SQUARE FREE VALUES OF THE ORDER FUNCTION

FRANCESCO PAPPALARDI

ABSTRACT. Given a € Z \ {£1,0}, we consider the problem of enumerating
the integers m coprime to a such that the order of a modulo m is square free.
This question is raised in analogy to a result recently proved jointly with F.
Saidak and I. Shparlinski where square free values of the Carmichael function
are studied. The technique is the one of Hooley that uses the Chebotarev
Density Theorem to enumerate primes for which the index ip(a) of a modulo
p is divisible by a given integer.

1. INTRODUCTION

The goal of this paper is to study the following function:
I(z) = #{m <z |(m,a) = 1, l,,(a) is square free}

where a € Z\ {£1,0}, and [,,,(a) denotes the multiplicative order of a in (Z/mZ)*.
This question is somehow analogue to the question treated in [10] where it is de-
termined an asymptotic formula for the number of integers up to = for which the
value of the Carmichael function is square free.

We will prove the following:

Theorem 1.1. Given a € Z\ {£1,0}, there exist constants o, and B, (defined in
(1)) such that:

I(z) = (ag + o(1)) zlog’ ' .

If a € Z\{#1,0}, we write a = b" with b not a power of any integer and b = a;a3
with a; square free.
We will deduce Theorem 1.1 from the following:

Theorem 1.2. Let Li(z) = Om hf% denote the logarithmic integral function. With

the above notations we have that
. 1 .
Jo(z) =#{p <z |pta, l,(a)is square free} = <ﬂa +0 (11/25)> Li(x).
og T

where if vi(h) denotes the l-adic valuation of h, then

(2,a1)
1 —1\ G1.2r 1
(1) Bo = lH (1m<h)(12_1)) 1*(2) lH 1— M2 = 1)

[2,@1}
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Note that 3, is always a rational multiple of

1
H (1 - 12—1> =0.53071189 - - -

1
and in the case when a is square free, the formula simplifies in

1 1 1
= | T ( - )

lla l

The main ingredient for the proof of Theorem 1.2 is the following result that has
its own interest. Special cases of it also appeared in K. Chinen and L. Murata [2]
(m =4) and in P. Moree [7] (m = 3,4). In both papers the more difficult cases of
non zero congruence classes are also considered. The statement in the case when
m is prime, is a direct consequence of the work due to R. W. K. Odoni [8]. The
result also appears in Wiertelak [11] with a weaker range of uniformity.

Theorem 1.3. Let m € N, a € N\ {0,1}. Consider the function
Aa(z,m) = {p < zlpta, m|lya)}.

Then, for every € > 0, the following asymptotic formula holds uniformly on m:

m1—2€
Ai(x,m) = [ Sam + Oq ())Lim.
(2. = (S + 00 (i ) 10

If vi(h) is the l-adic valuation of h and (h,m*) =[], 170 then

- Va,m H l2
Sam = m(h, m>) - ?2-1

where
]-a Zf [27(11] Tma
1/2, if [2,a1] | m,a; =1 mod 4;
Vam =< 1/2, if [2,a1] | m,a; # 1 mod 4,4(2,a1) | mh;
5/4, if [2,a1] | m,a; # 1 mod 4,2(2,a4)||mh;
17/16, if [2,a1] | mya1 # 1 mod 4,2(2,a1) f mh.

2. LEMMATA FROM THE LITERATURE
Let n and d be positive integers with d | n and a € N\ {0,1}. We set

(2) Kpa=Q((,a") and kyg=[Knq: Q] =d'p(n)/9
where d’ = d/(d, h), then

2, if2|d,a;|n, and a1 =1 mod 4,
(3) ¥ =9Y(n,d) =12, if2|d, 4a;|n, and a; # 1 mod 4,
1, otherwise.

The proof of formulas (2) and (3) can be found in many places. See for example
[3, Lemma 2.2]. Since it will be needed later, we observe that kj, 4 is multiplicative
in the following sense

(4) kny dykns.ds = knins.dids When (ng,ng) = landdy | ny,ds | ne.

