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Abstract We derived an asymptotic formula for the number of pairs of integers which are mutually squares.
Earlier results dealt with pairs of integers subject to the restriction that they are both odd, co-prime and

squarefree. Here we remove all these restrictions and prove (similar to the best known one with restrictions)

cXx?
log X

which we give explicitly. Our error term is also compatible to the best known one.

with an absolute constant ¢

that the number of such pair of integers upto a large real X is asymptotic to
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1 Introduction

Let m and n be integers with n # 0. We say that m is a square modulo n if the equation X2 = m (mod n)
is solvable and we write this condition as m = O ( mod n). If furthermore n is squarefree, this is equivalent
to the fact that for every odd prime p dividing n, we have (%) =0or 1.

In response to a question posed by Serre [9] regarding an upper bound of the number of certain solutions
of ternary quadratic forms, a result due to Friedlander and Iwaniec [6, Theorem 1] states that for any
fixed & > 0, uniformly for A, B > exp((log AB)?), the following asymptotic formula holds:

F(A,B)=t{(a,b):1<a< A 1<b< B, p*(2ab) =1, a =0 (mod b) and b =0 (mod a)}

_A—B EJ’_O L_FL (1 1)
~ log A+/log B \ 73 \logA "logB /) '

The condition p?(2ab) = 1 is equivalent to the requirement that a and b are both odd, coprime and
squarefree. The above result can be interpreted in terms of the solvability of a ternary quadratic equation.
A similar result is also due to Guo [7] and to Fouvry and Kliiners that in [3, Theorem 5] and [4] investigated
the solvability of ternary quadratic equations and interpreted their results in terms of the average behavior
of the value of the 4-rank of the ideal class group of quadratic fields. This connection has also been
exploited more recently by Fouvry et al. [5] to enumerate dihedral and quaternionic extensions of Q.
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Table 1 Numerical experiments

X 1S(X, X) fx)  EES F(X,X) gx)  HEA
1,000 115,372 97,808.47 1.1796 24,568 28,013.32  0.87701
10,000 8,314,344 7,335,635.35 1.1334 2,003,744 2,100,999.51  0.95371
100,000 648,906,554 586,850,828.54 1.1057 164,863,544 168,079,961.24  0.98086
500,000 14,051,934,364 12,871,861,671.91 1.0917 3,648,637,010 3,686,630,240.18  0.98969
1,000,000 53,139,299,588 48,904,235,712.13 1.0866 13,893,935,102 14,006,663,437.25  0.99195
1,500,000 115,865,614,308 106,897,251,744.10 1.0839 30,407,843,840 30,616,444,685.08  0.99319
2,000,000 201,562,784,584  186,271,396,565.16 1.0821 53,030,177,066 53,349,995,592.04  0.99401
2,500,000  309,769,118,570  286,640,518,154.18 1.0807 81,629,492,250 82,096,718,347.62  0.99431

2,900,000 412,334,047,078  381,856,353,452.19 1.0798 109,367,488,240.97

The analytic tools appearing in the proofs of the main results in [2-7] are all of the same nature: the use
of Jacobi symbols as characters, the Siegel-Walfisz theorem for these characters, and double oscillations
theorem. This paper removes the condition u?(2ab) = 1 of previous results and to this purpose define

S(A,B) = {(a,b) e N?,a < A,b < B and a =0 (mod b),b = (mod a)}.

We will prove the following result.

Theorem 1.1.  For any fired § > 0 and uniformly for A, B > exp((log AB)%), we have the estimate

AB 1 1
S(A,B)= —~~ O —— + ——)(loglog AB)®
s5048) = e (o4 O (i + i ) Cston 487 ) )
where
_ T x(1+3 H 1+i—i = 0.6756369848102110953
“= 1440 L p2  p3 o '
p=3
p prime

In Table 1, computed with Pari/gp (see [1]), we list the values of §S(X, X) and of F(X, X) for various
small values of X and compare them with f(z) = c¢X?/log X and g(x) = 6X? /7% log X, respectively.

The rest of the paper is organized as follows. Section 2 deals with four lemmas. The first two lemmas
are from [6] and will be required to prove the other two lemmas. The last two lemmas provide the
combinatorial setup of the proof of Theorem 1.1. In Section 3, we complete the proof of our main result.
We first state Lemma 3.1 and apply it to prove Theorem 1.1 and then finally complete the proof of this
technical lemma. In Section 4, we give a summary of the results and talk about some possible future
research.

2 Lemmas

We refer to the book of Hardy and Wright [8] for classical results from elementary number theory. Two
lemmas from [6] will be needed.

