -1 2A 2A
W=D 2 molm) T - D (1= ) T P

(m,2p)=1

Finally 2, + Y = A (1+ 1) .0

The general case is similar but a little more complicated:

Theorem 1.8 Let py,...,p, be odd primes, n,, = [Q(Cm,pi/m,... 1/my . QJ, let

» o

a; = pi(pi — 1) — 1 and define the r-dimensional incomplete Artin’s constant to be:

)

[ odd prime

then:

£ [0 (G)4) 02
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Proof: As in the case r = 1, note that if m is odd, then n,, = m"¢(m), thus we

can write:

where ¥ is the sum extended to the even values of m.
Let P = p---p, and P = [[i21, pi=1(4) Pi; if m is an odd positive integer and @ =
(m, P) then, by Theorem 1.5, we have

ormobn) if Q| P

2’”’;225 ™) otherwise.

Nom =

For any Q|P, let S(Q) = {m € N| (m, P) = Q}. We have that N = Ugp S(Q), and

the union is disjoint. Therefore,

poy y M

QIPmes(Q) "'2m

Now divide the set of divisors of P into two sets; the divisors of P, and its complement.

It follows that

v(@)-1

ey y MEUEDL Sy emE s

Q|P meS(Q) QIP meS(Q)
1 p(2m)
DI 7 PIPAEDY
YN\ més T‘ﬁ( P mesig M e(m)

The sum over m € S(Q) is easy to evaluate,

w(2m) __(_1)1/(@) pu(m) __(_1)'/(62) . ro 1 -1
S wrem) @) o mrolm) @@ 1 1 a,.+1) '

Substituting we get:

(—2)"@) (—2)Y(@
Q0@ ' 57 Q0@

T H(l_aﬁl)l 2

=1 QIP
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=1 pi=1(4)
—A(T) r 1 T 1 T 1
1—-— 14+ — 1— —
2T+1 11:[1 ( ai) 1;[1 ( +Oéz)+lzl_[1( Oéi)
p;=1(4) p; =3(4)

The claim is therefore deduced.O

Corollary 1.9 Let {a;};~1 be a sequence of odd primes and let §, be the density of

the set of primes p for which ¥} is generated by a1, ..., a,, then

7nliﬁ:((r_:}() 6, = 1.0
Remark:
The method just exposed can be easily extended to any set of r multiplicatively
independent numbers which are pairwise coprime. The first step of the induction
in the general form is in [26]. It is also conceivable that for any infinite sequence of
multiplicatively independent integers (that is a sequence of integers such that a; < a;11
and for any r, ay, ..., a, are multiplicatively independent), one has that lim, ., 6, =
1. Not being able to provide a proof of this property here, we will include it in the

hypothesis when ever needed.
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1.3 The Main Problem

Suppose f(p) is a monotone function of p that tends to infinity with p and let {a, }nen

be an infinite sequence of multiplicatively independent integers. Let
Iyp=(a; (modp)| 1 <i< f(p)).

Question:

Does a function exist f such that, Iz, =¥, for almost all primes p ¢

Using Theorem 1.1, we can prove:

Theorem 1.10 Let {a;}ien be a sequence of multiplicatively independent integers
such that

(We noticed in the last section that when the a;’s are all primes this is true) sup-
pose the Generalized Riemann Hypothesis holds for the Dedekind function of the field
Q(Q,a}/l), [ prime, then for any monotone function f(p) that tends to infinity, we
have that

#Hp < [ Tpp=F} ~ ().
Proof: Let us fix r € N. For all but finitely many primes p, we have:
IrpDD,=(a,....a).
Therefore
A=#{p<a|Tsp=F} > #{p <z |T,=F,} +0(1).
From Theorem 1.1, we get:

T— 00

log x
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Now let r tend to infinity and prove the statement.O

Our intention in the following Chapters is to prove statements of the type of
Theorem 1.10, restricting our assumptions only on the rate of growth of f. For

example it is not difficult to prove:

Proposition 1.11 Let f(p) = log*" p then there exists a sequence of multiplicatively

independent integers such that, for almost all primes p, I'y, =F,.

Proof: This is a consequence of a Theorem of Burgess and Elliott (see [5]) on
the average of the least primitive root. They proved that if g(p) is the least primitive
root, then for large =,

m(2) 7> g(p) < log® z(loglog ).

p<z
If U is the number of primes up to z for which g(p) > f(p), we get that:

Ulog®*“z < > glp)+o (7?(9[:) log®t¢ :c) < m(z)log® z(loglog x)?

s <p<z

logx —

which is equivalent to saying that for almost all primes g(p) < f(p).
Now let a; = p; be the i-th prime number, since g(p) < log*™p, every prime that
divide g(p) is also less than f(p), therefore I'f,, contains a primitive root for almost

all primes p.00
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2 ON THE ARTIN L-FUNCTIONS OF Q(¢, 2"}

2.1 Introduction

Let L = Q(¢;,2Y!) and G = Gal(L/Q). If

7:L — L and v: L — L
21/[ s Cl21/l 21/l s 21/[
G —Q G —¢

(where g is a primitive root modulo p), then G is generated by 7 and v, more precisely,
G=<nv|t=V'=1rviv=19 >

is a presentation (here g* is any integer such that gg* = 1 mod p).

Hence G is the semidirect product of a cyclic group of order [ by a cyclic group of
order [ — 1. Note also that 7 generates the Galois group of L/Q((;) and the subgroup
generated by v has as fixed field, the non-Galois field K = Q(2'/%).

For any t =1,...,l — 1, the map

2mit
Xt :G— G, 71— 1l,v— ei-1

is clearly a character and a quick computation shows that G has [ conjugate classes
and the remaining character of G can be calculated via the orthogonality relations.

That is
(l—1) Ifa=b=0

xi(tv") =1 0 Ifb#£0
-1 Ifb=0, and a # 0.

Note also that y; is induced by any non-trivial character of the normal subgroup

2mit/(

generated by 7 and if ¢, : v — e =1) 't < 1 —1is a character of the subgroup (v),
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then ind<GV>¢t =Xt + X

Hence x4, ..., x; is a complete list of the irreducible characters of G.

Let us now take a step back and describe the concept of non-Abelian Artin L-
function. Let E/F be a Galois extension and p a representation of Gal(E/F), we
define the Artin L-function of p to be

L(S,p, E/F> - HLP(S)

&

where, if p does not ramify, the Artin symbol o, is the conjugacy class in
Gal(E/F) determined by the Frobenius automorphism of the residue field of any
prime of E over p (note also that, if o does not ramify in E, then o, = {1} if and
only if o splits completely in E) and L,(s) is the characteristic polynomial of o,

evaluated at N(p)~*, i.e.

Ly(s) = det(I — N(p)~*p(oy))

and, if p is ramified, L,(s) is the characteristic polynomial of the Frobenius element

at p acting on the subspace fixed by the inertia group I, evaluated at N(p)~*.

Simple arguments on the bounds of the eigenvalues of the representation show
that L(s, p, E/F) converges absolutely for $(s) > 1. Since the determinant of a

matrix is the product of its eigenvalues, we also have that:

tr(p(ay)™)

log L(s,p, E/F) = Z e

K)’m

Sometimes, we might indicate L(s, p, E/F) by L(s, x, E/F) where x is the character
of p.

We describe here the basic properties of L-functions. For a more complete picture,

see [33] Chapter XII.
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PROPERTIES:

A) If Zp(s) is the usual Dedekind zeta function of the field F', then

Zp(s)=L(s,1,E/F);

B) If x1, x2 are two characters of Gal(E/F), then

L(s,x1+ x2. E/F) = L(s,x1, E/F) + L(s, x2, E/ F);

C)If E' D E D F, where E'/F is also Galois, then any character of Gal(E/F") can
be viewed as a character of Gal(E’/F) (by composing Gal(E'/F) — Gal(E/F) 2%
C), and we have

L(s,x, E/F) = L(s,x, E'/F);

D) If E D E' D F then Gal(E/E') C Gal(E/F), therefore any character x of
Gal(E/FE') induces a character Ind(x) of Gal(E/F') and one has:

L(s,Ind(x), E/F) = L(s,x, E/E");

E) If E/F is an abelian extension then for every character x, L(s, x, E/F) has an

extension to an entire function and verifies a functional equation;

F) If xreg is the character of the regular representation of Gal(E/F), then
L(s, xreg, E/F) = Zg(s).

(This is a consequence of the fact that the regular representation is induced by the
trivial character on the trivial identity subgroup which is the Galois group of L/L
therefore, D) and A) give this claim);

G) The Brauer Theorem for characters, states that any character is equal to a

sum with integer coefficients of characters induced from elementary subgroups (see
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[46] Chapter X). By properties B), C), and D) this implies that any Artin L-function
can be written as product of powers with integer exponents of entire functions, and
therefore, any such a function is certainly meromorphic. Artin had actually conjec-
tured that these functions are always entire whenever xy does not contain the trivial

character;

H) Whenever the Galois group of an extension has the property that every char-
acter is induced by the character of an abelian subgroups (such characters are called
monomials) then the Artin Conjecture holds for such an extension. This is the case

of nilpotent extensions (as well as supersolvable extensions).

2.2 Artin L-functions of L/Q

The Galois group G of L/Q is certainly supersolvable. Thus all the Artin L-functions
of G are entire and by the properties F'), D) and A), we have the following factoriza-
tion:
1-2
20(6) =€) (TL o £/Q)) Lo £/
t=1
On the other hand, if K = Q(2'/%),

-2

Z1(s) = L(8, Xreg, L/ K) = Zi(s) [ | L(s, &1, L/ K) =

t=1

ZK(S)il_[jL(s»XtaL/Q)L(57XlaL/Q)7
the last identity being obtained noticing that Ind(¢;) = x: + x; and applying prop-
erties B) and D). Putting the two together, we get
Z1(s)
(IM=3 Ls, X0, L/Q)) Lis, xa, L/ Q)12
¢(s) (23 Lis, xe L/Q)) Lis, xa L/Q)'H

= = ((s)L(s, x1, L :
(ITI=3 Ls, X0, L/Q)) Lis, xa, L/ Q)12 S Y

ZK(S) =

27



Therefore the zeroes of L(s, x;, L/Q) are in particular zeroes of Zx(s) and
L(1,x:,L/Q) = Ress=1Zk(s) # 0

The identity also allows us to compute the functional equation for L(s, x;, L/Q).

It is indeed a classical result that if K is any number field, and

Fils) = 4T (3) T Zc(s) (1)

(where A =277 d%zw*”K /2, 1, and ry are respectively the number of real and complex
embeddings of K, dk is the absolute value of the discriminant of K and ng its degree

over Q) then Fi(s) = Fi(1 —s).

In our case dxg = 271! ng =1, ri =1, ry = (I —1)/2, and

Zi(s) = C(s)L(s, x1, L/ Q),

So we get:

s
Fr(s) = () r <2> T(s)ED/2¢ () L(s, x1, L/ Q).

™

Using the fact that the value of 7%/2T (%) ((s) does not change if we substitute s
with 1 — s, we get that if

(1/2)s
G(s) = (Z) 20 (s) 5 L(s, vi, L/Q) @)

™

then G(s) = G(1 — s), which is the functional equation.

An asymmetric functional equation can also be deduced using the formula:

T
D(s)P(1— ) = ——;
()T ) sinms’
which is
ll(s—1/2) 1
L(1—-s,x:,L/Q) = m(sm ms) V20 (s) " L(s, x1, L/ Q) (3)

28



These results can be used to determine all the zeroes of L(s, x;, L/Q) outside of the
critical strip. Indeed L(s, x;, L/Q) has just a zero of order Z_TI for s =0,—-1,-2,...

and is non-vanishing elsewhere (outside the critical strip).

We conclude this Section with a classical general result that we will use later (this
result can be found in [31], in that version, though, are missing all the uniformity

conditions which are necessary for subsequent applications).

Lemma 2.1 Let K be a number field, n = [K : Q], d the absolute value of the
discriminant and let Zy(s) be its Dedekind zeta function. There exists a positive

absolute numerical constant ¢y such that in the region

C1

l———————, t>0
- logd(t+2)»  ~ —

Zk(s) has no zeroes.

Proof of Lemma 2.1: We will follow the classical proof for the Riemann Zeta
function (See. [6] §13). Let Hx(s) = 3s(s — 1)Fx(s) where Fi(s) has been defined
in (1). Hk(s) is an integral function of order 1, verifies Hx (1 —s) = Hk(s) = Hg(5)
and admits the following Weierstrass product expansion:

Hg(s) = ™[] (1 — S) e/? (4)

P P

where the product is extended to all the non-trivial zeroes of Z(s).

Taking the logarithmic derivative and using the functional equation, we get

Hje, 1) 1 1\  He,
HK(S)_b+§pj< +>——b—Z<+ﬁ>——H(1—s).