Furthermore ¥(1%,d) =1 when | > 2.
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It is a criterion due to Dedekind that an odd prime p splits completely in K, 4 if
and only d divides the index i,(a) = (p—1)/I,(a) of a modulo p and p = 1(mod n).
Therefore we set 7(xz,n,d) to be the number of primes up to x that are unramified
and split completely in K, 4 or equivalently

(5) w(z,n,d) =#{p<z|pta,p=1(modn),d|iy(a)}.

Note that when d = 1, 7(x,n,1) is the number of primes up to = not dividing a
that are congruent to 1 modulo n.

The Chebotarev Density Theorem provides us with an asymptotic formula for
m(z,n,d). This was the main ingredient in the famous proof of Artin Conjecture
subject to the Riemann Hypothesis due to C. Hooley [4]. The following result is
due to Lagarias and Odlyzko [6]. Here we state the version that was used in [9,
page 376]:

Lemma 2.1 (Chebotarev Density Theorem.). With the above notations, there exist
absolute constants A and B such that if n < B(logx)'/®, then

1

m(z,n,d) = k—Li(x) (xexp —Ay/logz/n) > O
n,d

We will also need the Theorem of Wirsing [12] that can be formulated as follows:

Lemma 2.2. Assume that a real-valued multiplicative function f(n) satisfies the
following conditions:

a. fln) >0, n=1,2,...;
b. f(p¥) <cady, v=2,3,..., for some constants c1,co with cy < 2;
c. there exists a constant T > 0 such that

Zf = (1 + o(1)) Li(x).

p<lx
Then for any x > 0,

> 100 = (g o) s T 3 12

n<x p<z v=0

where v is the Euler constant, and T'(s) = fo e~'t5=1 dt is the gamma—function.
O

3. DIVISIBILITY OF THE ORDER BY AN INTEGER: PROOF OF THEOREM 1.3

The proof of Theorem 1.3 is based on the following Lemma.

Lemma 3.1. Let m € Z, a € Z \ {£1,0}. With the notation of Theorem 1.3 and
considering (5), we have that

Z Zz,u m(x,nd,y(f,n/m))

n€Sy dlm fln

where m® = I1;, U is the radical of m, S = {n € N such that n® | m and m|n}

and
y(f. k)= [T+
Uf
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Proof. Let p be a prime such that p { a and m | l,(a). Then m | p — 1 and
there exists a unique n € S,, such that p = 1 mod n and (E1,m) = 1 (indeed

=TTy 1Y),

Hence we can write

6) Au(zm) = 3 #{p<x

nESm

phacm | 1y(a), = 1mod ), (L m) =1,

Now note that if p is a prime with pta, p =1 mod n and (%,m) =1, then

mlla) = (ipla)n)|=

where i,(a) = l’;%:)

is the index of @ modulo p. Indeed from the hypothesis that
n € S, and from n = (p — 1,n) = (ip(a),n)(l,(a), n) we have that m | {,(a) if and
only if m | (I,(a),n) i.e. (ip(a),n) . So we can rewrite (6) as

(7)

Aq(x,m) = Z #{p <z

neSm

‘ n
m

pta,(ip(a),n) ‘%, p = 1(mod n), (p%l,m) =1 } .

Next we apply twice the inclusion exclusion formula; first to the conditions p =
1(mod n), (E=1,m) = 1, so that (7) equals
. n
() Aazm) = 3 S u@# {p<o|pta Gyl |2 p=1modnd) }

NnESm dlm

and then to the condition (iy(a),n) |2 . So that (8) equals
(9)
Aaam) = 32 S (@ u(D#{p < 2|ptay(f. ) [ipla), p = Lmod nd) }

ne€Sy dlm
fin

where v(f,n/m) is defined in the statement of the Lemma. Finally, using the
definition in (5), we obtain the claim. ]

We will also need the following technical result:
Lemma 3.2. With the notations above, let

= 33 A

s aim Bnda(s,2)
fln

o Va,m H l2
Sasm = m(m>, h) ?2-1

llm

Then

where V4 m has been defined in the statement of Theorem 1.3.