Lemma 2.1 (See [6]).

we have
2o X(n) o Cldg) @ (log log 3dg)3/2 7(d)gx
=4 1+0( ——F— O ———
7;; HO Ty = Yol vioga L log a "\ lloga)? )°
(n,d\)zl
n=a (mod ¢q1)

Let (ad,q) = 1, where ¢ = q1q2 with (q1,q2) = 1. For x a character modulo ¢z

with any D > 0. Here 6, =1 if x is the principal character and 6, = 0 otherwise, and

co- ()0 08)”

plr

(2.1)
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Lemma 2.2 (See [6]). Let ayy, and 8, be complex numbers bounded by one and supported only on odd
integers. Then we have

>0 ambn <7:> < (MN?& + M8 N)(log 3MN)#,

|m|<M n<N

where the implied constant is absolute.

For any integer n, we denote by va(n) the highest power of 2 dividing n. Furthermore, for any pair of
integers a, b, let

o(a;b) = 1, ifa=0 (mod 2v:(®), and  I(a,b) = 1, ifa=0 (mod b) and b =0 (mod a),
0, otherwise, 0, otherwise.

Next result provides the combinatorial setup of the proof of Theorem 1.1.

Lemma 2.3. Let a,b € N, set d = ged(a,b) and write a = da’ and b = db'. Furthermore, write
d = me?, where m,e € N are uniquely determined by the requirement that m is squarefree. Denote
by w(n) the number of odd prime divisors of n. Then

(1) if (a'V',m) # 1 then I(a,b) = 0;

(2) if ('t',m) =1 then

Ia.b) = I(ma'.mb) a(mb';a")o(ma’;b') Z M2(2a1b1)<nga’) (mb’)

2w(a’d’) 1 ay

ajaz=a’
by1bo =b’

Proof.  Assume that I(a,b) = 1. Then there exist k, £ € Z such that da’ = 2?+kdb’ and db’ = y? +{da’.
So, me? = d | ged(2?,y?). We deduce that, for some integer M, me?M = x? and so (x/e)? = mM. In
particular, x/e is an integer divisible by m and since the same conclusion holds for y we deduce that
mel| ged(z,y). If we write x = meX and y = meY, then

a =mX?+ kb and ¥ =mY?+/ld. (2.2)

If ¢ | ged(a’,m), then ¢ | ¥’ and this is absurd. Similarly if ¢ | ged(d’,m), then ¢ | ' which is also absurd
and this implies the claim (1).

In order to prove the second claim, we observe that, multiplying by m the equations in (2.2), we deduce
that ma’ = (mX)?+kmb’ and mb’ = (mY)?+Ima’. Hence, if I(a,b) = 1, then I(ma’,mb’) = 1. Vice versa
if I(ma’,mb’) = 1 then ma’ = O (mod md’') and mbd’ = O (mod ma’). Multiplying these congruences
by e? we obtain that a = [ (mod b) and b = O (mod a) so that I(a,b) = 1. To complete the proof of
Lemma 2.3(2), we observe that, ma’ = O (mod mb’) if and only if for all odd p | ¥/, (mT“/) +1#0 and
o(ma’,b") = 1. Finally,

ot )ttt TT (10 (%)) (o (1))

pla/b/
p>2

_o(ma’, b )o(mb',a’) 9 ma’\ [ mb’
- 9(at) 2. #mb) WA

al |a’,b1 | b’

and this concludes the proof. O
Lemma 2.4. Let L,K,M,q € N be mutually coprime, let x (mod q) be a Dirichlet character and let
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€ (Z/qMZ)*. Denote by 9 alternatively 1 =1 or 1 = u?. Then, for X large enough,

3 Y()x(n)22 (W) C(gKLM)Py(qKM, L) X

i 2uw(n) X (M) Viog X
(n,K)=1
n=u (mod M)

5
" (1 +O((loglogi’;qKLM)z loglogX>)
log X

T(LK)gM X loglog 3L>
logc X ’

+ O¢ <
for any C > 0, where 6, = 1 if x is the principal character and otherwise it is zero, C(r) is as in (2.1) and

11" if () = (),
Pw(a,b) = P 2p+1 1 .
H2p—1H<1+(2p+1)(p—1)>’ 7o =1

p|b rfa

Proof.  Let S be the sum on the left-hand side of the identity in the statement. Since S does not change

if we replace L by the product of its prime factors, we may assume that L is squarefree. Let us write
n = me?, where m,e € N are uniquely determined by the property that m is squarefree. Note that
(me ,L)=(m,L)(e,L)/(e,m, L). Therefore,