S—p p S \l—s—p K

Since, if p is a root then also 1 — p is, we deduce that

(i (o))



therefore

RE]

Substituting inside the real part of the logarithmic derivative of (1), we have the

identity:
>
P

Now consider this expression for s = 0,0 +it,0 +2it, 1 <o < 2, t > 0. Since

()
s=p) [s—pl

there exist three absolute positive constants cs, c3, ¢4 such that if we take ¢ = v to be

Si >=%<1+ 1-H%A+TJ%”Q+MV“W+ZA@>. (5)

p s s—1 2 I'(s/2) ['(s)  Zk(s)

log(A) < logd and since

the ordinate of the zero p = (8 4 iy, then

Z(lo) _ 1 .
_%ZK(U) <7 + co log(d);

Zh (o + it) . '
miZK(a—l—it) < ezlog(d(t +2)") p—cE
_%Z}((U—f—Qit)

ZK(O' + QZt)

< cqlog(d(t +2)")

because of the Stirling formula for the Gamma function. Finally the standard in-

equality

Z (o) Zy (o +1it) Zy (o + 2it)
’ [_ZK(U)] o [_%ZK(U +it)] ' [_ERZK(O' + 2@'75)1 =1
implies
4 s log(d 2)"
0_6<0_1+c50g( (t+2)").

A choice of 0 =1+ m yields, for an opportune o

C1

O <= etdt+ 27

which is equivalent to the statement.O
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2.3 On the non-Abelian L-function of Q(¢,2'/")

Just for this Section, we will use the notation L(s) = L(s, x;, L/Q), the main goal of

this Section is to prove the following:

Theorem 2.2 With the same notations as above, there exists a positive absolute

constant A such that uniformly

log x
m(r,x1) = ZXI(Up) <L xlexp (—A ? ) )

p<z
Proof: In the spirit of the classical Prime Number Theorem (See. Davenport

[6]), if we define

Al (n) =

xi(op)logp if n is a power of a prime p
0 otherwise,

then it is sufficient to prove that

U(z,xi) =Y Ai(n) < zlexp (—A 10§x) :

n<x

for some absolute positive constant A.

We will need some lemmas.

Lemma 2.3 Let N(T,x;) be the number of zeroes o + it of L(s,x;, L/Q) such that
0<o<1and 0 <t < T then if di is the absolute value of the discriminant of

K =Q(2'"),

T oe L T (logd
N<T>Xl):(l—1)10g—(l_1)+< ng

!
5 108 o 5 ) T+ O(log dxT").
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Proof of the Lemma: If Ny (T) and N(T) are respectively the number of
zeroes of Zy(s) and ((s) in the region in question, then we have that N(T,y;) =
N (T) — N(T) and since, from the classical theory, we know that

T T T
N(T) = —log — — — log T).
(1) 5 log o 2W+O(0g )

It is enough to show that

T T T log dx
Ng(T)=1l—1log — — |—
K< ) 27 8 27 27 + < 27

) T + O(log dgT").

Also, in the same way as in the classical result, we can write

ArNg(T) =S ( - 7{}; (s)ds) (6)

where Hk (s) is the function defined during the proof of the lemma in the last Section

and R is the rectangle, described counterclockwise, having as vertices:
5/2—4T, 5/2+T, —=3/2+T, —3/2—iT .

Since Hg(s) = 3s(s — 1)F, by the residue theorem, we can write that (6) is equal

3</R<i+si1+?;(s)>ds)—47r+$</7€?;(8)d8> (7)

If £ denotes the line from 5/2 to 5/2+4T and then to §+:7T", then using the functional

to

equation, we quickly get that (7) equals:

« [ Fk _ o U(s/2) | T'(s)  Zk(s)
4 4+ 43 EFK(s)ds—47r+4TlogA+4\s/£ <r1/21“(5/2) —i—TQF(S) + ZK(5)>dS

and, by the Stirling formula we know that

I(s/2) 1 ,T) T T (1)
Cx _ 9k - i - _7_ _
J(ﬁr(s/Q)ds>—2\slogF(4+22 Tlog2 T 1 O 7)

and

I'(s) I 1
R =Qlogl' (= +¢T ) =TlogT - T = .
J(LF(S)dS> Slog (2+z ) og —|—O(T>
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This yields

T T T log dk 8—mn [ Z5 ()
Ni(T) = I-—log = — I + T =) +as( ds) .
w7 or 8or  'on ( 27 ) i 8 +0 (T) * J( c Zk(s) °

The problem amounts to proving that

3 ( i Z{E ;ds> = O(log dxT"). (8)

Since Z(s) is real on the reals, we have that Ay arg(Zx(s)) = arg Zg (3 + T). As

in the classical case:

Lemma 2.4 For all T > 0, we have that

1

zp; T =y — Ologdu(T + 2)")

where p runs over all the non-trivial zeroes of Zk(s).

Proof of Lemma 2.4: From the same argument used in the proof of Lemma 2.1,
we know that for 1 < ¢ < 2 and t > 0, there exists an absolute positive constant cg

such that

K(s)
%ZK< ) < colog(dg (t 4 2)")

Since for a choice of s = 2 + T, we have

ZI
‘K(2+¢T)‘ < logdg,
A%

we obtain

>R

! < ¢y log(dg (T +2)").
p g

0’ —
Finally note that

1 _3 1
S A R () R (e

and prove the Lemma.O

As in the classical case we have the following implications:
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Corollary 2.5 For T > 2, we have that

a) N(T+1)—N(T—1)
1 n
b) p7|WZT>1 T = O(logdxT™).0

Now we are ready to prove (8). Take the identity (5) for s = ¢ + T and s = 2 + T,

subtract and get:

Zi(o +4T)  Z4(2+iT) l 1 1
= O(log T — 9
Zilo+iT) ~ Zu@+ar) T O H%: cril—p 21ir—p) < O
O(logdg T + Y L
plT—<1 7 +il—p
the last estimate because for |T"— | > 1,
1 1 < 3
o+il—p 24T —p|~ |y=T/
and
1
S ——— < NI +1) - N(T —-1)=0(ogdxgT").
p?‘T77|<1 2 + ZT N p
Finally,

o [ Zx(s),\ _ o 2T Z (o +14T) o [ [P Zi(s)
N ( c ZK(s)dS> - (‘ /m-T Zi(o +iT) d“) s (L ZK(s)dS> ‘

2

By (9), the absolute value of the second integral is < than

>

pv‘T_’Y‘<1

do+O(logd T") = Y Jarg(o +iT — p)[17,

pv‘T_7‘<1

2-+iT
/ S(o +iT — p)~!
LT

<7 (N(T+1)—N(T—-1))+O(logdxT"),
while the first integral is in absolute value
log (| Zk (2 +iT)| /|1 Zk (2)])]
which is O(().0
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Lemma 2.6 Let x be an integer and 2 <T' < z, then

x’ xl 9 194 9
Y, x)=—Y —+0 (T(log 1zT)* + [*log l) : (10)

< P

where the sum is extended over all those zeroes p whose imaginary part 7y is in absolute

value less or equal than T

Proof of Lemma 2.6: As in the classical case of the zeta function, ¢ (x,y;) is
the sum of the coefficients of the logarithmic derivative, more precisely, if ¢ > 1 and
T is large, then the Lemma in §17 of [6] gives that if:

J(2,T) = 2; /+TT [— i((j))] fds,

then

blev) = T T)+0 [ 3 (Al(n) (i) T“Ogl(m/n”) + CAéF(x) +0(llogz) (11)

n=1

n#x

If we choose ¢ =1+ 1/logx (z° = ex) and we treat the four ranges separately:
<3z, n>%) Br<n<z-2) (r—-2<n<z+2) (z+2<n<3z).

For the values of n, the first range, we have that [log(xz/n)| > 1 therefore the

contribution of these terms in the sum in(11) is

< % l— i((cc))] < %llogl, (12)

where we just noticed that for ¢ > 1

L) (Zk(e) ) _ 1 1 ) o
L(c) (ZK(c) C(c)) + O(logdk) = O(llogl),

and that dx = 2711,
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For the values of n, the second range, set [z] — n = r, and note that 1 <r < z/4

() - )2 b )]

We gather that the contribution of these terms in (11) is

I1 llog®
<<% 3 Al(x—r)r_1<x;gx S ot ‘;gx (13)

1<r<z/4 1<r<z/4

therefore

Analogously, for the values of n in the fourth range, set n — [x] = 1’ (now 2 <

log<x>‘:—log<1—n_x) >>f
n n x

and the contribution of these terms in (11) is

r' < 7+ 1) and thus

zllog®
T

(14)

Finally for the (at most five) values of n in the third range, we have a contribution
which is < llogz. Putting this together with the estimates in (12), (13) and (14),
we get:

Y(z,xi) = J(x,T)+ O (?(log2 z + logl)> : (15)

Now we replace the vertical segment of integration by the other three sides of the

rectangle with vertices
c—1iT, c+idI, U+, —U-—-T

where U is a large half integer (i.e. U = m/2, m odd integer). If T' # ~ for any zero

p = [+ iy of L(s) is the critical strip, the residue Theorem gives
Res [a® L'(s) -1 & o
(s L(s) ) B

m=1

—m

+0 (g;l(log2 x+ 10gl)> + (16)
1 ~U—iT  ~UHT  petiT L'(s) z°
+% { (/c—iT * /—U—z’T i /—U—z’T) ~ L(s) s}
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since by the functional equation in (2), the integrand in J(x,T') has simple poles at
s = p, poles of order (I —1)/2 at s = —m (m > 1), and an extra pole of order 2 at
s =0.

The residue at s = 0 can be estimated as follows: Since L(s) = Zx(s)/((s), and

since 2°/s = 1/s+ logx + ..., we have
Res [a® L'(s) Res [1Z5(s)
- = - 1 . 1
s=0<s L(s)) s:0<sZK(S) +Ollogz) (17)

From the functional equation in (1) and the Weierstrass product expansion in (4) we

get that
SRjSO (i gﬁg) —b—logA+1— (l/2)11:/<(11)) = b+ O(llogl). (18)
If we substitute s = 2 in (4), use the functional equation again and note that
Zyx(2)/Zk(2) < 1, we deduce that
=Y (1—1—1) + O(llogl). (19)
S\2—p p
For the terms of this series with |y| > 1, we have
> SR ’—22 <Z%<<llogz. (20)
Sl2=p ol TR0l T 12—l

The last sum being estimated as O(logdy) using Lemma 2.4 with ¢ = 0. The same

estimate applies to
1

p12 =P
since for |y| < 1 we have |2 — p| > |2 — p|*.
Finally, for |y| < 1, we know that c¢g/logdx < 8 < 1 — ¢g/logdg, therefore

p_l < IOg dK7
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and being the number of zeroes in question < logdx by Lemma 2.3 with T'= 1, we

have

1
> — = 0(log” di) = O(I* log*1). (21)
[vl<1
Putting together the estimates (17), (18), (19), (20) and (21) we gather
Res (2 L'(s)
s=0\s L(s)

) = O(I*log?1) 4+ O(log ). (22)

From Corollary 2.5, we see that the number of non-trivial zeroes p of Zk(s)
for which |y — T'| < 1 is O(llog!T), thus the differences of the ordinates of these
zeroes cannot be all o(1/(l1log!T)). Hence, we can choose T' (varying it by a bounded
amount, if necessary) so that |y —T| > (I1og!T)~" for all the zeroes p. This allows us
to determine a good bound for —L/(s)/L(s) for s = 0 +4iT, T large and —1 < o < 2,
that is

PO 26 ¢ Lo
L) = 29 ) pﬁ_ZTd p— + O(logdyT") < llog”IT (23)

where we have used (9), the fact that by our choice of T" we have |y — T'| >
(log dieT")~! for all p and the fact that the number of summands is here < log dxT".

To obtain a bound for ¢ < —1, we use the asymmetric functional equation (3)
whose logarithmic derivative is

L'(1—s)
CL(1—5s)

We know that cot 7s is bounded if |s —m| > 1/3, that is if

-1 ! L
:llogl+2(210g7r+7rcot7rs+ S)>+L<(SS)). (24)

W

[(1=s)+(m+1)| =

If 1 —o < —1, then I'(s)/T'(s) = O(log2|1 — s|) by the Stirling formula, while the
last term (24) is O(l). Thus

L'(s)
L(s)

< log2|s| +1logl (0 <1), (25)
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provided that circles of radius 1/3 around the trivial zeroes s = —m of L(s) are

excluded.

