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ABSTRACT. A prototype of zero—sum theorems, the well-known
theorem of Erdés, Ginzburg and Ziv says that for any positive in-
teger n, any sequence ai,as,- - ,a2,—1 of 2n — 1 integers has a
subsequence of n elements whose sum is 0 modulo n. Appropriate
generalizations of the question, especially that for (Z/pZ)?, gen-
erated a lot of research and still have challenging open questions.
Here we propose a new generalization of the Erdés—Ginzburg—Ziv
Theorem and prove it in some basic cases.

1. INTRODUCTION

The famous Erdés-Ginzburg-Ziv Theorem [5] states that, given any
sequence of 2n—1 integers, there are n of them that add up to a multiple
of n. Furthermore a sequence of 2n — 2 integers does not always enjoy
this property (consider for example the sequence of n — 1 zeros and
n — 1 ones). Therefore we have that, if F(n) is the least integer ¢ such
that any sequence of ¢ integers contains n integers that add up to a
multiple of n, then

E(n) =2n—1.

A number of different proofs of this result are presented in the book
[1].

Various generalizations and variations of the above property have
been considered in the past (see for example [6, 2]). Here we consider
a different one that (at least to our knowledge) is new.

If n is a positive integer, we will identify Z/nZ with the set of the
integers {0,...,n — 1}.

Let n € N and assume A C Z/nZ. We consider the function E4(n)
defined as the least ¢ € N such that for all sequences (z1,...,2;) €
Z' there exist indices ji,...,75, € N1 < j; < -+ < j, < t, and
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(¥, ,U,) € A" with

Zﬂixﬁ =0 (mod n).
i=1

To avoid trivial cases, we will always assume that A does not contain
0 and it is non—empty. It is clear that Eyy(n) = E(n) and that

E4(n) < E(n) =2n—1.

Further, if we consider the sequence with n — 1 zeros and one 1, we
deduce that

E4s(n) >n+ 1

We propose the problem of enumerating E4(n). Here we consider
the case A ={1,n—1} = {1,—1} . We denote E4 = E in this case,
which is perhaps the most basic one aside from the classical Erdos,
Ginzburg, Ziv problem.

It is easy to see that

(1.1) Ei(n) >n+|logn| ,

where here and throughout the paper log will mean the base 2 loga-
rithm. Indeed, consider the sequence of integers:

n—1 times

——
(0,0,....0,1,2,...,2")

where r is defined by 2"t < n < 2"*2. Any combination with signs of
n integers of the sequence gives rise to a number whose absolute value
is < 27! —1 and is not zero by the uniqueness of the binary expansion.
Furthermore the sequence has n +r =n+ |[logn| — 1 elements.

We will prove that

Theorem 1.1. For any positive integer n, we have
E.(n)=n+ |logn].

We will illustrate a number of different approaches to the problem.
Whereas the approach of Section 2 leads to the solution in the even case
in Theorem 2.2, the approach in Sections 4 and 5 will lead to that in
the odd case in Theorem 5.1. In Section 3, we give a number of results
for odd prime modulus, which imply Theorem 1.1 in this particular
case. Although not really needed due to the other results presented,
this argument, which uses the Cauchy-Davenport inequality, seems to
us of independent interest.

In the concluding Section 6 we make a few remarks about the prob-
lem for other sets A.
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2. A CONDITIONAL RESULT AND THE EVEN CASE

It turns out to be easier to deal with sequences where one or more
of the elements is in the zero class. We have

Theorem 2.1. Let n € N. Assume that N > n+ |logn| is an integer.
Given any sequence (xy,...,xy) € ZN with at least one multiple of
n, there exist m = N — |logn| indices {ji1,...,im} C [IN] and signs
€1, Em € {1,—1} such that
e12j, + - +emxj, =0 (mod n).
Here, and throughout the paper, [N] will denote the set {1,..., N}.
We will make use more than once of the following:

Lemma 2.1. Let n € N and (y1, ...,ys) be a sequence of integers with
s > logn. Then there exists a nonempty J C [s] and ¢; € {£1} for
each j € J such that

Zejyj =0 (modn).
jeJ

Proof of Lemma 2.1. This is an application of the pigeonhole principle.
Consider the sequence of 2° > n integers

el /s

that cannot contain distinct integers modulo n. Therefore, there are
Ji, Jo C [s] with J; # J; such that