_ zp(e2)x(e)22w((e’”) M2(m)X(m)gw((m,L))+w((e,m))7w((e,m,L))
S = % 2w(e) Z 2 Qw(m) ’
e m<X/e
(e.qKM)=1 (m,;)(()/zl

m=ue~2 (mod M)

where we used the fact that w((me?, L)) = w((m,L)) + w((e,L)) — w((e,m, L)) and w(me?) = w(m)
+ w(e) —w((e,m)). Write s = ged(m, L) and split the inner sum above according to the value of s | L
and obtain that

2 2w((e L)) 2 ow((e,m))
5o x MRSy ST ey
eeN s|L m< X/ se?
(e;,qKM)=1 (m,KL)=1

m=u(e?s)~! (mod M)

First assume that 1 (n) = u(n)? so that ¥(e?) = 0 for e > 1 and

2(m)v(m 2(m)x(m X7(L
S= x(s > % =2 x(s) 2 : (2w22>( : +O(1ogc()3>’

s|L m<X/s s|L m<X/s
(m,KL)=1 s<R (m,KL)=1
m=us~! (mod M) m=us~! (mod M)

where R = logc X. Next, we apply Lemma 2.1 to the inner sum above so as to obtain that

X5,C(gKLM) x(s) (loglog(3¢K LM))3/? T(LK)gMX 1
ST 2 (0B ) o (AT )

s<R

s
s|L
Now note that )" L3 L <« loglog 3L and that, since s < R,

\/loth/s) - Vlong <1 +O<b§§(){)>'

Hence, by adding back the terms with s > R, with a contribution bounded by the error term, we get

X(S c (K LM) Z x(s 140 (loglog X ) log log(3¢K LM)>/?
Viog X log X

S =
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T(LK)gMX )
+ Oc| ———F—loglog3L |.
C( logc X g 10g

The result for ¢ = pu? follows by noticing:

P+ e e
| I , if x is principal,
6P(qKML—5E =1qp|L

| L 0, otherwise.
Now suppose 9)(n) = 1. The contribution to the sum in (2.3) of those e € N such that se® > R is

o3 T ) =olmr) o (iors)

s|Le>(R/s)t/3

if we choose R = log®® X. Therefore,

gw((e,L)) 2(m) v (m)2w((e;m))
5= x(s) Z b(e®)x(e)*2 > p=(m)x(m)2

Qu(e) 2w(m)
s|L ecN,se®<R m<X/se?
(e,qMK):l (m,KL)=1
m=u(e?s)™! (mod M)
X71(L
+0<1 Té;) (2.4)
og
het 2 (em)
_ p (m)x(m)2=tem
Se,s = <§ , gw(m)
(m,KL)=1

m=u(e?s)~! (mod M)

be the most inner sum of (2.4), let ¢ = ged(e,m) and split Se s according to the value of ¢ | e to obtain

Seo= Y Wy )

tle m< X/ ste?
(t,L)=1 (m,KLe)=1
m=u(e?st) ™! (mod M)

Now apply Lemma 2.1 to the inner sum above and obtain

Z M:Sl(s,e,t)-i-sz(&eat)v

m< X/ ste? getm)
(m,KLe)=1
m=u(e?st) ™! (mod M)
where
X
S t) =0,C(qgK LM
1(5767 ) X (q e)(P(M)St62\/m7
(1og10g3qKLMe)3/2> (T(LKe)qMX)
Sa(s,e, t) = O Si(s,e,t)loglog X Oc| —————|. 2.5
2(5.600) = O Si(s,c.0) og o 5% e (25)
Hence,
29w((e,L))
x(e)“2
s=Ywe) Y M S 2 in)Si(s.et) + Sals.e.)). (26)
s|L eeN,se®<R tle
(e,gMK)=1 (t,L)=1

We first deal with the main term of (2.6). We may assume that x = xo is the principal character modulo ¢
otherwise Si(s,e,t) = 0. Then

1
5w Ox0sisen = sisen ] (1+1)

t]e ple
(t,L)=1 ptL
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Next, we sum over e < (R/s)'/? to obtain

gw((e,L))

> o Si(s 1) 11 <1+;>

e€N,se><R ple
(e,gMK)=1 ptL

ow((e,L)) 1 1\ 7!
251(8,171) Z W <1+p) <1+2p>
e€N,se®<R ple
(e,gMK)=1 ptL

_ 51(8’171),911(1 - pﬂ);ql;[m (1 + W) X (1 +O<1<):C/3X>>’

where the contribution of e > (R/s)'/3 to the sum in the second equation above is O(s/3/log® X).
Finally, sum over s | L and arrive to the main term

DA L) I (v )~ (- o(25)

ptqKLM

Note that the above is zero unless x = xo and in such a case the main term as in the statement of
the lemma is obtained by isolating the factor Hp | L1+ m). Next, we deal with the error term

in (2.6) which is bounded by
Z Z Z Sa(s, e, t).

s|L eeN,se’<R tle
(e,gM K)=1 (t,L)=1

We split the sum in two parts relative to the terms that form Sa(s,e,t) in (2.5).