Proof. We use the formulas for the degrees k4 (s, =) stated in (2) and (3):

max n
Fndo(g,30) = dip(n) [ [ @0 mm 0 (nd, o (f, ).
Uus
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Write d(nd, y(f, 7=)) = 1 + 1, where
1, if a1 =1 mod 4, aind and 2|y(f, >)";
Y =v(f,m,n,d) =< 1, if a1 #1mod 4, 4a;|nd and 2|y(f, )"
0, otherwise.
For ¢(f,m,n,d) to be non-zero, one must have [2,a1] | m, 2 | f and vy(n/m) >

va(h). In the second case, one must have additionally that va(dn) > va(4ay).
Thus our sum is

(10 Z Z ’u Z H I lmax (0 vl)(n/mh)+1) (1 + w(f’ m,n, d)) =

nESm flm

Z p(m ) n(f) +
max(0 1
L H‘ (max(0,v () +1)
> 2“ I st
max(O v (525 )+1)
nESm d\m d flm H If l l

By the multiplicative property of (4) and since p(n) = ng(m)/m, we deduce
that the first sum above equals

1
Z H ( [max( Ov;(n/mh)+1)>

nESm l|m

1
= H Z < lmax(o,jJrlvz(mh)))

llm j>v;(m)

1
= H Z ( lmax(O,j-‘rl—vl(mh)) )

llm j>’UL mh)

e IS5 (1= )

>, h l|m3>0
(11) - LTI
— m(m>,h) I 1271'

The second sum in (10) only occurs when [2,a;]|m, and then it equals

1 p(d) p(f)
Z oln) Z Z Hl|f [max(0,v;(n/mh)+1)

nES, QO(TL) dlm, d flm,2|f
va(n/m)>vs(h) a1#1 mod 4 = va(dn)>vz(4ar)

Each summand is the same multiplicative function as in the first sum. The
difference here is the range in the sum for the 2-part. Thus the [-part of the sums
are the same for each [ > 2. Taking V = va(mh), the 2-part in (11) is 33v; the

2—-part here is
-1 2
2221 ( - ) 2i—V+1 — 3.9V
A

if a1 = 1(mod4) and it is

1 1
2> 5 Si v
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if a1 # 1(mod4), where the S; (the intermediate sum) is

S = >

dlm,
J+v2(d)>v2(4ar)

w(d)

0, if j <waay);
%, 1f]:1)2(a1)—|—1,

. if j > wve(daq).

ST

Now since V' > va(a1) when a; #Z 1(mod4), the 2-part equals

1 1 32v¥+2 if V= wvy(ay);
22 E'Sj TojVHL 3.21V7 if V.=ws(ay) + 1;
i>V —ggp=r 1V > 0(day).

Finally in all cases we deduce

1, if [2,a1] 1 m;
) 2 1/2, if [2,a1] | m and a1 =1 mod 4;
. hm .
Sam = ) H T 17/16, if [2,a1] | m and a; #Z 1 mod 4,2Tm,
Ilm 5/4, if [2,a1] | m and a1 #Z 1 mod 4,2H%;
1/2, if [2,a1] | m and a; £ 1 mod 4,4 | %

O

Lemma 3.3. Let S, = {n € N | n® | m | n} be as in the statement of Lemma 5.1.
Then, for any c € (0,1), uniformly on m,

1 <« 1
E _ e —.
neSm, n e
n>T

Proof. This is an application of the Rankin method. For any 0 < ¢ < 1 we have

n n \T/) = Te nt—ec
nESm nESm, nESm
n>T

IN

O

Proof of Theorem 1.3. Let us start from the identity of Lemma 3.1 and rewrite it
as:



SQUARE FREE VALUES OF THE ORDER FUNCTION 7

Aq(x,m)

S Y wdu ) (znd,y (£,2) ) +

NnESm, dlm
nm<y f|n

O 30 3w (wnd (£7))

nESm, dlm
nm>y f\n

Y14 O(Z9).