Using (23) and (25) we have

m/wijT < llog?IT (e vy < zllog? 1T
r ado —_—
—U+iT T —c0 Tlogz '
while (25) gives
“UHT  log? U (T Tllog? lU
/—U—iT < U _T[E dt <K W = 0(1)7 (fOI' U — OO)

Inserting these estimates in (16) we get the wanted claim.O

Proof of Theorem 2.2: The zero-free region proved for Zk(s) in Lemma 2.1

holds also for L(s), therefore, if p = 3+ i7 is a zero of L(s) with v < T < z we have

that
ﬁ<1_lb;T
where ¢ is an absolute positive constant.
We gather that
|2°| = 2 < zexp <_CliZ§ le> : (26)

The sum ZKT% extended over all the zeroes with |y| > 1 can be estimated by

partial summation as follows

>

i<t 7

1_

NKT)+:£Tt2wadt

! Lan
t t) =
/0 (1) = =

< logT(llogT +logd) < 1*log? IT.

The same sum over the zeroes p with |y| < 1 is O([*log?[) as we noted in (21).

Putting these two facts and (26) together with Lemma 2.6 we get

log x xl
—(log lzT)?. 2
o) + ftogta) @7)

U(z, 1) < xl?*log? IT exp (—c T
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We minimize it by choosing 7" such that
llog?IT = logz,

and we get that (27) is

1
< xlexp (—0/2 og;;x)

which by partial summation is equivalent to statement.O

Remark: If we assume the strong Hypothesis that for any prime [/, the Dedekind

zeta function Zg(s) has the zero-free region

then, using exactly the same method we would be able to prove that uniformly for

m(x, x1) < xlexp (—c\/@) : (28)

<z

2.4 An Application to Chebotarev Density Theorem

In this Section we apply Theorem 2.2 to the Chebotarev Density Theorem, obtaining
for the special case of Q((;, 2%/!) a stronger result than Lemma 1.2. This will be used

later in Theorem 3.1, which is actually a motivation for such a result.

Theorem 2.7 There exists a constant B such that uniformly for all I with

- log x
B(loglog z)?’

we have

P(x,1) = #{p <z | p splits completely in Q(¢;,2"")}
- g o (4 )
= l(l_l)ll(x)—i—O(xeXp( Al logz) |,

where A is an absolute positive constant.
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Proof Let xs be the character of the regular representation. That is:

Gl =11-1) if z=1,

Xa(z) =
0 otherwise.
We have that
1 o : :
=] > xalop) = #{p < x| 0, is trivial} = #{p < z | p splits completely in L}.
p<x

On the other hand, yg = x1+. ..+ xi-1+ ({—1)x; is the canonical decomposition

of the regular character, therefore:

1
I(1—1)

3 xaloy) = ey X Ll + 1 )

p<w p<z =1 p<z

The orthogonality relations for the characters of the subgroup H < G give:

1 =1 1 if h=1,
I—1 Z XZ(h) = .
i=1 0 otherwise.

Therefore, the first [ — 1 characters count the number of primes up to x such that
their Artin symbol is trivial modulo H. These are the primes that split completely
in the Cyclotomic field Q({;) (whose Galois group is isomorphic to H). Finally, if
m(x,,1) ={p <z | p=1modl}, then

1

(m(x, 1, 1)+ 7(z, x1)) -

The Siegel-Walfisz Theorem (see [6] in §22) states that given any positive constant
C, if I < (logx)“, one has

1
-1

m(x,,1)=#{p<z|p=1modl } = li(z) + O(z exp(—Ay/log x))
for some constant A = A(C'), uniformly in {.
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This result with C' = 2 and Theorem 2.2 gives the wanted claim.O

We conclude with the following statement whose proof is a consequence of the

Remark at the end of the last Section.

Theorem 2.8 Assuming the strong Hypothesis that for any prime | and for any non-

trivial zero 3+ 7y of the Dedekind zeta function Zi(s), 3 <1 — CW then given any

og

positive constant C, uniformly for | < (logxz)®, we have

P(z,l) = l(lil)h(x) +0 (x exp (—A logx)) :

for some constant A = A(C).O

42



3 ON THE NUMBER OF PRIMES GENERAT-
ING F:

3.1 Extending Hooley’s Method

In this Section we will extend the ideas illustrated in Chapter 1 proving the following

Theorem 3.1 Suppose I, is the subgroup of ¥ generated by the classes of the first
log p primes, let

N(z)=#{p<z|T,=F}

then
N(x)

lim

T—00

> 1—log2.

1/2

Proof: If we assume p > x'/#, then, for every x,

1
I,DOI.,=(p1,...,p), withr = [5 log x|
and

N() > N(@) = #{p < v | I\, = F}}. (1)

Now, as in the standard Hooley’s case, we define for given 7; and ns:

N(z,m) = #{p<az |V, 1<m, |fF,: T}
M(z,m,m2) = #p<w |3, m <1<, [F, Tyl

M(xﬂh) = #{p S x | Ell’ ZZ n2, l|[F; : FT,P]}v
and clearly
N(I) > N(‘ragl) - M(x7§17§2> - M('r7£27£3) - M(J},fg) (2>

where & = 1/4y/loglogz, & = % and & = (log® r)(loglog )% and B is a

fixed positive number to be chosen later.
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e The last term of (2) can be treated as in Theorem 1.1 using Lemma 1.4. We

have that
x
M < < r,,| <
(z,85) < # {p S|l < (log? x)(10g10g$)2}
and since 3;logp; = O(p,) = O(rlogr), Lemma 1.4 gives
N . 1/r
ur 1
(,8) < (log? ) (log log )2 <(10g2 z)(log log $)2> Tt
T 1
. 3
log x log log ¥

e To handle the third term of (2), we will make use of the already quoted Siegel-

Walfisz Theorem, which states that given any positive constant C', then if [ <

(log )¢, one has

m(x,,1)=#{p<z|p=1modl } = ! 1li(x) + O(zexp(—Ay/logz)) (4)

I —
for some constant A = A(C'), uniformly in {.

This result yields to,

M<x7£27£3) S #{pg z ’ E|l> 52 < l < 537 p= 1 mod { } S Z 7'('(33',[,1)
£2<1<&3
1
= ¥ (joli@ + Owexp(~Ay/log2))) (5)

Ea<i<Es

where we have chosen C' = 3 say.

Now recall the Merten’s Theorem that states that for any two positive numbers

1 log b 1
- =1 Of——1.
Z l o < ) " <logb>
It follows that:

a<i<b loga
1 1 1 log b
—— =) S+ > :10g< )—1—0
=1 a<l<b ! a<l<b l<l - 1) 1

a and b,

oga <10;b> O

a<l<b
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Using this result in (5), we get

M(, &, &) < li(z) <1og Gzi Z’) + O((log§2)1)> +0 (ggxexp —cy/log x)

x 1 + loglog log x/loglog x x
< log2 +1
_logx<0g + Og(l—(logB+2loglog10gx)/loglogw +o log x

Xz

x
= log 2 —
log ogsto <1ogx> (7)

e Theorem 2.7 in Chapter 2 is the ingredient to the estimate of the second term

of (2). Indeed, | < & yields to

M(z,&1,6,) < > #{p<a|psplits completely in Q((,2"")}

§1<l<éo

= Z <l(li1)h(x) + O(xlexp (—Al_l/Q\/@>>

£1<I<&
1
&1

1 rlog’x

X
< —li(z) + =o0 , 8
3 i(x) (log log x>410gAB/2x (logm) (8)

< —li(z) + 2& exp (—A@;”z log a:>

where B has been chosen to be larger than 6/A, say.

e To treat the main term of (2), let us set ¢ = [(logr)/?], and note that if

NQ(I,fl) = #{p S x ‘ Vl, l S 517 [ /HF; : Ft,p]},

then N(z,&) > No(z, &), and

N(z,&) = 3 plm)mn (x),

m

where again the sum is extended to all the square free integers m whose prime

divisors are less then & (Note m < %), and

Tn(2) = #{p < x | p splits completely in Q(Gm,pi’™, -, ™)}
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Finally, the Hensel inequality (see (4) of Section 1.1) gives

cnl?logd,, < m%t“(logm + ) logp;) <m* < e < /logu.
i<t

Therefore the Chebotarev Density Theorem (see Lemma 1.2 of Section 1.1)

gives
No(z,&) = z*:u(m) (nlh(x) +0 (x exp (—A ljlg :r)))
> u(m) x 1 1 gz
- mz=:1 Ny loga O (mgfl mt+1h(x)> +0 (65 Texp <—A W))
T 1 =z
:6F10gf+o<§110gx>’ (9)

where dr is as in Section 1.1 and where we used the fact that in this range of

m, ng, < e < /logz.
Putting together the estimates (3), (7), (8) and (9) and using (1) and (2), we get

N(z) = No(z, &) — M(z,&, &) — M(2,&,&) — M(2, &)

x x x x
> or 40 —log?2 40 )
log log x log log x

Therefore, by Corollary 1.9

— N
lim (z) > lim (0r —log2+o0(1)) > 1 —log2
z—oog [logx —

which is the wanted claim.O

The estimate in (8) is the real obstacle to achieve an asymptotic formula for N(z).
Such estimate is connected with the range of validity of the Chebotarev Density
Theorem of the field K = Q((,2Y!). As we have seen in Chapter 2, such a range
depends on the determination of zero-free regions for L(s, x;) and thus of the Dedekind

zeta function Zg(s). Indeed we have
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Theorem 3.2 Assuming in the strong Hypothesis that for any prime | and for any
non-trivial zero 3 + iy of the Dedekind zeta function Zk(s), f < 1— @, then for

almost all primes p, F), is generated by the first [21log p| primes.

Proof. Using exactly the same notation of Theorem 3.1, we now choose & =
1/4\/Toglogz, & =log*z and & = (log® x)(loglog x)2.
The estimate of the main and last terms in (2) is the same, for the third term,

again we use the Siegel-Walfisz Theorem (4) and Merten’s formula (6),

M(z,6,83) < Y (l _1 111(3:) +0 (x exp (—A logx)>)

Ea<i<ts

x 2loglog x + log log log x x
log +o0
log x 2loglogx log x

x
= o0 :
log x

Finally for the second term we use Theorem 2.8, and gather that

<

Mz,é,6,) < Y <l<l11)li(3:)+0<xlexp<—z4 logm)>>

§1<i<ée

N logz )’

and this concludes the proof.O

Remark: It can be proven that the minimal assumption necessary to prove that
N(z) ~ m(x) in Theorem 3.1 is that the Dedekind zeta function Zk(s) has a zero-free

region of the type
c

NIE log dy/'T"

for any prime [ large enough and for some absolute positive constant c.

T72>0

— Y

oc>1

Indeed this would yield to a version of Chebotarev Density Theorem for K valid

up to | < (logx)?, and the rest of the proof would work as in Theorem 3.2.
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Finally note that using this approach improvements, in terms of determining a
significantly smaller set of generators of F), for almost all p, are not possible. The
choice r = log p is in fact imposed by the statement of Lemma 1.4. The next Section

is devoted to analyzing this aspect in a more detailed manner.

3.2 Relaxation of the Hypothesis and Improvements

Our first intention is to prove a version of Theorem 3.1 in which the number of
generators is optimal with respect to the method used. As we have already remarked,
the choice of the minimal number of generators of F for a positive proportion of p’s

is imposed by Lemma 1.4. Precisely

Theorem 3.3 a) Let f be a (monotone) function of p with f(p) — +oo for p — oo
and let T') be the subgroup of ¥, generated by the classes of the first

log p
P
log log p

primes, then for a set of primes of density greater than 1 —log2, we have I', = F,.

b) Let a be a real number with 0 < o < e — 2 and let I', be the subgroup of ¥

generated by the classes of the first

log p
aloglogp

primes, then for a set of primes of density greater than 1 —log(2 + «), it follows that
I, =F,.

Proof: a) The proof starts in the same way as in Theorem 3.1, where we assumed

p > z'/? and noticed that, for every z,

1
FP 2 FT‘,P =<Dp1,---,Pr >, with r = [f(x) W]

2 loglogx
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and

#{p <z | Fp = F;} > N(x7£1) - M($,£1,£2) - M($,£2,€3) - M(‘Ia&i) (1O>
where the notations, & and & are the same as in Theorem 3.1 and &3 will be chosen

later.

The estimate of the main term and the second term are exactly the same, while

this time the estimate of the last term of (10) using Lemma 1.4 is the following:

1/r
M(w,&) < #{pgerwlgl’}«x(ac) rlogr

€3 &\ &
< Llogz)!@ f(a)logz < #(log ) ) (11)
&3 &3

where we have put € = e(x) = 2/f(z) + (log f)/loglog z and assumed that f(x) <
log log x, say.
If we now choose & = (log z)*™loglog z, we get that (11) is

x
L—m—.
log x log log x

Finally we deal with the third term similarly as we did in Theorem 3.1, using the
Siegel-Walfisz Theorem and the Merten’s Formula:

M(x,&,83) < Z (l _1 111(3:) + O(x exp(—A log:c)))

§2<i<&s
< li(x) <10g (Ei 2) + O((log§2)1)> +0 <§3x exp —cy/log x)
x 1+ €(x)/2 x
= log <10g2 T log (1 — log(B(log logx)Q)/loglogx>> o (logx)

x x
= log2+o ,
log log x

and this concludes the proof of a).
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b) In this case we need to be a little more careful with the definition of r. We
can assume that p > 2179@) where €(z) is a given function which is o(*£%2%)  and
g x

therefore we define

" [(1 B 6(x))od(l)oggl(gfg x]

and the rest is as in a).

