REMARKS ON THE VISIBILITY PROBLEM IN THE
FUNCTION FIELD CASE

SUKUMAR DAS ADHIKARI AND FRANCESCO PAPPALARDI

ABSTRACT. We extend results of [1, 2, 3] on the visibility problem for lattice
points in Z% to the case of function fields over finite fields which are related to
important questions regarding the corresponding g-Jacobsthal function.

RESUME. Nous étendons résultats de [1, 2, 3] sur le probleme de la visibilité
des points du réseau entier Z¢ au cas des corps de fonctions sur un corps fini,
en rapport avec la fonction de g-Jacobsthal.

1. INTRODUCTION

Denote by F,[x] the ring of polynomials with coefficients in the fixed finite field
F,. Furthermore for n € N set

An = An(q) = {(f,9) € F4[z]?, such that degf <n and degg <n}.

Clearly |A,| = ¢*™*Y). Given distinct Py = (f1,91), Po = (f2,92) € A, as in the
classical case, we say that P is wvisible from Py if (f1 — f2,91 — ¢g2) = 1. This is
equivalent to say that there are no elements of A, in the line connecting P; and
P,. Similarly, if S C A,,, we say that A, is visible from S if for any P € A,,, there
is @ € S such that P is visible from ). We are interested in the following function:

(1) Fq(n) =min{|S],S C A,, A, is visible from S} .
We will prove the following result which is analogous to [2, Theorem 1]:

Theorem 1. Let q be fized and let By > 4¢°/(1— ) (where ag = o} is defined in
part (2) Lemma 1) be any number. Then for all n large enough one can explicitly
construct a subset X,,(q) of A, such that A, is visible from X,,(q) and

nloglogn
Xa(a)] < "2 BT
og,n
Therefore, in particular F4(n) < Bq%, for all n large enough.
q

It is natural to generalize the concept of visibility to the d—dimensional space.
If we write A? = {(f1,..., fa) € (Fg[z])?, deg f; < n}, then |Ad| = g¢™+D Tt
is obvious what one means by saying that two points of A are visible from each
other.

We will prove, as in the [3, Theorem 3], that Theorem 1 can be improved in the
higher dimensional case:
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Theorem 2. Let q be fized, d > 3 and let g > q/(1 — ag) be any number. Then
for all n large enough one can explicitly construct a subset X2(q) of A% such that
A% s visible from X2(q) and | X%(q)| < Yatog 7 Lherefore, if we define }'g(n) as
the minimum number of elements in a subset of AL, from which AL is visible, we
have for n large enough,

ff(n)S%

log,n’
Further, let 04 < % be any positive number. Then for all n large enough

n

Fi(n) > 6, log 1
q

We will need the following facts about distribution of polynomials in finite fields.
The proofs can be found in the book of Lidl and Nieddereiter [10]. See also the
book of Shparlinski [12]. The last statement can be found in [6]:

Lemma 1. Let q be a fixzed power of a fized prime and denote by Z(q) the set
of monic irreducible polynomials in Fqlx], by Zy(q) the set of irreducible monic
polynomials of degree k and by I (q) the order |Zx(q)|. Then

- Ii(q) = 1 (4" + O(¢"/?));
If d > 3, the series ag = Z;‘;l q{r’jf(‘fzk converges to a number less than 1;
Yz 5 = (14 o(1)) log m;

Yhem kIk(@) = 474 + O(¢™7?).

Let m € F,[z], and denote by wy(m) the number of distinct monic irreducible
polynomials which divide m. If the degree of m is at most n, then if n is large
enough, we have

[y

ork W

wq(m) <

- logqn—3'D

Lemma 2. Given a,b € Fy[z], the number of polynomials with degree up to s which
are congruent to a modulo b is at most ¢517de8b 1 1, O

2. PROOF OF THE LOWER BOUND IN THEOREM 2

We follow the proof of Abbott [1]. Suppose S C A¢ is visible from every point of
A4 assume that |S| = r and S = {L"" ,iT} where we write f, = (fity - fid)

n?