Note that Lemma 2.1 implies that if y = Blogz'/®, then

2= 3 S udu(hr (endy (£.2))

nESm, dlm
nm<y fln
1
= ¥ 3 (MPHEE o (dexp YY)
n€ESm, dlm kdn ’Y(f ) nm
nm<y fln

= Sm,a LI(JJ) + E(Jﬁ, Y, m),

where
d
E(z,y,m) < _r(m)r(m)z + Z _du(f) Li(z)
nESy,, €XP (A%) NESm, dlm Kan ~(fn/m)
nm<y nm>y flp
T(m)  aylogy T(m)m 1
< m Viogz (m) logx Z Wa
exp (AT> 2 g nes, ¥

n>y/m

since Kgp,y(f,n/m) > de(n). The fact that m < y implies that the first term is
negligible. For the second term observe that, from Lemma 3.3, we have for any
O<e<:

T(m)m Z 1 rm)m® oz Z 1

2
¢(m) logx NESm, e(n) p(m)? logz Sy,
n>y/m n>y/m
T(m)m? = me cte z

pm)? logz yr =" (oga)tels
Now let us deal with 5. We have that

oMo (1: nd,'y( ;)) <

NnESm, dlm
nm>y fn

7(m) Z Zw(x,nd,l)—t— Z Z#{k§x|nd|k} ,

n€Sy,, dlm NnESm, dlm
y<nm<z nm>z
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where z is a suitable parameter that will be determined momentarily. By the
Brun—Tichmarch Theorem and the trivial estimate, the above is

T(m)m 1 1 1
< . log(z/z) Z (n)+ Z n

neESm, nESm,
nm>y nm>z

Finally setting z = log2+1/cx, say, and applying Lemma 3.3 as before, we obtain

the claim. (]
4. SQUARE FREE ORDERS MODULO PRIMES: PROOF OF THEOREM 1.2
Let us start by noticing that since
2lp(a), ifly(a) is odd;
lp(—=a) =< 1,(a), if I,(a) and l,(—a) are both even;
l,(a)/2, ifly(a)is even and l,(—a) is odd,

l,(a) is square free if and only if {,(—a) is square free. Therefore we can assume
a € N and apply Theorem 1.3.
From the standard formula pu(k)? = >z i, #(d) we deduce that

Jo(z) =#{p <z |pta,ly(a)is square free} = Z w(lp(a))* =

p<z,pfa
=D um)Au(e,m®) = Y pm)Aa(e,m®)+ Y p(m)Aa(e,m?) =
m=1 m<log1/25 m>10g1/25 T
(12) Z [L §a m?2 Ll )
m=1
Im172€ . 9
+0 Z g5 2 + Z (Sa,mz2 Li(z) + Aa(z,m?))
m<log!/25 x m>log!/25 ¢
Also note that from Theorem 1.3, if m is square free,
e 1 1, if [2,a1] 1 m;
Sam2 = - where € = (a1,2)
(m ah) ];[’ 12 -1 {1 + (71) <a112 ) 5 if [2,0,1] | m.
Therefore
ZM gamQ* Z §am2+ Z gam2 =
m=1 [2,a1]tm [2,a1]|m
0o (a1,2)/(a1,2,h) oo
1( 1 ~1 m) 1
X e e (3) > pen e
[2,a1]|m
1 1 @ 1
_ a,2,
H (1 T mOE—T) 1)> 1+ <2> (]2, a1]) z[!_[ | oM —1) 1
»a1

which is the formula in the statement.



SQUARE FREE VALUES OF THE ORDER FUNCTION 9

It remains to estimate the error term in (12). The first sum is

rm T
< Z 10g9/8—6x < log26/25x.

m<log!/25 ¢

The second sum in the error term is bounded since when m is square free, ¢4 p2 <
#. Therefore we have

. 1 . x
Z Sa,m? Ll(l‘) < Z ) LI(JT) =0 (26/25) .
1 m log x
m>log!/2% m>log!/17 x
For the third sum, we need to show that

Y Ada,m® =0 <2§”/25x> .