The last term is

1/r
M(z,6) < # {p <al||m,l< } <Z () rlogr < - (log ) /(1<)
’ &3 &3 \ &3 &3

and choosing & = (log 2)2+*/(1=<@) Jog log , we would make it o(x/logx). Finally

the estimate for the third term is:

M(z,&,8&) < li(z) <log GZi §z> + O((log 52)1)> +0 (fgx exp —cy/log x)

< g2+ ———) 40—
0 —— | +o
~ logx 8 1 —e(x) log =

x x
= log(2
log x o8 +Q)+O<logw)

and this completes the proof.O

Now we turn our attention to another aspect. Note that neither the proof of
Theorem 3.1 nor the one of Theorem 3.3 use in any way the fact that each I', is
generated by the first [log p| primes except for the fact that the sum of their logarithms
is < log ploglog p and that lim, .., opr = 1. The statement remains true if we consider
a sequence ay, as . .. of multiplicatively independent integers such that for any r,

r
Zlogal < rlogr and rlLrglo or = 1.
i=1
It is conceivable to ask if a choice of aq,...,a, exists for which we could prove a

stronger Theorem. That would amount to having a better estimate for the sum of
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the logarithms. For this purpose one could set
T(r) = min {Z loga; | ai,...,a,, multiplicatively independent r—tuple} )
i=0

The following holds:

Proposition 3.4
Y(r)=rlogr +O(r).

Proof: For any multiplicatively independent aq,...,a,, we can assume

ay > 1,...,a, > r, therefore

> loga; > logi =logr! =rlogr —r+ O(logr)
i=1 i=1
the last identity, by the Stirling formula. Thus

Y(r) >rlogr + O(r).

h

The choice a; = 2,...,a, = p,, the pt prime, and the Prime Number Theorem,

prove that
T(r) <Y logp, = p, + O(p,exp —Ay/log p,) = rlogr + O(rexp —Ay/logr).00
i=0

Although many of the results that we will state can be extended to any sequence of
multiplicatively independent integers, from now on we will only consider the sequence

of the prime numbers.

It is now clear that the problem amounts to estimating the number of those primes
p < x for which [F} : I';] has a prime divisor in the range (log! =@ g JogZte2(® z)
where ¢;(z) = o(1). We note that it is enough to restrict our attention to those
primes for which the prime divisor is in (logx,log” ), since by the argument we

already used more than once (the Siegel-Walfisz Theorem and the Mertens Formula),
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1—e1(x)

that the number of primes p for which p — 1 has a prime divisor in (log z,log x)

or in (log? z, log?*®@ z) is o(n(x)).

We can also assume that [F) : T',] has exactly one prime divisor in (log z, log® ).
Indeed, if p is a prime in the set under consideration for which this is not the case,
we would have

p—1_ 332
lllg _log xz

i, b, by |[Fy 2 T

= |Fp| <

and an application of Lemma 1.4 shows that the number of such primes is o(7(x)).

Finally for the same reason we can assume no divisors of [F, : I';] are > log” .

Putting these remarks together, we have the following

Proposition 3.5 With the same notation of Theorem 3.3, for almost all primes p
up to x either
F,=T,

or the index [F) : T';] has exactly one prime divisor in the range (logz, log® z) and no

divisor > log® z, i.e.

N(z) = loz:c —Alz) +o (loéx) ’

where

Ax) = {p <z |3JNe <logx,log2 x) F, T, and [F) - Ty ] < logza:} .0

This fact will be used in Section 3.3. We conclude the Section mentioning how

this argument can be extended to the case of any r — o0, in particular the following

holds:

Theorem 3.6 Let r be a function of p that tends to oo, then for almost all primes

p, either I' = F, or

3, U[Fy, - Ty] with | € (logp, rpt/T logp) , and [F:T,] < rp*/" log p.O0
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Corollary 3.7 Let a > 0 be fired. For almost all primes p either F, is generated by

1 logp :
the classes of the first o Toglogp PTUmeEs, or

3N, U[F; Ty with | € (logp,log>™p), and [F}: T;] < log”* p.0

As we have seen in Proposition 3.5, the problem is now to determine upper bounds

for the quantity:
Ax) = {p <z|3Ae (10gx,10g2 :L‘) , |[F, - T,], and [Fy : T, ] < log? m}

where we can suppose r > log x. We already noticed that the Siegel-Walfisz Theorem

and the Merten’s Formula, give:

A(z) < log2 oo,
log = log x

The idea that allows one to improve this upper bound is coming from the Brun’s

Sieve, more precisely we will use the following result:

Lemma 3.8 Let B, (x) be the number of primes up to x for which p—1 is not divisible

by any of the primes in the interval (log x,log" x), then we have

Proof: It is an application of the version of the Brun’s Sieve that is on Theorem

2.5" at page 83 of [18] to the set:
A={p—1|pisprimes,p < z}.

Hypothesis (Ry) and (Ri(k,a)) are easily satisfied, the latter using the Bombieri-
Vinogradov

Theorem.Ol

The application to our problem with the following:
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Corollary 3.9 With the same notation as above, for any r,

Aw) < 27 +o< v )

2 log x log x

Proof: We have that

Ax) < {p <z|dle (logx,log2 x) , L[F FT]} =m(z) — By(x) ~ ;w(x).l]

We conclude with

Theorem 3.10 a) Let f be a (monotone) function of p with f(p) — +oo for p — oo
and let T', be the subgroup of ¥, generated by the classes of the first

log p
(p
log log p

primes, then for at least half of the primes p, we have I', = F.

b) Let o be a real number with 0 < « and let I', be the subgroup of F, generated

by the classes of the first

log p
aloglog p

primes, then for a set of primes of density greater than ﬁ, it results I, = F.00

Proof of b): The proof goes as the one in Theorem 3.3, except that to estimate

the third term we make use of Lemma 3.8 with n = 2 + .0
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3.3 A Density One Result

We will discuss in this section a method to find an estimate for the size of the set
p—1
Hoo(w) = {p < | I ==}
m

where m is a given integer greater than one and r a function of p that tends to infinity.

The idea is that I'. is a subgroup of the cyclic group F), and therefore is itself
cyclic. For any integer m, m = 1(mod p), the subgroup of m-th powers is a subgroup
of F, of order (p—1)/m and since a finite cyclic group has a unique subgroup for every
divisor of its order, we deduce that I',. is the group of m-th powers mod p. Since a
group is made out of m-th powers if and only if it is generated by m-th powers, this

implies:
H,,(2) ={p <z | p=1(modm) and p; is an m-th power (modp) Vi =1,...,r}.

If n,(p) is the least prime which is not congruent to an m-th power (modp), then

we can also write:
Hyr(x) ={p <z | p=1(modm) and n,,(p) > p,} .

As r grows, the possibility that all the p;’s are m-th powers becomes less probable.
The idea is to find the minimum r such that H,,,(z) is o(L7(z)). We will do this

making use of the large sieve, the proof of which can be found in [6] or [2], that is:

Lemma 3.11 (The Large Sieve)
Let N be a set of integers contained in the interval {1,...,z} and for any prime

p <z, let Q, = {h(modp) | Vn € N',n # h(modp)} and
2]
L=Y o) [ —5-
2 r@ 1l =0

q<z plg
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then
2 + 3z2

V| < 7

.0

In our case, let N' = {n < z | V¢|n,q < p.} and note that if p € H,, (), then
2, D {h(modp) | h is not an m-th power (modp)}

therefore, for such p’s, [, >p—1—(p—1)/m and

€2, m—1
L> > H,..(z)].
> 5 )

pEHm,T'($

Applying the Large Sieve with z = 22, we get:

Theorem 3.12 Let U(s,t) = #{n < s|| Vg|n, q < t}, then

8x? -
(m (e p,)

H,, . (z) <

Estimating the function W(z,y) is a classical problem in Number Theory. In 1985,
D. Hensley proved (see [22]) the following:

Lemma 3.13 Let u = %gé; and let p(u) be the function determined by:

p(u):l Zf OSUJSL
up'(u) = —p(u—1) if u>1,

then, for 1 +loglogz < logy < (loglog 2)?, and € > 0,

U(z,y) > 2p(u) exp(—uexp(—(log y)*/*~9)).0

In our case, this gives:

26



Corollary 3.14 Letr be a function of x such that log p, € [1+loglogz?, (loglog x?)?
and let w = 2logx/log p,, then

H,,(r) < m’1L exp (u exp (—u exp (— log®/57¢) pT))) .0

p(u)

An asymptotic formula for p(u) was found by de Bruijn in [10] and is the following:

Lemma 3.15 Let u > 0, then

log1 —1 log 1 2
p(u) = exp § —u logu+1oglogu_1+M+o M O
log u log” u

In our case we get the following:

Theorem 3.16 If p, > log”z then

1
H,,(r) < — *

log ©
m
exp { 2loglogx }

= o(m(x)).

Proof: From Corollary 3.14 and the asymptotic formula of Lemma 3.15, we can

write the estimate:

1 log1
H,.(r) < p” exp(u(logu +logyu — 14+ O <()ig()iu>)).

where u = 211;“ . Now, take p, > log® x, and note that
g Pr
T logs x
u= 12052953 logu = log, © — logg z; log, u = logs x + log (1 — 10221)
and log u =< log, x; log, u < logg x — }zizz = log, x.
Therefore

1 1 |
mH,, () < exp{looggg; (logzx —logs z + (logy 2 — 10g3 :C) 140 ( og3x>>} <

2 082 T log, z
1 log, x x
expqlogz (1 — +0 L ———— =o(n(x)).0
1 1 2 log x
082 ¥ 082 ¥ exXp { 2 log logx}
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Remark:
The choice of p, = log?z is not optimal in Theorem 3.16. A simple but long calcu-

2
lation shows that if p, = (1(’%) , then the asymptotic formula on Lemma 3.15 gives

L (r00EE)

p(u)

the estimate

Y

2
which is useless to our purpose. However, if we fix § < 1 and set p, = (loffsw) , then
the same calculation gives

L<<x(l—lig;“w—liggi*()(izgz))
p(u)

Y

which is a valid estimate and is the optimal one.

We are now ready to prove:

Theorem 3.17 Let I', = (p1,...,p,) be the subgroup of ¥, generated by all the

primes up to p, = log®p (r ~ lg;’glzgpp), then for almost all primes p,

r,=F

Proof: We want to estimate the size of the set

Sz{pgxl [F*:Fr}>1}.

p
The index [F; : Fr} can be at most z since it is a divisor of p — 1.

Since we may suppose p > z'7¢, we can take p, = log’p > (1-— 6)210g2:c and

apply Theorem 3.16, to S,

§= 3ty = (3 1) Ty s

m
m=1 2loglog x
Remarks:
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a) This is an improvement with respect to the result of Burgess and Elliot of [5]
deduced in Proposition 1.11 where for almost all primes < z, the size of p, (least

primitive root) was proven to be > log? z(loglog z)*;

b) Improvements to this result using this approach do not stay in the possibility to
apply a stronger version of Lemma 3.13 (which exists in the literature, see for example
the work of A. Hildebrand in [23] or Canfield, Erdos and Pomerance in [8]). It is the
asymptotic formula of De Bruijn for the function p(u) that forces a choice p, of size

close to log? z.

29



4 MORE ON PRIMITIVE ROOTS

This Chapter is devoted to the problem of finding a uniform asymptotic formula for
the number of primes p up to x such that s distinct numbers (which for simplicity
we suppose to be prime) are all at the same time primitive roots (modp). It turns
out that, under the assumption of the G.R.H., there is always a positive density of

primes with such a property.

Heuristically, the probability that a prime [ divides one the indexes [F, : (p1)]
or [F, : (pg)] is the probability that p splits completely in the fields Q(Q,p}/l)
and Q(Cl,pé/ l), minus the probability that p splits completely in the compositum
Q(Q,pi/ l,pé/ l). By the Chebotarev density Theorem, we get that the probability
that [ does not divide both the indexes is

1 1 1
" ([Q@l,pi”) Q) QGAN A QG Q]) |
Multiplying for all primes [, we get the formula:
20 -1
o= 1 (- a)
A natural generalization of this argument to the case of r distinct primes with the
application of an inclusion exclusion principle, yields to:
1 1\°

5:l£me(1_H[1_(l_z> /)
We will prove that this heuristic argument is correct with the assumption of the
Generalized Riemann Hypothesis and some adjustments of the same type of those
noticed by Lehmer in the case of the Artin Conjecture for primitive roots. This will
be applied in Section 4.3 to the problem of determining the least prime primitive root

modp for almost all primes p.
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4.1 Another Generalization of Hooley’s Theorem

We present in this section a very natural generalization of Hooley’s Theorem for

primitive roots.