(i=1,...,d). Let m be the least integer defined by the property that

(2) d L@ >r

k<m
and let p1,...,p, be monic irreducible polynomials with degree less or equal than
m. Next consider polynomials fo1, ... fog which are respectively the solutions of

the system of equations

{ X = f;1 mod p;

: and { X = fig mod p;
i1=1,...,r

1=1,...,r

with the property that f, = (fo1,... foa)  S. Indeed, by the chinese remainder
theorem one can find such a solution with deg fo; < ([log, r]+1)+ >, ., degp;,j =
1,...,d. In fact if io = (fo1,--- foa) is a fundamental solutions and P = py - - - p,,
then the set of solutions {(fo1 +hP, ..., foa+hP) | deg(h) < [log, |+ 1} contains
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more then r elements therefore it contains one at least outside S. Now from part
(4) Lemma 1 and from the inequality (2) above we deduce

q
i<rdegpl a k<mk ) ( +O( >)Q*1q

m+1

Furthermore r > 37, 4 In(q) > 7255 Y pcm_y Kli(q) = (1 + o(1)) s m-
plies that ([log, r]+1)+ 3, degp; < (¢+o0(1))rlog, 7. Therefore all deg fo1,. .. ,

deg foa are less than or equal to (¢ + o(1))7log,r, which is smaller than n for
r< (3 o)y

log,n*

Finally if r < 6qlogLn and n is large enough, fo € A, Therefore r > 5(“0%%
q - q

and this completes the proof. O

3. PrROOF OF THEOREM 1
We will need the following:

Lemma 3. Suppose that n is large enough, let 3 > 0 be any fized number and let t
be the least integer such that ¢!t > Bloglogn. Then for every given f € A, there
exists g € Fq[x] with degg <t such that

1 1
(3) E Tgp <Oéq+ﬁ+0(1)
PEZ(q)
plf—g

Proof of Lemma 3. Consider the sum

1
(4) > 2 e

degg<t peZ(q)
9#f  plf—-g

We split the sum in three sums 31, ¥ and X3 where ¥ counts the irreducibles
p with deg p < ¢, the second counts those with ¢ < degp < (logn)loglogn and the
third counts those with (logn)loglogn < degp < n.

Now &7 < Z Z qd%

pE€Z(q) degg<t
degp<t g#f,p|f—g

1 qt+1 t+1lkt(q) Ik(Q)
= Z qdegp <qdegp+1 :Z q q2k +

PEZ(q)
deg p<t

by Lemma 2 and from Lemma 1 we obtain
(5) B1 < ¢ Hag +0(1)) + (1 +o(1)) logt) = ¢+ (ag + o(1)).

As for s, note that there are no irreducible dividing f — ¢’ and f — ¢” with
degree larger then ¢. Therefore, from part (3) of Lemma 1,

1
(6) ¥y < Z e (14 o(1))loglogn.
pEI(q)
deg p<log n loglogn
Furthermore
1 gttt n
(™) U= Y e 2o 1< i =o(1)
o qogn oglogn S50 q ognloglogn logn

9#f plf—g
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Finally by (5), (6) and (7) we deduce that the sum in (4) is

< ¢ (ag +0(1)) + (B +o(1)) loglogn + o(1) < ¢"(ag + % +o(1)).

Hence, for some g € F,[z] with degg < t, (3) is satisfied. O

We define the g—Jacobsthal function of m € Fy[x] as follows
(8)  Jy(m)=min{t | Ya € Fy[z],3h € F,[z],degh < t,gcd(a + h,m) = 1}.
It is immediate to see that J,(m) is well defined and that J,(m) < degm. Indeed,

for any a € Fy[z], if r is the remainder of the division of 1 — a by m, then it clear

that degr < degm and ged(a + r,m) = 1. We will need the following;:

Lemma 4. Suppose m € Fy[z] and that v = pezca qde% < 1. Then for n large
plm

enough, g7 < (1= 7)" wq(m).

Proof of Lemma 4. For any a € F,[z], consider the set S = {a+h | h €
F,[z],degh < k}. Then |S| = ¢"*1. We want to estimate the size of the set
Sm=A{y €S| ged(y,m) # 1}.
Note that by Lemma 2
#Sm < Y #{heFy[z] | degh < k,p|h+k}

pEZ(q)
p|m

< Z (qk+1fdegp+1) < qk+17+w(m).