m>log!/25 ¢ 10g

Now
x x
Ag(z,m?) < k< 2| k-11 < —=0(—=,
QZ (:Em)_zz #{ _I|m ‘ }—QZ m2 10g26/25x

log x<m log? z<m log® x<m
while, by the Brun—-Titchmarsh Theorem,

Z Ay(z,m?) < Z m(z,m? 1)
log!/2% x<m<log? = log!/2% z<m<log? x

x T
< > =0 ( ) .
log/2 e <iog2 (M) log(z/m?) log?0/% ¢

This completes the proof. ([l

5. SQUARE FREE ORDERS: PROOF OF THEOREM 1.1
We note that if n = p{* ---p%s and a € Z, then
In(a) =Lc.m.(loi(a), - e (a)).

Therefore I, (a) is square free is and only if each [ i (a) is square free. That is: the
function
2 .
w (I (a if (n,a) =1,
Fn) = { (in(@) if (n,)
0 otherwise

is a multiplicative function of n. We are in the condition to apply the Hypothesis
of the Theorem of Wirsing in Lemma 2.2 that are satisfied because of Theorem 1.3,
obtaining:

(N e SRy a)
Ia(m)_ (e”fﬁar(ﬂa)_'_ (1)) log z H Z I'Z :

p<=,pfa v=0
Note that if
vp(al?(@ — 1), if p > 2;
kp(a) = 2 . _
va(a® —1)—1, ifp=2,
then
lpu (a) _ lp(a)pmax{o,ufkp(a)}.
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We deduce that p?(l,»(a)) = 1 if and only if ,,(a) is square free and v < k,(a) + 1.

Therefore
3 12l (a) _ 1+ (@) (11
e S 1-1/p \p phel@+2 )"

()"

1 1 T
I(z) = | ————- - — 1
@) = | 7oy g[ ( pk,,<a)+2)+o<> ogr 11

lp(a) square free lp(a) square free

Note that if J,(z) ={p < x|p1a, l,(a)square free}, then

() o 2 ()

pETa(x) pPETa(x)

1
exp Z — | +o(1) = (logz)?*ers + o(1).
p
pETa ()

by partial summation. The constant A\, is defined by

) 1
Ao = Th_r)r})o Z — — BgloglogT.
pE€Ta(T)

Note that the limit exists in virtue of Theorem 1.2 since by partial summation

1 T J.(t)at I 1
Z f——/l 2 —I—O(logT) —ﬁaloglogT—i—)\a—i—O((logT)1/25>.

p€Ta(T) b

The constant «, in Theorem 1.1 is defined by

1 1
a = e 1 —_——_—_—_—
@ e'yﬁa—Aaf(ga) g ( pkp(a)+2>

lp(a) square free

and this completes the proof. ([

6. NUMERICAL DATA

In this section we compare numerical data. The first table compares the value

7

of the constant (3, with ﬁ((11007))
necessarily l,(a) is square free for all a, we always have that

=)

l

for a =2,3,...,22. Since when p — 1 is square free

where [], (1 - ﬁ) = 0.37395. .. is the Artin constant. In fact in [5] it is proven
that given an integer ¢, the probability that p is a prime and p + ¢ is k—free equals

(- )

l

Finally, the the problem of enumerating primes p < z in an arithmetic progression
for which p — 1 square free, was addressed in [1].
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[ o | 2 [ 3 [ 4 | 5 [ 6 | 7 [ 8 |
% 0.46441 | 0.51167 | 0.72989 | 0.52488 | 0.54007 | 0.52794 | 0.50867
Ba [0.46437 [ 0.51175 [ 0.72972 | 0.52594 [ 0.54018 | 0.52788 | 0.50859

[ e | 9 [ 10 [ 11 [ 12 [ 13 [ 14 [ 15 |
%(?f)) 0.65392 | 0.53349 | 0.52954 | 0.51197 | 0.52997 | 0.53244 | 0.53154
Ba  [0.65391 [ 0.53359 [ 0.52959 [ 0.51175 [ 0.52991 | 0.53121 | 0.53153