Zyj = Zyj (mod n).
Jjen JjeJ2
Set J:J1UJ2\J1QJ2 and
€5 = 1 if 7 € Jp,
gj=—1 ifje .
It is clear that J is non—empty and it has the required property. U

Proof of Theorem 2.1. Let us reorder the sequence in such a way that,
modulo n,

1 =0,T9 = T3, T4 = Ts5,...,To = Totq1

and Toia,...,xyN are all distinct. Hence N — 2t — 1 <n and 2t +1 >
N —n > [logn].
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Let B = {r1,...,m} C {2t 42,2t + 3,..., N} be maximal with
respect to the properties that there exist ey,...,¢ € {—1,1} with

!
Zijrj =0 (mod n).

j=1
Now we claim that [ + 2t + 1 > m. Indeed, if this were not the case
then the set
C={2t+2,...,N}\{r1, - ,m}
would contain N — 2t —1—1[ > |logn] elements. Hence by Lemma 2.1

there would exist a non-empty B’ C C and ¢; € {£1} for each j € B’
such that

Z g;jx; =0 (mod n).
JjeB’

So we would find that B U B’ still verifies the property above and we
would contradict the maximality of B.

Hence we write [ + 2t + 1 = m + r and distinguish the two cases:

If » = 27’ is even then we choose the sequence

($1, Lo/ 1) L2/ 435+ -+ y L2ty L2415 Ly - - - ,l’m)

which has m elements and

¢ !
xr + Z (w9; — ®oj41) + Zajxrj =0 (mod n).

j=r'+1 j=1
If r = 21" + 1 is odd then we leave out x; and consider the sequence
(xQ(T’+1); Lopl 43y« + s L2ty Lot+1, ‘IL‘TU oo 7',];'/‘1)

which has m elements and also verifies the thesis. O

When the modulus n is even it turns out to be possible to modify
the above ideas so as to obtain this case of Theorem 1.1 without any
hypothesis. For this we shall use the following

Lemma 2.2. Letn € N and (y1,...,ys) be a sequence of integers with
s >logn+ 1. Then there exists a nonempty J C [s] with |J| even and
g; € {£1} for each j € J such that

Zejyj =0 (modn).

jed
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Proof. Just as in the proof of Lemma 2.1 above, we apply pigeonhole

on the 257! > n integers
§ Y; :
jel IC][s]

|I|even

O

The following Theorem takes care of the case ‘n is even’ in Theo-
rem 1.1.

Theorem 2.2. Let n € N be even. Consider the integer N = n +
llogn]|. Then, given any sequence (x1,...,zn) € ZN, there exist n
indices {j1,...,Jn} C [N] and signs e1,...,e, € {1,—1} such that

e1%j, + -+ ez, =0 (mod n).
Proof. Let us reorder the sequence in such a way that, modulo n,

T1 = To, T3 = Ty,...,To 1 = Toy
and xopy1,...,xy are all distinct. Hence N — 2t < n and 2t > N —
n = |logn|]. Let B = {r,...,n} C {2t + 1,2t +2,...,N}, with

[ = |B| even, be maximal with respect to the properties that there
exist €1,...,6 € {—1,1} with

!
Zgjx’“f =0 (mod n).
j=1
Now we claim that [ + 2t > n. Indeed, if this were not the case then
we have [ + 2t < n — 2 since the numbers [ + 2¢ and n are both even,
and the set
C={2t+1,...,N}\{r1, - ,m}

would contain N —2t —[ > [logn| +2 > logn + 1 elements. Hence by
Lemma 2.2 there would exist a non—empty B’ C C' with |B’| even and
g; € {£1} for each j € B’ such that

Z g;jx; =0 (mod n).
jeB’

So we would find that B U B’ still verifies the property above and we
would contradict the maximality of B.

Since both [ and n are even, from [ 4+ 2t = n + r, we see that r is
even. If » = 27’ then we choose the sequence

($2T/+1,$27»/+2, s Loty Lpyy - - axn)
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which has n elements and
t

l
Z (w95 — w25-1) + qurj =0 (mod n).

j=r'+1 j=1

3. THE CASE n = p WITH p AN ODD PRIME AND THE
CAUCHY-DAVENPORT INEQUALITY

We will state and prove a couple of results that have their own in-
terest.