1(1,1,1) (log1 KLM X)3/2
The first part is << U Z Z og 0g3q e Z*

1 (log X) y
< 511 1>(log10g3qKLMX)3/21 log 3L < Sy(1,1 1)(loglog3qKLMX)5/2
1\ 4 (log X) 0g log (44 (IOgX) )
while T(LK)gM X LK)gM X log1 X
the second part is < )X 5 Lgn Tl $h L T(ER)aMos o
log X log X
s|L e tle
s<R
The proof of the lemma follows. O
3 Proof of Theorem 1.1
We begin by applying Lemma 2.3 to
1S(A,B)= > I => > 1P(ged(a,b))I(a,b)
a<AbLB e€Na<A/e
b<B/e?
9 9 AB
= Z 12 (m)Sm(A/me?, B/me?) Z 12 (m)Sm(A/me?, B/me*) 4+ O - ) (3.1)
e,meN e<T
m<T
where T' > 1 is a parameter to be chosen later and
S,m(A,B) = > I(ma, mb). (3.2)
a<Ab<B

ged(m,ab)=gcd(a,b)=1

The proof is a consequence of the following lemma.
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Lemma 3.1. For any fized 6 > 0 and uniformly for A, B > exp((log AB)®) and m, we have the

estimate AB 13 ) )
S1(A,B)= ——o—— | —4+0( | — + —= | (loglog AB)*
14, B) m/logA\/logB<8 * <(logA+logB)(og og AB) >)
and if m > 2,
AB ( ) o 1 1 m
Sm(A,B) = m X —— 4+ O| (loglog AB ,
A B) = s A /oe B (5 * <( oglog AB) <logA + logB) T 10gC AB))

where &, = 19/16 if m is odd and &, = 1 if m is even.

Before proving Lemma 3.1, let us deduce from the statement of Theorem 1.1. Replacing the statement
of Lemma 3.1 in (3.1) we obtain that tS(A, B) equals

1 1
+ loglog AB/e* 4>>
e<T7T 4( /lo /lo <16 <(logA/62 logB/62>( glog AB/")
( (m)&m (loglog AB)* 1 1 1
ms T m? lo o T logCAB
m<T \/log g77L62 gme2 mlog ez

+0(T>.

We choose T' = (log AB)Q, C large enough and we use the fact that for e,m < T,

1 1 1
1 logT
\/log \/logA\/logB< +O< % (1 A+logB>>>

Hence, we deduce that the above sum equals
AB W 12 (m) @ (1m)éom N
—_—— —| = ————>— 4+ 0 (loglog AB —
71'\/10gA\/logBe<Z;e‘1 <16 +77;:T m3 +0{ (loglog AB) log A + log B

and the result follows by noticing that

1 (1 pAm)p(m)en _ 21 po1\ (1
S =gt O(gs) a0 RIS BT (14250 ) o 7).
e<T m<T p>'3

p prime

Proof of Lemma 3.1.  We apply Lemma 2.3 and the quadratic reciprocity to (3.2) to obtain that

2(2
Sm(A,B) = E o(mb; a)o(ma; b)W( ) (mb)
aras<A 2‘*’(‘1 ) bl a1
biba< B

ged(m,ab)=gcd(a,b)=1

= Z J(a17a2ab17b27m)7

aipa <A
b1bs<B
ged(m,ab)=gcd(a,b)=1

where

ay—1b— 2(2a1b b
J(ai,az,b1,ba,m) = (—1)"2 i 1U(mb§ QQ)U(mG;bﬂM Mz ) (22 )
20w (ab) b1 a;

and the sum is over 4-tuples aq, as, by and by with ajas = a and b1b; = b. Observe also that we used the
condition 2 { a1by to deduce that o(mb;a) = o(mb;az) and o(ma;b) = o(ma;be). We follow the steps in
[6, p.103]. We fix V = (log AB)?3, and split the sum into eight different sums depending on the size of
the variables. First we set

81 = {(a1,a2,b1,b2) € N* : ayas = a,b1by = b, a1 < V,az < V,b < B},
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and we obtain