[ o [ 16 | 17 [ 18 | 19 [ 20 | 21 [ 22 |
%0077)) 0.76299 | 0.53038 | 0.46429 | 0.53030 | 0.52506 | 0.53135 | 0.53110
Ba [ 0.76289 [ 0.53024 [ 0.46437 [ 0.53034 [ 0.52594 | 0.53111 | 0.53126

The following tables compare the values ¢, ., (second row) and %077’;") (first
row) with @ = 2,...,20 and m = 2,...,21. Note that the numbers are truncated

(not approximated) to the fourth decimal digit.

a\m 2 3 4 5 6 7 8 9 10 11

2 0.7081 | 0.3752 | 0.4166 | 0.2082 | 0.2657 | 0.1458 | 0.0832 | 0.1250 | 0.1472 | 0.0915
0.7083 | 0.3750 | 0.4166 | 0.2082 | 0.2656 | 0.1458 | 0.0833 | 0.1250 | 0.1475 | 0.0916
3 0.6666 | 0.3747 | 0.3332 | 0.2083 | 0.3123 | 0.1458 | 0.1667 | 0.1251 | 0.1389 | 0.0917
0.6666 | 0.3750 | 0.3333 | 0.2082 | 0.3125 | 0.1458 | 0.1666 | 0.1250 | 0.1388 | 0.0916
4 0.4166 | 0.3752 | 0.0832 | 0.2082 | 0.1564 | 0.1458 | 0.0416 | 0.1250 | 0.0866 | 0.0915
0.4166 | 0.3750 | 0.0833 | 0.2082 | 0.1566 | 0.1458 | 0.0416 | 0.1250 | 0.0868 | 0.0916
5 0.6664 | 0.3751 | 0.3333 | 0.2082 | 0.2497 | 0.1457 | 0.1667 | 0.1251 | 0.0692 | 0.0915
0.6666 | 0.3750 | 0.3333 | 0.2082 | 0.5200 | 0.1458 | 0.1666 | 0.1250 | 0.0694 | 0.0916
6 0.6663 | 0.3750 | 0.3333 | 0.2086 | 0.2656 | 0.1456 | 0.1665 | 0.1250 | 0.1388 | 0.0916
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2656 | 0.1458 | 0.1666 | 0.1250 | 0.1388 | 0.0916
7 0.6666 | 0.3749 | 0.3333 | 0.2084 | 0.2499 | 0.1456 | 0.1666 | 0.1250 | 0.1390 | 0.0916
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 | 0.1666 | 0.1250 | 0.1388 | 0.0916

a\m 2 3 4 5 6 7 8 9 10 11

8 0.7081 | 0.1250 | 0.4166 | 0.2082 | 0.0885 | 0.1458 | 0.0832 | 0.0415 | 0.1472 | 0.0915
0.7083 | 0.1250 | 0.4166 | 0.2082 | 0.0885 | 0.1458 | 0.0833 | 0.0416 | 0.1475 | 0.0916
9 0.3332 | 0.3747 | 0.1667 | 0.2083 | 0.0624 | 0.1458 | 0.0832 | 0.1251 | 0.0693 | 0.0917
0.3333 | 0.3750 | 0.1666 | 0.2082 | 0.0625 | 0.1458 | 0.0833 | 0.1250 | 0.0694 | 0.0916
10 0.6668 | 0.3749 | 0.3333 | 0.2085 | 0.2498 | 0.1458 | 0.1667 | 0.1249 | 0.1477 | 0.0912
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 | 0.1666 | 0.1250 | 0.1475 | 0.0916
11 0.6667 | 0.3747 | 0.3333 | 0.2081 | 0.2498 | 0.1457 1664 | 0.1250 | 0.1386 | 0.0916
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 1666 | 0.1250 | 0.1388 | 0.0916
12 0.6665 | 0.3750 | 0.3334 | 0.2081 | 0.3126 | 0.1456 1667 | 0.1250 | 0.1386 | 0.0917
0.6666 | 0.3750 | 0.3333 | 0.2082 | 0.3125 | 0.1458 1666 | 0.1250 | 0.1388 | 0.0916
13 0.6669 | 0.3748 | 0.3333 | 0.2084 | 0.2499 | 0.1458 1666 | 0.1251 | 0.1390 | 0.0915
0.6666 | 0.3750 | 0.3333 | 0.2082 | 0.2500 | 0.1458 1666 | 0.1250 | 0.1388 | 0.0916