Lemma 3.1. Let p be an odd prime. If N > p — 1 is an integer and
(x1,...,2n5) € ZN is any sequence of integers not divisible by p, then
for every b € Z there exist signs e1,...,exy € {1, —1} such that
g1y + - +eyxy =0 (mod p).
The above is a direct consequence of the famous
Lemma 3.2 (Cauchy-Davenport inequality). Let A and B be two non-
empty subsets of Z/pZ. Then
A+ B| > min{p, 4] + |B| - 1}
where
A+B={x€Z/pZ | x=a+0b (mod p), a € A,be€ B}
and | K| denotes the cardinality of the subset K of 7/pZ.
This was first proved by Cauchy [3] in 1813 and later rediscovered by

Davenport [4] in 1947. By iterating the Cauchy—Davenport inequality
we immediately obtain:

Lemma 3.3. Let Ay, As, ... Ay be non-empty subsets of Z/pZ. Then

h
|Av+ Ag+ -+ Ayl = min{p, ) |4l —h+1}. o

i=1
By choosing A; = {z;, —x;}, we deduce that
|{l‘1, _l'l} + {LL’Q, _332} + -+ {xNa _Q:'N}| Z P

which immediately implies Lemma 3.1.

The statements of Lemma 3.1 and Theorem 2.1 imply the result
of Theorem 1.1 when the modulus p is an odd prime since the first
statement deals with the case when none of the elements of the sequence
are 0 modulo p and the second statement deals with the case when the
sequence contains an element which is 0 modulo p.
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4. COMPLETE SEQUENCES OF INTEGERS

We are not aware whether the notion in the following definition has
already appeared in the literature. However, it appears natural in this
context.

Definition. Let x = (z1,...,2x) € ZY. We say the sequence z is
complete with respect to a positive integer m if for every positive d | m
we have

(4.1) [ € [N] | 2; £ 0 (mod d)}] > d—1.

A complete sequence of integers with respect to a prime p is a se-
quence that contains p — 1 elements which are not divisible by p.
Let us collect some properties of complete sequences:

Lemma 4.1. If (z1,...,2y5) € ZV is complete with respect to m and
N > m then there is jo € N, 1 < jo < N, such that

(T1y ey Tjy1y Tjgr1, - Tn) € ZNTH

18 complete with respect to m.

Proof. Let dy,ds, ..., ds be the divisors d of m that satisfy
{j €[N |z #0 (mod d)}| =d—1.

Assume also that m > d; > dy > -+ > ds, set Dy = lem[dy, ..., dg]
and

Ug={j €[N]|z; 0 (mod dy)}.
Our goal is to show that
]U1UUUS|<m

so that we can choose jo € [N]\ U; U... U Us and the sequence

(1, Tjo—1, Tjo41, - - - » &) Will still verify the hypothesis of complete-
ness.
Note that

UyU...UU,={j €[N]]|z; #0 (mod Dy)}
and that Uy U...UU,=U;U...UU,_ if Dy, = Dj_q1. Thus
UU...UU,=thU ] U

Dk >Dk_1

Now, for those k participating in this formula we have Dy > Djy_; and
s0 Dy = [Dg—1,dx] > 2Dj_1. This implies, for these k£ > 1, that

Dy — Dy—1 > Dy > dy—y > dj, — 1,
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while D; > dy — 1. We deduce that
iU Ul < O+ DD (U

Dp>Dy_q
Dy>Djy 4
< D+ Z(Dk — Dj—1)
k=2
= D,<m.
This completes the proof. 0
Lemma 4.2. If (x1,...,25) € Z" is complete with respect to m
then there exist indices {ji,...,jm-1} € [N] such that the sequence
(Tjyse- @y, ) € Z™ L is complete with respect to m.

Proof. From the definition of complete sequence in (4.1) we deduce that
N > m — 1. By applying Lemma 4.1 several times we can eliminate
elements from the sequence until we arrive at exactly m — 1 elements.

O
Theorem 4.1. If (z1,...,zy) € Z" is complete with respect to m, then
for every integer b there is a choice of coefficients <1,...,sy € {0,1}
such that
N
Zgjxj = b (mod m).
j=1

Proof. We prove the theorem by induction on m. The case m =1 is
clear. Now we assume that £ > 2 and the theorem is true for m < k.
Suppose that the sequence x1, zo, - - -,z of N integers is complete with
respect to k. Without loss of generality, we may assume that k ;.
For any integer a, let @ be the residue class of @ mod k. For any set
A of integers, let

A={a|ae A}

Let A; = {0,271} and i; = 1. Then |A;| = 2. Now, if possible, we
choose an index is # i1 such that

A+ {0,755} # AL

If such an iy exists, then let Ay = A; + {0,2;,}. We continue this
procedure and suppose that the procedure stops at A;. Noting that

AL C Ay C--- C A,

we have
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(4.2) A >[4 +1 > >t + 1.