Theorem 4.1 Let P = {pi1,...,ps} be a set of odd primes, L(dy,...,ds) be the

compositum field:
L(ds,...,ds) = [] Q(Ca, p ™),
i=1

nd1 7777 ds = [L(dl, Ce ,ds) . Q], CLTLd l@t
Define
Np(z)=#{p <z |Vi=1,...,s p;is a primitive root (mod p)}.

Then, if the Generalized Riemann Hypothesis holds for the fields L(dy,...,ds), we
have that

x xloglogx
N. =0 O| ——=—¢ ) logp;
(1) Plogz + ( log 00; ng)

for some absolute constant ¢y, uniformly respect to s = |P| and p1,...,ps.

Remark: It is not straightforward to see that dp is well defined nor that it is non
zero. Indeed, the series defining the density, converges absolutely. We will assume it

for the moment and prove it in the next section in Corollary 4.12.

Proof: We will follow the same approach of Hooley who first noticed that in

order pq,...,ps be all primitive roots for the same prime p, one has to have that
Vi prime, [ f[F, : (p;)],Vi=1,...,s,

therefore

Np(l’) - Np(x,y) + Mp(.%‘,y)
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where
Np(x,y) :#{pgx | VI prime,l <y and Vi=1,...,s1 ([F,: <p1>]}
and

Mp(z,y) = #{p < x| 3l prime, [ > y with [|[F}, : (p;)], for somei=1,... ,s}.

We choose y = 6—2 log x for a reason that will become clear later.

xloglogx &
Step 1): Mp(z,y) < #silogpi.
log"z =

Clearly
MP(SC, y) < Z M{Pi}(xv y)?

i=1

therefore it is enough to show that, uniformly with respect to P,

This was proven already by Hooley in his original paper [26], and we will report it
here just for completeness.
Note that
Mg (z,y) < [Al +[B|+[C],
where
A={p e My (z,y)| [F}: ()]l > 2 logx};
1/

B = {p € Migy(x.y)| AF} : ()], 2y <1 <2 loga}s
O ={peMy(a.y)| HUF;: (@))y <1< gz

|A| can be estimated as follows:

l|[F}, : (g)] implies that
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1/2

Therefore, since [ > z'/*logz and p < x, any prime in A must divide the positive

product

I @ -1.

m<zl/2log 'z

Now note that the number of divisors of a natural number N is O(log V), therefore

x
Al <« > mlogq < —5—loggq.
m<zl/2log l z 10g X

| B| can be estimated as follows:

Retaining only the condition I|p — 1 for the primes p € B, we get

|B| < > m(x, [, 1).
m1/2
logz.r

<I<zl/?logx
By the Brun-Titchmarsh Theorem, we know that

X

m(x, 1) K (1 —1)log(z/1)’

We therefore deduce that

T 1 T
1Bl < —— > 7<= > —
logz [ log®z l
£g721<l§x1/2 log = £g721<l§x1/2 log =

from which it follows from the easier Merten’s formula that

1/2 1 1
B] < —5— (log (/2 logz) —log [ "5 | + O(1) ) = O 257 )
log” x log” x log” x

|C'| can be estimated as follows:

We have already noticed that I|[F} : ()] is equivalent to the statement that p splits
completely in the field Q((;, ¢'/!), the version of the Chebotarev Density Theorem

that assumes the validity of the Generalized Riemann Hypothesis for such fields is:

P(z,l) = #{p < x | p splits completely in Q((, ql/l)} =
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1
I(1—1)

li(z) + O(z?logz - 1 - q).
If we use this formula we get:

Cl= 2> Plh)=

1
[z I~ 1
y<i< 22 y<i<:® 2l/2 ( )

__loga: gac

O(l < >+O< 10gq>
y log x log?

Taking into account that y = é log x, we get
x
|IC] =0 < 5 310gq> ,
log” x

Step 2): We can now turn our attention to Np(z,y). We claim that

li(z) + O(:El/2 logz -1 - q)] =

which is the desired estimate.

= i:---iu(al)---,u(as)P(x,al,...,as) (1)

where the * over the sums means that the sums are extended to those values of q; for
which all its prime divisors are less than y (note that this implies a; < eV = x1/3%),

and

P('xvalv"'7as):#{p§$|ai

[F: - (p,)] vz:1,...,s}.
This claim can be proven by induction on s: If s = 1 then we have the standard

inclusion-exclusion principle:

*

Npy(z,y) =m(z) = > Plz,l)+ > Pz, ll')—--=> pla)P(z,a).

I<y l<y,l'<y a1=1

Similarly, for 0 <t < s, define

-Pt(xaat-l-lv"'? ) #{pe N{pl ----- pt}(x y)

a;

[F) o (pi)] Vi=t+1,... s}

Clearly

Py(x,a1,...,as) = P(x,aq,...,a)
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and the recursive relation holds;

Pz, ai41,...,a5) = Z,u(at)Pt,l(x, Qg ..., 0a5).
at

Hence inductively

No(iry) = Poa) = Y plas) -3 plan) Pl an, ).

al

Now note that the condition a; |[F} : (p;)] is equivalent to

p splits completely in Q(Cai,pg/ai),

and that a prime splits completely in a set of fields if and only if it splits completely
in their compositum.

Therefore a;

[F) : (pi)] foralli=1,...,s, if and only if p splits completely in
I1Q(.2") = Qs 21/ - DY ™).
i=1
We gather that
P(z,ay,...,as) = #{p <z | p splits completely in L(ay,...,as)}

and the Generalized Riemann Hypothesis allows us to write the Chebotarev Density

formula:
1 Da a
P(z,ay,...,as) = li(z) + O <x1/2 <logx + 28 Zanen s))
Nay,....as Nay,....as
where D, .. is the discriminant of L(ay,...,as). Recall that by the Hensel Inequal-

— s Zoglay, - . ., as] + Zlogpi,

nal 7777 as =1
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since only py, ..., ps and the primes dividing [a1, . .., as] ramify in L(aq,...,as). Now

substitute inside (1) and get:

— i"'iﬂ(al)”'u(as){ li(z) +0 <x1/2 <logx+ bgDal@))} =

Nay,....as ai,...,as

Spli(z) + O ( 3 p?(a) - ./ﬂ(as)) liz)+

(a1,...,as)€S Nay,....as

a1<e?y,...,as<e2V i=1

0] ( > /2 (loga: +> logp: + loglas, . .. ,as]>) (2)
where S is the set of s-tuples of positive integers where at least one of the component

is greater that y. We will prove later in Proposition 4.4 that

2ay) - p2(a)
Z p*(ar) - - - p(as) <4
(a,...,as)ES Nay,....as Y

for some absolute constant ¢; . In our case 1/y < s/logx therefore (2) is equal to

x
5Plogx +0 (10 sclzlog]%) +0 ( Z log[al,...,as]> )

a1<e?y...as<e?y

Finally note that if aq,...,as are square-free numbers with prime divisors less than

y, then also [ay, ..., a,] has the same property, thus

Z logla, ..., as] < Z y <y’ < 2 logx

a1<ey...as<e?y a1<e?y...as<e?y

Hence

Np(z,y) = op

O (10 5 COZbgpz) .

which, together with step 1) proves the Theorem.O

lg:v
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4.2 Calculation of the Densities

We can now give the expression for the density dp, and as we did in Section 1.2, the

first step is to calculate the dimension of the fields

L= Loy, = [TQ (Gorp"™) = Qs ™ 1Y),
i=1

for any s-tuple aq, ..., a, of square-free integers. This is done in the following:

Theorem 4.2 Let n = ng,. 0, = [L:Q], M = [ay,...,as] and suppose P is the

product of those p; such that p;|M and a; is even. Let t be the number of prime
factors of P, then
¢(M)a1 Cee Qg

n= e

with
t if Vg|P,g=1 (mod 4),

t—1 if 3¢|P,with ¢ =3 (mod 4).

Proof: The argument is similar to the one in the proof of Theorem 1.5. We can

suppose, with out loss of generality, that P = p; - - - p;, and define

Co=Q(Cy),  Ci=Cii(p'™).

Clearly L = C and

[L:Q] =[Cs:Csa]---[Cy: Ci]p(M).

Step 1): For 1 <i <, it results [C; : C;_1] = a; or a;/2 .
Since z* — p; splits into linear factors over C;_1, we have that [C; : C;_4] = %, if q|d

is a prime, then we have the fields:

Ciz1 C Ci_l(pi/q) C (.

67



Now, either ¢ =1 or
a;

[Cima(p7) : Cia]|[Cy = Cia] = i

1
and since a; is square-free, we deduce that p;/ € C;_;. FEither p; € Cy which imply
q = 2 since the only subfields of a cyclotomic field of the type Q(pl1 / ?) are quadratic,
or Cg(pz1 / ) is a Kummer extension of degree ¢ of Cy. Now by Galois Theory, we get

that such an extension has to be of the following type:

Co(pi'") = Co ((psy -+ 1))

where 1 < 51 < s9-++ < s < i — 1 Finally, the Theory of Kummer extensions, (See

Lemma 3 at page 160 of Cassels and Frohlich [7]) implies that there exists 0 < i < g—1

, 1/q
(pzz> c 007
(s, =" Psy.)

Step 2): [C;: Ci_q] = a; for t < i < s.

such that
which again implies ¢ = 2.

In the case a; odd then clearly Step 1) implies Step 2), thus suppose a; is even and
[C; : Ci—1] = a;/2. In this case, we have that Vi is in C;_; because a; is square-
free ([Ci—1(y/pi) : Ci—1]|a;/2). This implies that p; ramifies in C;_;, but since, by
the Kummer Theory, the only primes that ramify in C;_; are py,...,p;_1 and those
dividing M, we get a contradiction and conclude that [C; : C;_41] = a;.

This also implies that [Cs : C] = a1 - - as.

Step 3): If every prime dividing P is = 1(mod 4), then [C; : C;_1] = a;/2 for every
1< <t
From the Theory of Cyclotomic fields we know that a generic quadratic subfield of
Co = Q(Cur) is of the following type:

Q( (;) D) , where D |M |
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since (’71) = 1 if and only if ¢ = 1(mod4), we deduce that ,/g; € Cy and the Galois

group of C; over C;_; is generated by the map

. 1/&,’ 2 1/(11'
0:D; 2 GyD;

(note that o(,/p;) = (o*(p;/ai))‘“/2 = /Pi), which has clearly order a;/2.

In this case we have [Cy : Co| = ay - - - a; /2"

Step 4): If it exists ¢ | P with ¢ = 3(mod 4) (we assume, without loss of generality,
that ¢ = p1), then [C] : Cy] = ay and [C; : C;_1] = a;/2 for every 1 < i < .
The assumption [C} : Cp] = a1/2 would imply again that \/p; € Cy. By the same
argument of Step 3), this implies that the Legendre symbol (;—11) = 1; which is a
contradiction. Therefore we are left to show the second part of the statement of this
Step.
If 1 <@ <t then \/p; € Cy because, either p; = 1(mod4) and thus \/p; € Cy C (1,
or p; = 3(mod4) and /pip; € Cy hence /p; = \/p1pi/+/P1 € C1. In both cases, the

Galois group of C; over C;_; is generated by the map

. l/ai 2 l/ai
0:D; 2 GyD;

which again has order a;/2.

Finally, in this case we have [C} : Cy] = a; - --a;/2""" and this concludes the proof.0

Corollary 4.3 We have the following lower bound for the dimension ng, ., of the

field Ly, .. 4, over Q:

o(la, ... as))ay - - - as

Nay,..as =

We have now enough tools to prove the property we used during the proof of

Theorem 4.1.
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Proposition 4.4 Recall that S = {(a1,...,as) € N*| Ji with a; > y}. It results
that

2 2 S
p(ar) - p*(as) _c
2. 1 (3)
for some absolute constant c;.

Before proving Proposition 4.4, we need the following technical Lemma:

Lemma 4.5 Consider the multiplicative function d,(n) defined as the number of ways

to write n as product of t natural numbers, and denote:

ot)= 1] (1+ k; )

[ prime
we have:

o(t) < ¢(2)*.