14 0.6668 | 0.3751 | 0.3332 | 0.2079 | 0.2503 | 0.1457
0.6666 | 0.3750 | 0.3333 | 0.2082 | 0.2500 | 0.1458
15 0.6668 | 0.3748 | 0.3332 | 0.2086 | 0.2498 | 0.1457
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458
16 0.0832 | 0.3752 | 0.0416 | 0.2082 | 0.0314 | 0.1458 0209 | 0.1250 | 0.0173 | 0.0915
0.0833 | 0.3750 | 0.0416 | 0.2082 | 0.0312 | 0.1458 0208 | 0.1250 | 0.0173 | 0.0916
17 0.6666 | 0.3749 | 0.3333 | 0.2084 | 0.2502 | 0.1456 | 0.1664 | 0.1249 | 0.1390 | 0.0915
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 | 0.1666 | 0.1250 | 0.1388 | 0.0916
18 0.7082 | 0.3751 | 0.4165 | 0.2083 | 0.2657 | 0.1457 | 0.0834 | 0.1250 | 0.1475 | 0.0914
0.7083 | 0.3750 | 0.4166 | 0.2082 | 0.2656 | 0.1458 | 0.0833 | 0.1250 | 0.1475 | 0.0916
19 0.6666 | 0.3750 | 0.3332 | 0.2083 | 0.2500 | 0.1457 | 0.1667 | 0.1250 | 0.1386 | 0.0917
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 | 0.1666 | 0.1250 | 0.1388 | 0.0916
20 0.6667 | 0.3751 | 0.3334 | 0.2082 | 0.2500 | 0.1459 | 0.1666 | 0.1248 | 0.0693 | 0.0914
0.6666 | 0.3750 | 0.3333 | 0.2083 | 0.2500 | 0.1458 | 0.1666 | 0.1250 | 0.0694 | 0.0916

1665 | 0.1248 | 0.1386 | 0.0916
1666 | 0.1250 | 0.1388 | 0.0916
1665 | 0.1252 | 0.1391 | 0.0915
1666 | 0.1250 | 0.1388 | 0.0916
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a\m 12 13 14 15 16 17 18 19 20 21

2 0.1564 | 0.0774 | 0.1031 | 0.0781 | 0.0416 | 0.0590 | 0.0885 | 0.0526 | 0.0866 | 0.0546
0.1562 | 0.0773 | 0.1032 | 0.0781 | 0.0416 | 0.0590 | 0.0885 | 0.0527 | 0.0868 | 0.0546
3 0.0624 | 0.0775 | 0.0971 | 0.0782 | 0.0832 | 0.0589 | 0.1044 | 0.0526 | 0.0693 | 0.0546
0.0625 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.1041 | 0.0527 | 0.0694 | 0.0546
4 0.0314 | 0.0774 | 0.0605 | 0.0781 | 0.0209 | 0.0590 | 0.0521 | 0.0526 | 0.0173 | 0.0546
0.0315 | 0.0773 | 0.0607 | 0.0781 | 0.0208 | 0.0590 | 0.0520 | 0.0527 | 0.0173 | 0.0546
5 0.1249 | 0.0774 | 0.0970 | 0.0781 | 0.0832 | 0.0588 | 0.0834 | 0.0525 | 0.0346 | 0.0545
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0347 | 0.0546
6 0.1563 | 0.0772 | 0.0971 | 0.0783 | 0.0832 | 0.0589 | 0.0885 | 0.0525 | 0.0693 | 0.0546
0.1562 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0885 | 0.0527 | 0.0694 | 0.0546
7 0.1250 | 0.0775 | 0.1213 | 0.0781 | 0.0832 | 0.0589 | 0.0833 | 0.0527 | 0.0693 | 0.0547
0.1250 | 0.0773 | 0.1215 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546