Yo Jananbibm< Y S 2 2wb1b2>\ BV?, (3.3)

S1 a1 <V b1bo<B
ged(a,b)=1 as<V
ged(ab,m)=1
since ) "
p?(b1) 1 9 B 2w(k)
w(bibz) Z 9w (k) Z H (bl) - Z ow(k) [B]
biba< B k<B biba=k k<B
The symmetric argument leads to the estimate
Z J(a1,a,b1,ba,m) < AV?, (3.4)

Sa
ged(a,b)=1
ged(ab,m)=1

where
Sp = {(a17a27b17b2) eN': a1a2 = a,biba =0, by <V, by <V,a < A}

Next, we consider
S3 = {(a1,a2,b1,b2) € N* : ajas = a,bibo = b, a1 < V,bo < V,a < A,b < B}

and the sum

Z J(ai,a2,b1,b2,m Z Z Z Z J(a1,2%as,b1,ba,m)

S3 1<V bo<V k20 go<
ged(a,b)=1 h 2\“12k
ged(ab,m)=1 bi<£ by

<X YT 5 a3

a1V ba<V k201 g4

\a12k
b1§%
where N ) (2" )
B aj—1v-1 (m27\ pu?(2a1bq ok _o(m2%ayaz; be
B = ()20 () o)., = TR,
and the sum over ay is restricted to odd integers. We apply Lemma 2.2 to the most inner sum above and
obtain
1/6 4—1/6 1/6 n—1/6 7/6
> Jlar,az,b1,b,m) < YDy (2% j ((2"a)/0A7Y0 0B ))(logAB)
S3 a1 <V ba<V k20
ged(a,b)=1
ged(ab,m)=1

< ABVYS(A=Y6 4 B=1/6)(log AB)"/®log V.
Analogously, if
Sy = {(ay,a2,b1,b3) € N* : ajap = a,bibs = b, ay < V,by < V,a < A, b < B},
then, by Lemma 2.2, we obtain

> J(ar,az,bi,bs,m) < ABVYS(ATYS 4 B7H0)(log AB) /% log V.

Sa
ged(a,b)=1
ged(ab,m)=1

Next, we consider

S5 = {(a1,a,b1,b2) € N* : ayas = a,b1by = b, a1 > V,by > V,a < A,b < B},



Chakraborty K et al. Sci China Math  September 2017 Vol. 60 No.9 1641

S = {(a1,a2,b1,b2) € N*:ajas = a,biby =b, by > V,as > V,a < A, b < B}.
In addition, we apply Lemma 2.2, in a similar fashion as above and obtain

Z J(a17a27b17b27m)

Ss
ged(a,b)=1
ged(ab,m)=1

2
ag1 by1 o] 2a1b1 mbay
< Z Z (-1)77 > 0(mb;a2)0(ma?b2)2(®(ab))<)‘

a
as<A/V ' a1<A/as 1
b <B/V by<B/by

A/B\® B/ A\ AB
< Z (a( ) +(> )(10g3AB)7/6<<V1/6(10g3AB)13/6.

az<A/V b1 by \ a2
bi<B/V
Similarly,
AB
Z J(al,ag,bl,bg,m) < W(IOgSAB)IB/G
Se
ged(a,b)=1
ged(ab,m)=1

We observe that if S = {(a1,az,b1,b2) € N* : ajas < A,b1by < B}, then S\ (S US2 US3US; USs5USe)
= &7 U Sg, where the last union is disjoint and S7 = {(a1,a2,b1,b2) € S: a3 < V,ba < Va3 >V, by >V}
and Sg = {(a1,a2,b1,02) € S : a1 < V,by < V,as > V, by > V}. Both the above terms will contribute to
the main term.

Let us consider the sum

1
> J(ar,a2,bibym) =Y msaz,bz +0(V?log V(A + B)), (3.5)
57 azgv,bzgv
ged(a,b)=1 (az,b2)=1
ged(ab,m)=1 (azb2,m)=1

where Sg, p, equals

Z (_1)“71 by —1 u2(2a1)2w((a1,a2)) u2(2b1)2w(b1,b2) (me) (TTLCLQ)'

2 2 o'(ma,; bg)O’(mb; @2) ow(ar) 9w (b1) T

ai
al gA/U,Q
b1 <B/b2
(b1,a1)=1

We use the Mébius function to remove the condition (a;,b;) = 1. This introduces an extra sum over
divisors d of (ay,b1). Then, we interchange the order of summation and estimate trivially the sum over
pairs a; and b; with common divisor d > A where A = (log AB)*. We deduce that