Proof: Note that d,(12~1) < d,(I%), therefore

L+ <dt(l) LG ) <142 (dt(ﬂ) G )

l E E I
di(12)  dy (1) ? 1 1 2t
§<1+ p Tt =<1+l2+l4+ ) :

Hence

)< ] <1+ +l14+ >2t:((2)2t.m

| prime

Proof of Proposition 4.4: First note that from Corollary 4.3, we get that

o([ar, ... as])ar - as

>
Nay,...as 2 9s ;
therefore (3) is
2 2
s p(ar) - - p*(as)
<2 E , 4
5 a1 -ad([ar, ..., a,]) (4)
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But the sum on (4) is completely symmetric on the a;’s, therefore is

v )

< 2%s
a1 >y al"'a’sgb([al?"'?as])

crsy O 5 ! . (5)

a1>y a (az,...,as)ENs—1 ag - -+ as(b([aQ’ o ’GSD

Using the multiplicative function defined above and the function v defined as

v(n) =1]p

pln

we can write that (5) is equal to:

e 00) & ) () & dua(B)o(a,b)
25 T @) 2t s o)

Since all functions inside the second sum are multiplicative, we can write (5) as

o 1) o((a0) (dia(l)  dn(®)
2s§¢(a)algme{1+ 0 < ot >}<<

2°so(s—1)> ’;zg;}l (H 3 dsllk(lk)) .

lla k>0

If we can prove the estimate:

where

2 k s
ap(a) ds1(I") _ a
f a) = =g a )
then the estimate for the function o(t) of Lemma 4.5 would imply the claim.

From the Theory of Dirichlet series, we know that (6) is

o
< / (f)dx,
Y s
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where F'(z) = Y,<, f(n) is the average of f. If we could prove the asymptotic
formula:

F(z) ~o(s—1)x, (7)

for x that tends to infinity, then we would have that (6) is

<</°° a(s—?)l):z:dx: a(s—l)'
y x Y

To prove (7), we make use of the Dirichlet series:

-3 18 )

Since f(n) < (loglogn)®, we know that H(z) converges in the semi-plane R(z) > 1

and we can write the Euler product expansion:

H(z) =] (1 + lll—ll d;,j) = ((2)K(2)

k>0

ot 4 0

k>0

where

converges for R(z) > 0. This decomposition gives an analytic continuation for H(z)

and therefore we can calculate the residue at z = 1 of H(z) which is going to be

lim(z — 1)¢(2) K (2) = K(1) =[] (1 - ; + ; (1 +3 dsllk(lk))) = o(s — 1).

l k>1

The Ikehara Tauberian Theorem (see [33], page 311) implies the claim of (7) and the

Proposition results proven.O

Remark: The details used in the last part of the proof of Proposition 4.4 are
missing from the original proof of Hooley in the case s = 1. In that circumstance
the level of precision that we need here for the application on Section 4.3 was not

required.
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whenever ([dy,...,ds],p1---ps) = 1, it results

..... ds — dl e 'ds¢([d17 ce 7d8])7
this leads us to consider the function:

A, — i i plar) - - - plas)

a;=1 as=1 a’l"'asgb([alv""as])'

Our goal is to show that Ay # 0 and that lim, .. Ay = 0, the best way to do this
is again to express Ay as an Euler product. This will also confirm the heuristic

argument illustrated at the beginning of this Chapter.

Proposition 4.6

We need two lemmas:

Lemma 4.7 For any prime [, let it be given a function oy, and define

Teala) =3 . S (”(“;)‘“”(‘”“) 11 Oq), 9)
)

a1:1 at+1=1 1+ at+1 l|[a1 ..... at+1]

(note that T's(1/(1 — 1)) = A,) then:

Ft+1(04l) =TI (alll__;l> H ( - O;) .

prime

Proof: The right hand side of (9) is equal to:

DS —”(‘“):::“(at) I « Zﬂ I «f. (0
a;=1 ar=1 a1 ay U|[a1,...,at]) e=1 L lag,...,as,x]

73



where we just renamed a1 to be x. Note that for any multiplicative function f(n)

and H € N, if we define
F(n) = p(n)f([H,n]/H),
then F(n) is again multiplicative. If we take H = [a1,...,a,] and f(n) = [, a;, we

get that (10) is equal to

o) 0 .. 1
ZZ(W I az) I |1-- I «||. a1
ar1=1 ar=1 1 t (lt] q prime q I [?1 ..... at,i]]

Aq ey at

Since 1 ‘% if and only if [ = ¢ and ¢ fH, we gather that (11) is equal to:

Sos(ted goa) m (o) 1 (),

ar=1 " Ul[a1,...,a¢]
qlfay,..., at]

Multiplying and dividing by the missing terms, we get the claim.O

Lemma 4.8 Define inductively the functions 3; = (;(1) in the following :
[—1
[ — ﬁn—l 7

A= T f[(l—ﬁ”l(l))

| prime n=1

ﬁl and ﬁn = 6n71

T -1
then:

Proof: By induction on s, the case s = 1 being the definition of the Artin

constant. Lemma 4.7 implies that:

A, =Tu(3) =Toa(B) 1 (1 _ 51(1)) _

! prime l
L) T (1-20) (1-20) -
n(ﬁs)l }'[m [Hi (1 - ﬁi;“)].
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Finally

nis) =3 s = 10 (1-%42),

a=1 @ lla | prime

and the claim follows.O

First Proof of Proposition 4.6: Note that by the inductive definition of the
0;’s, we have that

(1 B ﬁil(l>> (1 B ﬁHll(l))

and, more in general

() - 0-)) -6

Finally
N - I;Ime l(l B ﬂll(l)> (1 B ﬁs—ll(l)> <1 B ﬁsl(l)ﬂ _

(-5 () (o (00
L0 Cmmn (=0)7)))

Substitute (1) = 1/(I — 1), and get the claim.O

Il
N
—_
|
IS
—~
o~~~
SN—
/
—_
|
/N
—_
|
o~ =
N————

%)
~—
~__—

Second Proof of Proposition 4.6: If we define

then it results
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since the lowest common multiple of square-free integers is itself square-free.

We now claim that f(m) is multiplicative, which imply:

A= ] <1+lf_(l)1>. (12)

[ prime

Indeed, if m and m' are coprime integers, then the map
(a1,...,as), (b1, ..., bs) — (aiby, ..., asbs)

is a bijection from the set of s-tuples of integers with lowest common multiple m cross
the set of r-tuples of integers with lowest common multiple m’ to the set of s-tuples

of integers with lowest common multiple mm’, whose inverse map is given by:

(c1,...¢5) — ((er,m), ..., (cs,m)), ((c1,m), ..., (cs,m)).

We gather that

no__ payby) - - - p(asbs) _
fmfe) = Y% e

Finally, if [ay, ..., as] = p, then each a; can be equal to 1 or to p, and each possibility

is possible except a; = 1V2 = 1,...,s. Hence

Substitute in (12) and get the claim.O

Corollary 4.9 With the same notation of Theorem 4.1, we have that:

A=0 <2—81) |
log s
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Proof: For any fixed N > 0, we have that:

I<N
1#£2

1 S
where f(l) = (1 - (1 - l) ) Note that in such a range for [ it results

0 (1= (-4 )1

as N tends to infinity. Hence

2°A, <exp{l<z;vlog (1{(1\71)>} <<exp{l<z;v (l—11> f(N)} <

172 172
exp — {(log log N)(1 — e*%)} .

Now take N = s/log s and get

1
2°A, K ——exp (log log(s/ log 5)5_1) <

.0
log s log s

Theorem 4.10 Let P = {p1,...,ps} be a set of odd primes, suppose P is the subset
of P of those primes congruent to 1(mod4). With the same notation of Theorem 4.2
and Proposition 4.6, it results
o0 o0 _ (=
5792Z...Zu(al)'”ﬂ(a‘s):;As{H ! +H1+% (;;)O‘p}’
A1 yenstls

a1=1 as=1 n peEP 1 + ap p€75 1 + Olp

where o, = zﬁ ((1 — %)s — 1).

Proof: To make the notation lighter, we will indicate the s-tuple (ay,...,as) by
a, the product a; - - - as by @ and p(aq) - - - p(as) by p(a). We also say that a is odd if

all its components are odd.
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Furthermore, for any subset I of [s]“/{1,...s}, we denote by P; the product of
elements in I and by I the subset of I of those i’s for which p; = 1(mod4). Now call
[a]! the set of s-tuples of integers for which a; is even for all i € I and q; is odd for
all i € I. Tt is clear that {[a]’} e[s) is a partition of N*, therefore

ia u(a) (=1)Hl 2% u(a)
XN =3 Y A=Y i ¥

Mo ICislacla)f e IC[s)

Where7 if Q = (Plv [Q]))
v(Q) if Q| Py
Br =
v(Q) —1 otherwise
the possibility ¢ = 1 belonging to the first case. We gather that

2°u(a) 2°u(a) pla) pu(a)
— — — = 2V(PJ) — — + — =
a%;d ag(la]) Jgf a%d ag([a)) % a%‘;d a¢([a)) zg: 2 ao([a])
Pjy=(Pr,la]) - Py=(Pr,la]) JCI Pj;=(Py,[a])
1 p(a) p(a)
— 2V(PJ) _|__ —
2 chzz ooaa @9(la]) JZC:I odq ad(la])
- Pjy=(Pr,la]) Pjy=(Pr,[a])

Now note that for J C I, the condition P; = (Pr,[a]) is equivalent to P,|[a] and

(lal, Pr—;) = 1. As we did during the second proof of Proposition 4.6, we can write

o) S pAm)  pla) 13
Z, w) & om) = @ (13)
Py=(Pr,lal) m odd,P;|m,(m,Pr_ 5)=1 fa]—m

again the function inside is multiplicative, thus we can write that (13) is equal to
00 2 1\%

> ) ]

m=1 ¢<m> l

llm

m Odd7PJ|mA,(m,PI?J):1

(-] % ’;2(%)11{(1—?)5—1]:

m=1
m odd, (Py,m)=1

2° A H oy H

plPy p|Pr

1+ap
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Putting everything together,

op = 2°A, Z 2|]\+1 {ZQJH H +2 2 [T []

1 a}
IC[s] JCI  p|P; p\Pz Ap JCI  plP;y plPr T ap

Finally

DI 1+ 20 1S5 1
> C Z Y oI ——= ¥ ST b=
1<h) 2”' S T 1+O‘ I<hy 2”' BT e

and similarly

II\ 1
2=’ 1—|—2a) =
1 2 1 & 1 2 —1 «
— 2 — = 1—(— L
I T H%) (- ()%
p1=1 mod 4 p1=3 mod 4

therefore the claim.O

We conclude this Section with two Corollaries:

Corollary 4.11 Under tha same assumptions of Theorem 4.1, if every prime in P
is congruent to 1(mod4) then the density of primes for which all elements of P are

primative roots, 1s

H (1+Oél).l:|

1P

Corollary 4.12 For any set of odd primes P, dp is a well defined number.0
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4.3 An Application to the Least Prime Primitive Root

In this last section we apply Theorem 4.1 to the classical problem of the study of
the function G(p) defined as the least prime primitive root (modp). More precisely,
by the use of the inclusion exclusion principle, we determine a uniform asymptotic

formula for the number of primes p < z such that G(p) < r.

Theorem 4.13 With the same notation and hypothesis of Theorem 4.1, let q,, be the

n-th odd prime,
T.(x) =#{p <z | Ji<r|q is a prime primitive root (mod p)},,

and
oy = Z <_1)|7J‘67>
PC{p1,.-»pr}

(0p = 1). We have that

A log1
Ti(e) = (1—35,)—~ +o<”” 08 ng@")

log x log® x

for some absolute constant Cy, uniformly respect to r.

Proof: Let S, be the number of primes p up to x such that none of the first r

primes is a primitive root modp.

As a straightforward application of the inclusion exclusion principle, we get that

S= Y ()N

PCep1,....pr}

where as in Theorem 4.1,
Np =#{p < z|Vq € P,q is a primitive root (modgq) }
and Ny(z) = 7(z).
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Applying Theorem 4.1, we get for a suitable positive constant ¢,

S= > (-n” <57> Y 40 (mlOglogmchI)) _

2
PCimepn) log x log” x

5. x L0 (xlogloga:cr>

log log® x

where we have taken C' = 2¢g, say. Finally, noticing that 7, = w(x) — S,, we get the

claim.O

Corollary 4.14 Let f(z) be any monotone function of x that tends to infinity. Sup-
pose also that f(x) = o(loglogx), then, if the generalized Riemann Hypothesis holds,
we have that G(p) < f(z) for all primes with the exception of a set of primes of size

A x xloglogx ¢
O f(x) +o<cfv.

log x log? x

Proof:It is enough to notice that by the assumption made on f, the error term
is o(m(z)).0

The problem now amounts to estimating the behaviour of the function 6. Com-

1
logr

puter calculations suggest that o, = O( ), but we do not hazard in any precise

claim.

We are not even able to present a direct proof of the fact that

lim 4, = 0,

T—00

which, of course would imply that G(p) < f(p) for almost all p (f — o), under the
Riemann Hypothesis.

The latter assertion has been proven by L. Murata in [38] and is equivalent, under

the Riemann Hypothesis, to 6, = o(1).
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Upper and Lower estimates for 5, would allow to determine (under the Riemann

Hypothesis) 2 -type of estimates for the size of set of primes p for which G(p) < f(p).

We do feel that such a problem is not too difficult and we are planning to address

these questions in the near future.