a\m 12 13 14 15 16 17 18 19 20 21

8 0.0521 | 0.0774 | 0.1031 | 0.0260 | 0.0416 | 0.0590 | 0.0294 | 0.0526 | 0.0866 | 0.1823
0.0520 | 0.0773 | 0.1032 | 0.0260 | 0.0416 | 0.0590 | 0.0295 | 0.0527 | 0.0868 | 0.1822
9 0.0313 | 0.0775 | 0.0485 | 0.0782 | 0.0416 | 0.0589 | 0.0208 | 0.0526 | 0.0347 | 0.0546
0.0312 | 0.0773 | 0.0486 | 0.0781 | 0.0416 | 0.0590 | 0.0208 | 0.0527 | 0.0347 | 0.0546
10 0.1250 | 0.0774 | 0.0972 | 0.0783 | 0.0833 | 0.0589 | 0.0831 | 0.0527 | 0.0871 | 0.0546
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0868 | 0.0546
11 0.1248 | 0.0773 | 0.0971 | 0.0782 | 0.0833 | 0.0590 | 0.0833 | 0.0526 | 0.0693 | 0.0545
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546
12 0.0625 | 0.0775 | 0.0971 | 0.0781 | 0.0832 | 0.0590 | 0.1042 | 0.0526 | 0.0693 | 0.0547
0.0625 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.1041 | 0.0527 | 0.0694 | 0.0546
13 0.1251 | 0.0775 | 0.0973 | 0.0779 | 0.0831 | 0.0589 | 0.0834 | 0.0526 | 0.0695 | 0.0545
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546

a\m 12 13 14 15 16 17 18 19 20 21
14 0.1252 | 0.0774 | 0.1032 | 0.0778 | 0.0832 | 0.0589 | 0.0832 | 0.0526 | 0.0691 | 0.0546
0.1250 | 0.0773 | 0.1032 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546
15 0.1249 | 0.0772 | 0.0970 | 0.0782 | 0.0832 | 0.0589 | 0.0834 | 0.0525 | 0.0696 | 0.0544
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546
16 0.0156 | 0.0774 | 0.0121 | 0.0781 | 0.0104 | 0.0590 | 0.0104 | 0.0526 | 0.0086 | 0.0546
0.0156 | 0.0773 | 0.0121 | 0.0781 | 0.0104 | 0.0590 | 0.0104 | 0.0525 | 0.0086 | 0.0546
17 0.1249 | 0.0773 | 0.0972 | 0.0782 | 0.0831 | 0.0590 | 0.0834 | 0.0525 | 0.0695 | 0.0546
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546
18 0.1563 | 0.0774 | 0.1030 | 0.0782 | 0.0416 | 0.0589 | 0.0884 | 0.0527 | 0.0867 | 0.0549
0.1562 | 0.0773 | 0.1032 | 0.0781 | 0.0416 | 0.0590 | 0.0885 | 0.0527 | 0.0868 | 0.0546
19 0.1249 | 0.0772 | 0.0972 | 0.0783 | 0.0835 | 0.0590 | 0.0833 | 0.0526 | 0.0691 | 0.0545
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0694 | 0.0546
20 0.1251 | 0.0773 | 0.0972 | 0.0783 | 0.0832 | 0.0588 | 0.0832 | 0.0525 | 0.0346 | 0.0547
0.1250 | 0.0773 | 0.0972 | 0.0781 | 0.0833 | 0.0590 | 0.0833 | 0.0527 | 0.0347 | 0.0546

7. k—FREE ORDERS

We recall that an integer is said to be k—free if it is not divisible by the k-th
power of any prime number.
Let Sk is the set of integers which are k-free. The same argument as in Theo-
rem 1.2 gives
#{p<z|pta, lya) € S} ~ Bor Li(x)
where, for k > 3,

1 1 1
Bak = H (1 T 22 - 1)) R 2 H 1— Ftum)-2(12 1)

l 1[2,a1]

We will omit the proof. A similar statement as Theorem 1.1 also holds.
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