H d) a2b2 M2(2a1)2w((a1’a2)) me daj—1d—1
Sa2.,b2 = Z 45((1) () Z a(mdalag;bg) Seo(ar) —= (_1> 5 3

d ay
d<A a1<A/das
(d,2magba)=1 (a1,d)=1
daj—1b;—1 12 (261)290102) /ma, AB
X Z (—1) 2 2 U(mdblbg;ag) 9w (b1) b + O m . (36)
by <B/dbs ! 272
(b1,d)=1

Since (a2,bz) = 1, we may assume that 2 1 ag, the symmetric case 2 1 by being analogue. Then, we
have o(mdbibs;as) = 1. We can apply Lemma 2.4 to the most inner sum with the following choice of
parameters:

day—1
X:((l)z‘*m“?), K=d, M=1 u=1 L= [[ ¢ and X =B/db,
)b, 042
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in such a way that ¢ = 4mas. Furthermore, ¢, K, M and L are mutually coprime and we obtain as the
main term for 2 { aq,

p+1 B/db, (log log 3mdagby)®/? log log B/dbs
O x Clmazbod) ][ == oa By 1 ° log B /dbs 3.7)

p|b2
pf2md

and as the error term

bad log log(3b2) B /db

Oc(T( 2 )ma? (ég Og( 2) / 2>- (38)
log B/db2

Note that the main term is zero unless m = 1, as is a perfect square and d = a1 (mod 4). In such a

circumstance we have that o(mdajas;bs) = o(day;by) and after summing over a; < A/das and d < A
the error terms in (3.8), one obtains a contribution

AB T(bg)
(ot o o) (3.9

If either ay is not a perfect square or if m #1, then for 2 { ag, Sy, », consists only of the error term in (3.8)
which, after the summation over a; <V and by < V provides a contribution which is

log® AB
Oc (ABnggV> - oc<c,>.
log™ B/A log™ AB

For ay a prefect square and m = 1, Sg, p,, for 2 1 az, equals

a2b2) pt1 +1 al)Qw((al,a2 b2
g (4dasgbs) o(day;by)——————— +E (3.10)
w(d ( 202 H Z 15 2 w(a az,bs-
bzx/logB d4 (d) R v 2w(a1) a

(d 2a2b2) 1 p1’2d (a1 d) 1
da1=1 (mod 4)

The error term E,, ;, is made out of three terms: one in (3.9), one in (3.6) and one obtained summing
over a; < A/das and d < A the O-terms in (3.7). The latter term is

0 (AB log log Blogloglog(AB) (loglog a3)?/? log by (log log by )®/? )

3.11
log3/2 B az ba ( )

where the following bounds have been applied: C(4dazbs) < 1 and [],,| 4, (1+ %) < log by and the error
term produced by the approximation (log B/dby)~/? = (log B)~'/?(1 + O(l(ffgd]? )) is absorbed in (3.11).

Hence,

AB(loglog AB)5

Y Euu :0( ( g3/2g ) ) (3.12)
a2 <V,ba <V log™' = B

Now let us consider the main term in (3.5) which, by (3.10), will be

B 1 w(d) ([ agbs p+1
Vlog B Z by20(azba) Z d4w(d) <d>C(4da2b2) H Tp Cobnd (3.13)

(az2,2b2)=1 (d,2a2b2)=1 p b2
d<A p#£2

ag=
az<V,ba<V

where « .
2 aq)2w((a1,a2 b
Sumpma= > %a(dal;b2)<a2>. (3.14)
alé% !
(a1,d)=1
a1=d (mod 4)

We now split the sum in (3.14) depending on bs.
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Case 1. 2 1 by. In this case o(dai;bs) = 1. Moreover, since a; = d (mod 4), we have b2y —
a1
(_1>a1;1 bQ;l (%) _ (_1><12;1b2;1 (%) Hence7
_ 2 w((a1,a2))
_ ot pE(d)2eren ) o
Sazbad = (—1) > ) ) (3.15)
a1§ﬁ
(al,d)zl

a1=d (mod 4)

and we can apply Lemma 2.4 with ¢ = by, x = (5;), K =d, L = Hp‘ag p,and M = 4, u = d, to get a
contribution to the main term, only when bs is a perfect square, which is given by

C’(4a2b2d) p+1 A
T, = I | . 3.16
2,02, 2das N P log A ( )
as

Plugging this into (3.13), and neglecting the terms for d > A, as >V, or by > V| we obtain