Finally we would like to mention that in principle this approach could be extened
to the analogous problem for the function g(p), the least primitive root (modp). We
found out just recently that a general form of Theorem 4.1 has been found by K. R.
Matthews in [36]. The asymptotic formula found by Matthews is not uniform and
provides a weeker error term than Theorem 4.1, however the proof can be adjusted to
yield to an analogous result of Corollary 4.14 for g(p). The expression for the density
in this case would be much more complicated and even computer calculations seem

at the moment very hard to perform.
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APPENDIX A: ON DIVISORS OF p—1

We recall that Lemma 1.4 states that for any given sequence of multiplicatively
independent integers, the number of primes for which the group generated by the

first r elements of the sequence is smaller than t is
O (tHl/’”rlog 7’) ,

uniformly with respect to r.

(Note that we are using the statement of Proposition 3.4 according to which the sum
of the logarithms of the first r elements of a sequence of multiplicatively independent
numbers in asymptotic to rlogr). A consequence of this is that, if r is fixed, then

for almost all primes,

r

r,|> 2
log p

Indeed, if we take t = 27/0*+1 /log x, in Lemma 1.4, we get that the number of primes

for which |T',| < p/+1 /logp < t is O(n(z)/ log"/" x), therefore for almost all primes
we have the desired inequality. It is natural to ask what would be an estimate of |I'; |
uniform respect to 7?7 Using the same method of the fixed r case, we get that, if f(p)

is any divergent function, then

1
i ()
f(p)logp rlogr

for almost all primes, uniformly respect to r. We need of course to ensure certain

growing conditions to be met.

The goal of this section is to improve the preceding results making use of the

following:
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Theorem A. 1 It exist, 8 and § positive such that, for all h € [log ™’ 2,1 —1log " ],

h

and y = x", one has uniformly on h:

#{p§x|3u|p—1, withue[y,yexplog‘sx]}:o< z )
log x

where the constant implied by the o symbol is absolute.

Before starting the proof of the Theorem we need some preliminary lemmas:

Lemma A. 2 (Erdos) Let Q(n) be the number of prime divisors counted with mul-
tiplicity of a natural number n than the normal order of Q(p — 1) is loglogp; more

precisely, for every € > 0, it exists n = n(e) such that the number of p up to x for

x
0 :
log x

which Q(p — 1) > eloglogp is

Proof: See [12].0

Lemma A. 3 (de Bruijn) Let V(z,y) be the number of natural numbers up to x

whose greatest prime divisor is less than y, then

1
U(z,y) < zexp {—cl ng} .
logy

Proof: See [11].0

Lemma A. 4 (Hardy-Ramanujan) For any 0 < € < 1 there exists 7 > 0 such

that the number of integers n up to x such that Q(n) < eloglogx is

o( L )
log" x
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Lemma A. 5 Murty (Weak Brun’s sieve) For any natural number m < x, de-

note by N(x,m) the number of solutions of
p—1=qm

where p and q are prime numbers < x. Then for some absolute constant B > 0, we

have
o Bz (loglog z/m)?
) < ) og? (afm)

Proof: See [43].0

We are now ready to prove Theorem A.1:
Proof: Let S = {p <z | Julp — 1, with u € [y, y explog’ x]} Without loss, we can

assume that p > log%aﬂ and for a suitable § to be chosen later, p € S means that

T

p—1=uv with u € [y,yexp log5 .73} and v € L exp log‘sx, 1 :
Y )

If Q(u) > 2loglogz and Q(v) > 2loglogx then Q(p — 1) > 3 loglogz, the number
of p € § for which this holds is certainly less then

4
# {p <z|Qp-1)> 310g10gm}
and for Lemma A.2, this is o(m(x)).

Remark: A stronger statement than Lemma A.2 can be found in [39]. Using
such a statement, our proof would yield to |S| < z/log™ z. For the purpose of the

application that will follow, our assumption is enough.

On the other hand, for a fixed u, the number of v’s for which the maximum prime

divisor is less then z is, by Lemma A.3,

o(im{ )
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Fix € > 0, let 8 > 0 be a number to be chosen later and put log z = log' " ~x.
We notice that u < yexplog’ z = 2" explog® « and thus we get that the number we

are estimating is

x logz — logy — log® x
< exp{—cl & Eé{e & }
U log x

1—h)logz — log®
( ) Cl)iie = x} < feXp {—czlogx}.
X u

T
< —exp {—02
U log

(Note that this put the constraint 1 — 5 > J.)

Therefore, the number of p € S for which this holds is

SN

T
<Y ,E exp{—czlogz} < wexp{—czlog‘z}d '
<L wexp{—cylogtx}

(here the dash on the sum sign means that the sum is extended to all the values
of u for p € S). A similar argument shows that h > log™” z implies that we can
also exclude the possibility that the maximum prime divisor of u is smaller than
exp (logl’ﬁ ¢ 3;) Therefore we can assume that

p — 1 = uyv1q, with vy and v; in the desired range, ¢ > exp (logl_ﬁ_€ x) and Q(uq)

or Q(v1) is less than % loglog .

From Lemma A.5, we get that for fixed u; and v, the number of possible solutions
is
uLv1

z(log log —£-)? z(log log x)?
2 << 2 .
uyv1 log™(z/uyvy) uyvy log™(z/uyvy)

As uyv; < zexp(—log' P ¢ z) and (loglog x)? < log® z, the number is

X

<K .
U1 10g2_2ﬂ_36 T

As applications of Lemma A.4 we know that

#{ngx | Q(n)<§loglogaz‘}zo< - >

log™
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for some 7 > 0. Partial summation implies that, if

S(t) = #{n <t|Qn) < 2loglogt}, then

> 1:S(x)/x—/:B S(t)dt<<log1_Tx,

12
Q(n)<(2/3) loglog = n 1t

therefore the number of p € § with the required properties is

x 1 1
L e ( > > —+ 3 3 ’)
IOg ’ z Q(v1)<(2/3)loglogz u1 ur1v Q(u1)<(2/3)loglogz v1 U1
: 1 gt .
< log 723 (%: ” + %: U1> < log! 273470

So that if we take § + 203 < 7 (for example = § = iT) we obtain the desired result

and this completes the proof of the Theorem.O

Remark: The result just proven is a p — 1-version of a Theorem of Erdds (See
[13]). For a general statement on estimates of the number of n < x with a divisor in

a given range see [49].
We are now ready to give a good estimate of |I';| = |(p1, ..., p,)|. More precisely:

Theorem A. 6 Let r be a fixed positive number, then it exists 6 > 0 such that for

almost all primes,

T, > p7 exp (log’ p) .

Proof: From Lemma 1.4, we know that

#{p<a| | <t} =0 (1),

if we take t = 271 /log z, then

r

pm xﬁrl €T
<z| || <— (K <z| |l < L ——— =o(n(z
#losetinl< i eafsalni< oo b T ol
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r
T+

Hence |T',| > ’fog; for almost all p’s.
Now set i
xrr+l r__ loglogx
y = = qypr+1 log x
log x
and note that 5 — mlg;% <1-— log%x for z large enough. Theorem A.2 gives that

there exists § such that if

T

rr+i _r_ 5
log T exp (log x)] }

ber

Ty| > 27 exp(log” x) > p™ exp(log’ p).0

T:{p§x|3l|p—1, le

then |7| = o(m(x)). Finally, since
I‘ril Ll 5
@,xH exp (log x)

{psw De

we get that for almost all primes p,

The case in which r grows with p can be treated in an analogous fashion. The
only care is to consider the version of Lemma 1.4 which is uniform with respect to r.

In particular:

Theorem A. 7 There exist 3 and § such that if r < (log” p) — 1, then for almost all
primes p,

T, > p1 exp(log’ p).

Proof: The uniform version of Lemma 1.4 states that

#p<az| T <t}=0(t"rlogr),

_r_
xT 1
1 2

rlog®x

if we take t = , we get

T

¥ P logr = o(m(x)).

r 1
#{pgaz! o) <pi— L, }<< :
rlog”p log® x log™ x
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Now set

rr+i T 2loglogxz logr

5 = l‘m_ log « _logm — xh — y
rlog”x
__r 2loglog x logr 1
and note that h = = — =925 — <1l- 3
r+1 log x log x log” =

if r < (log” p) — 1 and z is large enough.

Therefore Theorem A.1 gives

T

4 {p <ol 20 <ip,| < pr exp<10g5p>} — o(r())
rlog”p

which clearly implies the claim.O
Remark: If [|[F, : |[I';|], then Theorem A.7 puts the constraint

p—1

r

[ < < p_i exp(—log’ p)

for almost all primes p.
Unfortunately the position r = (logp)® — 1 and the constraint 3 + § < 1 remarked
during the proof of Theorem A.1, implies that

1
[ <exp (logl_ﬁp —log’ p) < exp (2 log! =" p> .

Such a bound is too high to make possible the use of any of our techniques for the

range of r’s under consideration.
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APPENDIX B: ON THE EXPONENT OF THE
IDEAL CLASS GROUP OF Q(v—d)

Let d be a positive square-free integer and let m(d) denote the exponent of the
class group of Q(v/—d), i.e. m(d) is the least positive integer m, such that z™ = 1

for every x in the class group.

In 1972 D.W. Boyd and H. Kisilevsky (see [3]) proved that if the Extended Rie-
mann Hypothesis holds, then for any n > 0, and d sufficiently large,

log d
(24 n)loglogd

m(d) >

(1)
which of course implies that m(d) — oo as d — oc.

The goal of this note is to establish unconditional inequalities of the type (1) for
density-one sets of values of d. Before doing this, let us review the method used by

Boyd and Kisilevsky to prove (1).

First they noticed that if « is an integer of Q(v/—d) which is not in Z, then
N(«) > d/4 and that if p is a rational prime that splits in Q(1/—d) and w is a prime

ideal above p, then @™ is a principal ideal () thus
N<w)m(d) = pmd = N(a)m(d) > (d/4)m(d).

In conclusion,
—d
()Zl = pz (A4, (2)
p

Then they proved that

If the Extended Riemann Hypothesis holds then, for any integer d, there exists a

prime less then log®t" d for which —d is a quadratic residue and this gives (1).
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Now, let us take p = 3 and ask how often is a square-free d a quadratic residue
(mod3)? This happens when d = 1 mod 3, and the density of such d’s is certainly

positive

For a positive proportion of square-free integers d,

m(d) > 10gd/4'
log 3

In general we will be able to prove that

Theorem B. 1 For any d < x there exists a prime < logd for which d is a quadratic

residue with at the most O (xl_A(loglogﬂ”)_l) exceptions.
This is an consequence of Theorem B.3 below and by (2) implies

Corollary B. 2 For all discriminant d < x, we have that

mid) > logd/4

log log d
with at most O (xlfA(loglogf”)fl) exceptions.

For an integer n, let M(n) be the least prime for which n is quadratic residue,
i.e.
M(n) = min {p | p is prime and <> =1 } :
p

Let K(z,s) (respectively K;(z,s)) be the set of numbers (resp. square-free numbers)

up to x such that M(n) > s. We have that

Theorem B. 3 Let k(x,s) = |K(z,s)| and ki(z,s) = |K1(z,s)|, then
x 1 2 e?) log® s
a) k(x78):2w(s)H<1+p_I)2>+O< om(s) )5

6 o 1 £1/20(5)
bk = Soe 11+ =] +0sroas |-
) ki(z,s) 2 27r(8)p1;[8< +p+1> + (2“(5)logs



uniformly with respect to s (where as usual w(s) and 0(s) are respectively the number

of primes up to s and the sum of the logarithms of the primes up to s).

Proof: Let us define P to be the product of all primes up to s.

b) In order for a square-free number n < x to be in K;(x,s), one must have
(%) = 0 or —1 for all primes p up to s. For any divisor () of P, let Ag be the set of
n € Ki(z,s) such that

(n) =0 for any p|Q and (n) = —1 for any p‘P,
p p Q
Clearly

Ki(z,s) = LOJ Ag (3)
QP

where the union is disjoint. Note also that

(n,Q) = 1,n square-free, (Z) =— (?) for any p ‘g } (4)

|AQ|:#{ns

Ol =

| (n,Q) = 1,n square-free, n = g;(modg;),i =1,... ,t}

Ol =

=Y # {n <
where we have put g =q1---q and Y * means that the sum is extended to all the

t-tuples (g1,...,9:), g; being a congruence class modg; such that (g—) = — (Q>

i @
By the Chinese remainder Theorem, for each ¢-tuple (g1, ...,q:), there exists a

unique congruence class M = M (g1, ..., gt)(modg) such that

P
n = gi(modg;),Vi=1,...,t < nzM(mon>

therefore (4) equals

> # {n < Z) ‘ (n,Q) = 1,n square-free, n = M (modS) } . (5)

Now we need the following two Lemmas:
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Lemma B. 4 Let Ry, Ry, Ry be positive integers with (Ry, R3) = (Rg, R3) = 1 and
define
Bry rors(y) = #{n <y | (n,R1) =1, n = Ry(modR3) }

then, uniformly with respect to Ry, Rs, R3 < vy, we have

o p(Ry)
BRlyRQ,RB (y) =Y R1R3 +0 (19<R1)) >

where Y(Ry) is the number of square-free divisors of R;.