P€Z(q)
p|m

which is smaller than ¢**1 if ¢**1 > (1 — ) ~!w(m). Finally, there is an element of
S not in S, if k satisfies the above, so that

g7 < (1—7)'w(m). o
We are now ready to prove Theorem 1. Consider the set

Xn(q) ={(f,9) € An,deg f < t,degg < s}
where t is the least integer such that ¢*+! > % loglogn and s is the least integer
q

such that ¢**1 > (1_2% +e€) oz n—3 Where € > 0 is small and will be chosen later.
q
Then (if € is small enough)
nloglogn
[Xn(a)l = ™" lq"" < By =
og,n
We need to show that A,, is visible from X,, for n large enough. Indeed, for
(a,b) € A,, from Lemma 3 we know that there exists g € F,[z] with degg < ¢
such that 3 rez qdpﬁ < (ag +1)/2 + o(1). Furthermore Lemma 4 implies that
pla—g

g9+ < (1—q,)/2+0(1))w,(a— g). Note that from the fifth part of Lemma 1,
for n large enough

1—-ay 1—-ay n )
1 —g) < < ¢*tt,
( 204 of >)wq<a g>_( . +e>logqn_q

Therefore J;(a — ¢g) < s and this implies that there exists h € F,[z] with degh < s
such that ged(a —g,b—h) = 1. So, (a,b) and (f, h) are visible from each other and
this concludes that proof. O
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4. PROOF OF THE UPPER BOUND IN THEOREM 2

In this section we follow the method of [3] to investigate the concept of visibility
in higher dimensional space. For d > 3, consider the set

X = {(g91,--- ,9a-1,94) € (F,[2])?% deg g; < s for i < d and deg gy = 0}.

Clearly |Xg| — q(dfl)*(s+1)+1.

We want to show that for a suitable choice of s, A¢ is visible from X2. Clearly
all the elements of A? which have a degree 0 polynomial in the last coordinate are
visible from X¢. Therefore fix (fi,..., fq) € A such that deg f; > 1. We want to
estimate the size of the set

A: {(917 ,gdflmgd) S Xydwdeg((fl _gl7f2 —g2,... afd _gd)) Z 1} .

First of all, we observe that

a <Y > L

91 9d—1 PEZ(q)
degg;<s, 94€Fq plged(f1—-91.f2—92,.--,fa—94d)
d—1
= > X > =X > 1 >
ga€F, PEZ(0) 91, 29d—1 9a€Fq r€T(0) i=1 \degg;<s,p|(fi—gi)
plfg—9q degg;<s.p|(f;—g;) plfa—94

From Lemma 2 we deduce that

VD S DI (R sy

ngFq pEZ(q)
plfa—9d

Now we have

=,~+1 J
4e Y Y (5
ga€lFy reZ(a) j=0
plfa—9q
s+1N\J . 1
S5 S SETED Db ol (ol [ €y IREHTIS pie
ga€lFy peZ(a) p€Z(a) j=1 pEZ(q)
plfa—94 deg(p)<n

We evaluate each of the three terms separately. For the last one, we have to use
part (2) of Lemma 1. For the middle one just uses part (3) of Lemma 1 observing
that

¢t d—1 (s+1)(d—2) 1
Z Z < ) ( degp) S 2 q Z qdegp
PE€EZ(q) j=1 PEZ(q)
deg(p)<n deg(p)<n
( ( : |Xd| d—2)/(d—1)
< 2d-tglstld=2 < (1+o(1)2% (—" ) logn,
S A < vty (B

j<n

and for the first sum we use the fifth part of Lemma 1. Putting all these together
we obtain:

n U od X d| (d—2)/(d—1)
<g——— X 1+ 1
A< agp g - ad1] (1 o) o (1)

q 3
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Finally, in order to have |A| < |XZ| for n large enough, it is enough to choose s
in such a way that (1 — od)|X{| > 15 r—3- and this gives the claim. O
q

5. FINAL REMARKS. THE ORDER OF THE ¢-JACOBSTHAL FUNCTION.

The classical Jacobsthal function has been investigated in [4, 7, 8, 9, 13, 14].
We have already defined in (8) the natural analogue of the Jacobsthal function for
F,[z]. If we set

Y, =4(0,h) € Ay,degh < max J. },
{( ) 8 g€F,[z],deg g<n al9)

then clearly A,, is visible from Y,, as for every (f,g) € A,, there is an h € Y,, (also
—h €Y,) and ged(f,g — h) = 1 so that (f, g) is visible from (0, k).

It is conjectured (see [11]) that for any m € F,[z], J;(m) < log, degm. This
would imply that F,(n) < n. which is weaker than the upper bound in Theorem 1.
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