AB 1 p(d) azbs 2 p+1 p+1
Vlog Ay/log B 95 bo 2w (azbs) —= |C*(4da2zb rr- pT -
Viog AVlog B 2 2ahy 2 (@202) (dZZ) | 240 ( d (4dazb) T ] 11 .

az,by)=1 ,2)= plb2 plaz
as=by=0 d<A
(a2b2,2)=1
o) log B 2a9by2w a202 p + w p +
Tog AyIog B 25 b2 (azbz) 2+ 1)2 24D \ g %+ 1)2
(az,b2)=1 p|azbs (d,2)=1 pld
ag:b2:|:| dgA
(a2b2,2):1

~ VIog AyIog B 25 Wt 2a2b22w<azbz>ma (2p+1)? (2p+1)2

az,bz 2b2 pt2asbs
ag:bg:
(a2b2,2):1
\/loﬂ\/logBZ% ” (2p+1)2 (anbay=1 a2b22w(a2b2)’
a2,b2)=
a2:b2:D
(a2b2,2):1

(2p+1)*(p—1)
4p3

where we have used the notation € = % Hp . Splitting the last sum into the two parameters,

as and by, we get

1 1 1

(a2,b2)=1 (a2,2)=1 (b2,2a2)=1
a2:b2:|:l
(a2b2,2):1

(az,2)=1 p12az
-1
1 1 1
() e 1T (s
— w(az) 2 _
s 2(p% - 1) (oDt a32«(a2 o 2(p%2 —1)
1 1 P>
I (g ) T (1 ) = T iy
s 20 =1/ 25 20 =1/ 5w -1)

Now, using the definition of €, we obtain that the contribution to (3.13) with b2 odd is

S E— (3.17)
Viog Ay/log B 4w ’
Case 2. 2| be. Let by = 2132, with by an odd number. In this case o(dai;by) = 1. Now (Z—?) =

) - (B

d—1 bg—1
Pl

(#) = F)-D

(‘;—1) Hence, splitting the sum in terms on the
2
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congruence of a; (mod 8), and noting that (f—l) has opposite sign when a; = d (mod 8) or a; = d+ 4
(mod 8), we get

Saz,b%d
1 by 2 w((a,a2)) 2 w((a1,a2))
— ()T 3 P2 fany > P2 far) ) (3.18)
w(ar) by 9w (a1) by
algﬁ aléﬁ
(a1,d)=1 (a1,d)=1
a1=d (mod 8) a1=d+4 (mod 8)

Applying Lemma 2.4, and noting that it is independent of the value of u in the congruence, we see that
the main terms in (3.18) cancel and, in particular, there is no contribution to the main term in (3.13)
when 2 || by.

Case 3. 4| be. Let us call by = 4b,. Again in this case o(day;b2) = 1. Hence, we change by by 4by
everywhere in (3.13) to obtain a contribution 1/4 of the quantity in (3.17). In particular, the contribution
to (3.13) when 4| by is

AB 1

V1og A\/log B 167

Case 4. 8| by. Let by = 2652, where 2 ¢ by and e > 3. In this case o(day;by) = 1 only if a1 = d

(mod 8) and is zero otherwise. Moreover, (Z—i) = (a%)e((%) Hence,

2 w((a1,a2)) e 2 w((a1,a2)) 7}
_ Z w(a1)2 ba\ (2 Z p(a1)2 by
Saz,bz,d - 2w(a1) (0,1 - E 72(4}(0,1) ;1 . (320)

(3.19)

a1<% algdfz
(al,d):l (al,d):l
a1=d (mod 8) a1=d (mod 8)

The only term that affects M, the main term above is 1/2 of that of (3.16). Hence, substituting bs by
2°by everywhere in (3.13) (note that (2)° disappears with (2)), we get that the contribution to (3.13)
from this case is

AB 1 Z 1_ AB 1 (3.21)
Vlog Ay/log B 8w < 2¢ ~ Vlog Ay/log B 321" ’
Adding all the terms together, we get a main term when ay is odd of
AB 11
(3.22)

V1og A\/log B 327

In order to get the total contribution to (3.5) we will add the case in which by is odd, and subtract when
both are odd numbers for not to count. In particular, we get

AB 7
=——— + F;. 2
Z J<a‘l7a27b17b2am) \/M\/@ 167 + 7 (3 3)