Lemma B. 5 Let Q1,Qs, Q3 be positive integers with (Q1,Q2) = (Q2,Q3) = 1 and
define

C01.00.0s(2) = #{n < z | n square-free, (n,Q1) =1, n = Q3(modQs)},

then, uniformly respect to Q1,Q2, Q3 < 2z, we have

6 1\ '
OQl,QQ,Q3 <Z> - 71_22(22(%3 I%—[Q <1 - ]92> + 0 (Zl/Qﬁ(Ql)) .

Remark: Lemma B.4 and B.5 are due respectively Cohen (See [9]) and to Landau
(See p. 633-636 of [30]). Their version is slightly less general though the proof is
similar. One might think that a stronger version of Lemma B.4, say valid on a range
of R; of the same order of the range given by the Brun’s Sieve, would yield a better
error term in Theorem B.3. On the contrary, it will become clear how this is not

influential to the main goal of our discussion.

Proof of Lemma B.4: We have that

BRl,RQ,RS (y) = Z :u(d)# {77, < Yy ’ d‘na and n = R2(mOdR3)}
d| Ry

= > p(d)# {n <

d‘R1

= > u(@ |5

d|Ry

| n= Rgd*(mong)}

Al
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where d* is the unique congruence class mod Ry defined by dd* = 1 mod R3 (Such a

class exists since we have assumed that (R, R3) = and d|R;3). Finally

Bans(®) = X (@) (75 +0(1)

d|R1

_ yﬁfgj + O (W(Ry)) .0

Proof of Lemma B.5: This is based on the identity

pP(n) =Y p(d),

d?|n

We have that

CQ17Q27Q3 (Z) = Z ILLQ(n) = Z :u(d)

n<z d26<z
(n,Q1)=1 (d,Q1)=(6,Q1)=1
n=Q3( mod Qg) d26=Q3( mod Qo)
= > oud > 1=
d<z1/2 5<%
(d,Q1)=(d,Q2)=1 (5,Q1)=1
§=Q3d*2( mod Q)
= Z :u(d)BQLQ:sd*Q,Qz (Z/dQ) (6>
d<z1/2

(d,Q1)=(d,Q2)=1
where the condition (Q2,Q3) = 1 implies (d,Q2) = 1 and d* has the same meaning
as in the proof of Lemma B.4. Now apply Lemma B.4 and get that (6) equals

> p(d) <Z¢(Q1) +O(19(Q1))> _

a<z1/2 d2 QlQQ
(4,01 Q2)=1
. 2p(Q1) - p1(d) zp(Q1) 1/2
= 0.0, ( ;) ¥p +0 (d§/2 d2Q1Q2> +0 (Z 19(Q1))
d,Q1Q2)=1

and since clearly % < 9(Q1) and




the claim is deduced.O

Now we can apply Lemma B.5 to (4) with Q1 = Q,Qs = P/Q,Q3; = M and
z = z/Q. Note that the number of summands in (5) is gp( )/19( ), therefore

=i Pl p) (@) we)p o

6 1\ "' 9(Q) o2 Q) "
T 2 27(s) }l_][ (1 * p> Q ° 0 (?ﬂs) Q”““s@(@) log 8> ’

where we just noticed that J(P) = 27) and ¢(P) < ¢

log . Now use (3) and get

ki(z,s) = D |Aql

QP

T -1 2172 0(s) 2
() B () o

o 279 log s &7 Q'?(Q)

6 =x 1\! 2 /2 fs)
= —— 14+ - 14+ - O
7T2 27r(s) H < + p> H ( + p> + (27r log S)

p|P p|P

The last identity follows since > p % converges as s — oo. This concludes the

proof of b).0

a) This is simpler than b). For any Q|P, define Ag to be the set of n € K(z, s)

such that
P
(n) =0 for any p|Q and (n) = —1 for any p‘
p p Q

Again
k(x,s) = Z |Ag| (9)
QP
and now




where the g;,i = 1,...,t and M = M(gy,...,g:) are defined as above. Now apply

Lemma B.4 with Ry = Q, Ry = M, R3 = P/Q and y = & and get
Cp(B) [z 0@ e [p(P)O(Q) ) 92(Q)
Aol =5y {@ P OWQ”} =7 (xp@ o (logs Q) )) |

Finally by (9

~—

Y

e (1) (o) o (1)

Which is the claim of a).0
Proof of Theorem B.1: We want to estimate
#{d <z | M(d) > logd} (10)
Note that, since the contribution for d < z'/2 is O(z/?), we have that (10) equals
# {d:2'? <d<ax| M(d)>logd} +O(z'?)
< # {d<a| M@ > Jloge}+0@), (11)
Now apply Theorem 3 a), with s = 3 logz and get that (11) is < then
9-(3log®) <$ loglog x + 60(%1°g’“"))(10g log x)s)

< xexp(—Alogx/loglog )
where we took A < %log 2, say, and this proves the claim.O

Remark: Note that although in Theorem B.1 we consider discriminants of imag-
inary quadratic fields which are by definition squarefree numbers, statement b) of
Theorem B.3, does not give anything more than statement a). This is due to the fact

that square-free numbers have non-zero density.
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Theorem B.3 b) can be improved using a version of Lemma B.5 in which the error
term depends on (3. This has been done by K. Prachar in [45] for the case Q1 = 1,

and his proof can adapted to proof the following:

Lemma B. 6 With the same notations of Lemma B.5 we have that, uniformly re-

spect to the parameters,

1
C01.02.05(2) = gzg(%j Ql)—[Q <1 — plg> + 0O ((21/2Q;1/4+e n Q§/2+6)19(Q1)) ,
P12

for any e > 0.0

Corollary B. 7 With the same notation as above, we have that

1/2

6 1 z 0(s)(1/2+¢) e
k1<$75>—ﬁwn<l+m>+o<<ee<sxw—e>“ 2logs)

p<s

Proof: It is similar to the proof of Theorem B.1 b), but in this case we have

6 = 1\ ' 9(Q)

p
9) xl/Q P71/4+6Q1/4*6 + Pl/2+€ 192(@) 69(8)
Q17 QP ) 70p(Q) log s

and therefore

ki(z,5) = |Aq]

QP
6 =z 1
= —— 1 -
7T227r(8)pl;[8< +p—{—1>+
1/2 92 92 0(s)
e z Z (Q) | pl/2te Z (Q) €
P—1/4+e 5 Q12 1/4+ep(Q) 5 Q% ep(Q) | 27¢) log s

6 1 21/2 . ef(s)
_ - - s /249y =
-2 2m(s) };IS <1 * p+ 1) O ((69(5>(1/4—e) te 27(s) logs )
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The last identity because both the series > ¢ p Ql/%% and > gp QI/Q#A%

converge as s — 00.0

Remark A general form of Theorem B.1 can also be proven. It is a uniform
asymptotic formula for k,,_;(x, s), the number of m-free numbers d up to x for which
M(d) < s. The m-free version of Lemma B.6 is also in [45]. Finally, the results of

Prachar have been improved by Hooley in [24] and the use of this last one would give

a further improvement of Theorem B.3.
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APPENDIX C: OPEN QUESTIONS AND

FUTURE RESEARCH

Variants of the Bombieri-Vinogradov Theorem

A form of the famous Bombieri-Vinogradov Theorem for primes in arithmetic

progression states that

For any real number A > 0, it exists a B > 0 such that

Z (x,m,1) —

X

m<
- logA T

where Y(z,m,1) =3 <. logp.

p=1 mod m

T
L —5—
1/2 P(m) 1OgB T

This important result provides us with an estimate on average of the error term for

the prime number Theorem for primes in arithmetic progressions which is as strong

as the one that could be deduced useing the Extended Riemann Hypothesis for the

Dirichlet L-functions of all the characters modm.

Such a Theorem can be interpreted as an estimate on average of the error term of

the Chebotarev Density Theorem for cyclotomic fields. More precisely, let us consider

the following statement:

For every integer m, let us suppose K,, is a given finite Galois extension of Q

and let n(m) = [K,, : Q]. Further, set

(z, Ky) = > log p.

p<z
p splits completely in K,

We have that

1
Y W Ky) - 1 < LB
e n(m) log” x
m_logA:c

Let us note the following facts:
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e If the Generalized Riemann Hypothesis holds for all the (non-abelian) Artin

L-functions of K, then the statement is true.

e If; for any m, K,, is the cyclotomic field Q((,,), then the statement is a conse-

quence of the famous Bombieri-Vinogradov Theorem.

o If, for any m, K,, is the Galois Extension Q((,,,a'/™) and the statement is

true, then the Artin Conjecture for primitive roots is true for the number a.

The last fact has been noticed by R. Murty in his thesis and he gave a result
which is in the spirit of this approach.

We can refer to (1) as the general non-abelian Bombieri-Vinogradov Theorem and

ask for which families K, it holds

A proof of the general statements is certainly a very difficult problem, and to our
knowledge, the Theorem of R. Murty and K. Murty in [41] is the only significant

contribution toward this direction and it states that:

If i (x,q) is the number of primes p up to x such that p splits completely in a
given fized Galois extension K of Q and p = 1(modgq) (i.e. p splits completely in
K(¢,)), then for any A > 0, there exists B = B(A) such that

>

q<z*(logz)~P

li(z)| <

R ()

logA x

where a = min ([K-QQ]’ %) and the sum is extended to all the values of q for which
KN Q(Cq) =Q.

In general, one could try to settle for something less and restrict the sum in (1) to
m < log® x for some fixed positive integer C'. We would get a weaker statement but

with still quite a few interesting arithmetical consequences. Fox example, if we prove
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the statement with C' = 2 (C' = 1 is actually Theorem 2.7), then it can be proven

the following substantial improovement of Theorem 3.1:

i logp ; *
For amost all primes p, the Toglogp PTimes generate F).

Such a problem admits an analogous situation where we substitute the Artin

L-function with the L-series attached to modular forms.
The Lang-Trotter Conjecture for Abelian Varieties

In 1977 J.-P. Serre (see [47]) has proven the following result:
Let E be an elliptic curve defined over Q and let K,, = Q(FE|[n]) where by E[n] we
denote the set of n-points of E (i.e. Q € E such that [n]Q =0). Let us put

X

where p(n) denotes the p function of Mdbius. If the Generalized Riemann Hypothesis
holds for K,, then

< E(F* [ ~6
#{p < | BF;) is cyelic) ~ 67

This result has been reconsidered by R. Murty and R. Gupta. In 1990 (see [16])
without any unproved hypothesis they have characterized elliptic curves for which

E(F;) is cyclic for infinitely many values of p.

Gupta and Murty considered as well a similar problem to Serre’s Theorem, namely

The Lang-Trotter Conjecture (see [34]):

Let E be an elliptic curve defined over Q and let P be a rational point of E with
infinite order. We denote by N(x, P) the number of primes p up to x such that
(P) = E(F,), then

T
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where 0g(P) can be expressed in terms of the decomposition of primes in the exten-
s10nS
Q(E[n],n"'P) over Q.

Both this result and the statement of Serre’s Theorem are analogous to the Artin’s

Conjecture for primitive roots.

Many of these conjectures admit a very natural generalization to the case of

abelian varieties. The problem can be stated as follows:

Let A be an abelian variety defined over Q and let P € A be a rational point
(with infinite order). For all (but finitely many) prime numbers p, it makes sense to

consider the reduction of A modulo p that we can denote by A(F}).

A(F}) is a finite group and we can indicate with P € A(F) the reduction of P

modulo p. Various questions can be formulated, for example:

e Under which conditions A(F}) is cyclic (or more particularly (P) = A(F})) for

infinitely many p?
e What is the distribution of the prime numbers with this property ?

e [s it possible to write a formula for the density of such sets of primes?

In the case dim A = 1, (i.e. A is an elliptic curve), then the Lang-Trotter conjec-
ture toghether with the Theorem of Serre and the contribution of Gupta and Murty,

provide with a precise indication on what should be the answer to these questions.

In the case dim A > 1, there are not, at the moment in the literature conjectures
that give any answer to this question, nevertheless it is natural to suspect that many
of the arguments that worked in the case of elliptic curves, extend to the general case

and the first problem is as usual to express, for any prime number [/, the condition
L |A[F;] - (P)]
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in terms of particular decompositions of p in algebraic extensions K (I, P).

Similarly as in the case of elliptic curves in which it has been necessary to dis-
tinguish between Complex Multiplication curves and curves without Complex Mul-
tiplication (see [17]), it is natural to expect that the properties under consideration

depend heavily on the structure of the ring EndQA.
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