Sz
ged(a,b)=1
ged(ab,m)=1
In order to bound E7, we note that the bound (3.11) is still valid when applying Lemma 2.4 in (3.15)
and, hence, we have a total contribution as in (3.12). Moreover, when considering as > V', by > V or dA,
we note that when as and by are perfect squares, the sums in those three variables are convergent and,
in particular, we will get an error term bounded by O( (logﬁ%), which is absorbed by (3.12).
At last, let us consider the sum

ar-16-1 42(2a1b m
Z J(al,ag,bl,bg,m): Z (71)7 2 W( >Ta1,b1(m)

a1b
Ss a1 <Vbi<V i
ged(a,b)=1 (a1,b1)=1
ged(ab,m)=1 (a1b1,m)=1

+0(V?1og V(A + B)), (3.24)
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where
9w((a1,a2)) 9w((b1,b2)) b2
Ty by (m) = Tay 5, (A, B,m) = - - o(mb; az)o(ma; ba) .
Qw(az) 2w(b2) bl
azgﬁﬁ <£1

PAR)
(agbz,m)zl,(bz,ag):l

First we consider the sum T , (A, B,m) restricted to the pairs as and by such that 2%[|az so that by is
odd, o(ma;by) = 1 and o(mb;az) = o(mb; 2%) = 1 if and only if mb = 1 (mod 2™*{*:3}) Also note that

if &« > 0 then m is odd. Furthermore,

Toy 5, (A, B,m) =T2 , (A, B,m) + Y (TS 4, (A, B,m) + Tg: , (B, A,m)).

azl
We introduce a Mébius function to split the condition (a227%,b2) = 1. Hence T ; (A, B,m) equals
) ooy () (2) g 2etdme2) [ ay T 20 0) by \
4‘*’(d) CL1b1 by gw(az) by Qw(b2) a1
d<A 2 < gottar ba< o
(d,2m)=1 (az,m)=1 (b2,2m)=1
a2=1 (mod 2) ba=dmb; (mod 2minte:3}y

Apply Lemma 2.4 to both the inner sum above. For the sum over b, make the following choice of
parameters:

= () M), = g
m dbq B
(m,2)’ (ar.d) 0 7 T by

For the sum over as, make the analogous choice. In all cases, ¢, K, M and L are mutually coprime and
we obtain that 77 ; (m) equals

AB (d)2¢((darbn)) /g 2a 5§
20454, by /log Ay/log B % ( 4e(d) g2 <a1b1>(b1) @)%

(d,2m)=1

dbl da1 "
x C(2a1bymd 2 P 2b —_— E 3.25
(2a1bymd)* P, (alm (d,a1)> 1( 1m7(d7b1))>+ ar b1 (3.25)
where k =0ifa<1l,k=1ifa=2and k =2 if « > 3 and

AB(loglogmAB)* [ 1 1 m
E" =0 :
E E | a1, ()] ( Tog A\/log B logA+logB+logCAB

az20a1<V,b1 <V

The main term in (3.25) is non zero if and only if a3 = b; = 1 and

(d> "
T = E ————=C'(2md)*P;(2m, d —|—E
1’1(m) 2a+r,/log A/log B 4w(d) g2 (2m ) 1(2m, ) ( )

(d, 2m) 1

)(p 1)

If m is an odd number, we have, using ¢ = 1 H (2p+1 i as before,

> d24w(d) 2(2md) P2 (2m, d)
(d,2m)=1

2p - 1) p(d) 4p?
H er 1 2 H 2p+ 1 1)2 Z d24w(d) H (2]9* 1)2

p|2m (d2 )*1 pld

_ 2p—1
_QH 2p+12H H 2p—1

t2m
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_1 11 -1
7Tz>|2m b

while if m is even, we need to substitute 2m by m everywhere in the last identity. In particular we get

for any m,
AB ged(2,m)p(m) 1"
> = E .
ra(m) 20+r7y/log Ay/log B 2m + Era(m)

Summing over all , and noting that for even m there is only contribution for o = 0, we get that (3.24) e-

quals
AB w(m) o 1 1 m
_— —— + 0| (logl AB
m+/log Av/log B (ﬁm T T (loglog mAB) log A + log B + log4))’
where &, = 19/16 if m is odd and &, = 1 if m is even. This concludes the proof. O

4 Conclusion

Let m and n be two integers, coprime or not, such that n is non zero. We say that m is an r-th power
modulo n if and only if the equation X" = m (mod n) is solvable. Furthermore we say that m and n,
both non zero, are (r, s)-mutual powers if the equations

X"=m (mod n), X°=n (mod m) (4.1)
are both solvable. Finally, we define
Srs(A,B) = {(a,b) € N>, a < A,b< B, and a and b are (r, s)-mutual powers}.

With this terminology, S(A, B) = S2,2(A, B). It is plausible that the techniques of the present paper can
be employed to obtain an asymptotic formula for S, (A, B). A number of extra technical issues will have
to be considered.
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