To complete the proof, it is enough to prove that |4;] > k. By (4.2),
we may assume that ¢ < k — 2. Without loss of generality, we may
assume that i; = j (j =1,2,--- ,1).

Since

{jlz; 70 (mod k)}| =k —1,

we have N > k — 1. Also, rearranging the remaining elements if neces-
sary, we can assume that k fr,.;.

By the assumption on A, for all t +1 < 7 < N, we have

(43) o+ {0,375} = 7.

Let H be the subgroup of Zj generated by Zy;1. By (4.3), we have
A+ H=A,.

Thus, A, is the union of some cosets of H. Let

(4.4) A= O (b +H),

where b; — b; ¢ H for all i # j. Then |A;| = s|H|. Let ky = (2441, k).
Then, since k fr;1 1 we have k; < k and the sequence x1, 9, -+ ,xy iS
complete with respect to the positive integer k. By the induction hy-
pothesis, we see that, for every integer b, there is a choice of coefficients

Gy v+, Cn € {0, 1} such that
N
(4.5) Z Gr;=b (mod ky).
j=1
By (4.3) we have
N
{) Gz (modk)|[(=0,1i=1,2---N} =4,
j=1
Thus, by k1|k, k1|zer and (4.4), we have
N
> Gz (mod ki) |G =0,1} ={b (mod ky),--- b, (mod ky)}.
j=1

Hence, by (4.5) we have s > k;. Noting that
|H|zi41 =0 (mod k),
it follows that

|[H| =0 (mod E)
ki
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Since |H| > 1 we have |H| > k/k;. Therefore
| = s|H]| = k.
This completes the proof. O

The above theorem deals with linear combinations of the x; having
coefficients 0 and 1 whereas we are really interested in combinations
with coefficients +1. The following result allows us to move from one
to the other, but only in the case where the modulus is odd.

Corollary 4.1. If m is odd and (z1,...,xyN) is complete with respect
to m, then for every integer b € Z there is a choice of coefficients
e1, -+ ,en € {£1} such that

N
Zijj = b (mod m).

j=1
Proof. Given any integer b € Z, Theorem 4.1 implies that there exist
G1,---,sn €{0,1} such that

N
b 1+ -+ aN
3 + — ;gjmj (mod m),

which is meaningful since m is odd. Consider the identity

N
T+t 1
§1$1+"‘+§NSCN:1#N+§ E (ng_l)xj-
Jj=1

Since ¢; = 2¢; — 1 € {£1}, we obtain the claim. O

5. PROOF OF THEOREM 1.1 IN THE CASE ‘n IS ODD’

The result in the ‘n is odd’ case is a direct consequence of (1.1) and
the following statement:

Theorem 5.1. Assume that m € N is odd. If N > m + |logm]| and
z = (z1,...,xy5) € ZN, then there exists Iy = {j1,...,5:} C [N] with
|Iy] =t = N — |logm]| and some choice of coefficients e1,...,& €
{1}, so that

t
Zsixﬁ =0 (mod m).

i=1
Proof. If x is complete with respect to m, then, by Lemma 4.2, there
are m — 1 indices ji, ..., jm-1 € [N] such that (zj,...,z;, ) is still
complete with respect to m.
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Choose arbitrarily indices ju,...,J5 € [N]\ {j1,---,Jm-1}. Then
(j,..., ;) is also complete with respect to m, and the assertion
follows from Corollary 4.1.

Next suppose that x is not complete with respect to m. Then there
exists a divisor d of m such that

{j€[N] : z; 20 (mod d)}| < d —1.

Let D be the maximal divisor of m possessing this property. We claim
that if f | m is such that D | f then

(5.1) {j € [N]|z; =0 (mod D), z; #0 (mod f)}| > % - 1.

Indeed, the claim is trivial if f = D. If f > D and (5.1) does not hold
then

{7 €Nl [z; #0 (mod f)}| = [je[N]|z;#0 (mod D)}
+ {ie N[z, = 0(mod D), z; #0 (mod f)}|

< D+f/D-2<f—1.

This would contradict the maximality of D.
Denote

Li={j€[N][z; #0 (mod D)},
I, ={j€[N]|z; =0 (mod D)}.

Let I3 be a maximal subset of I; such that for some choice of coefhi-
cients ¢’ € {1}, j € I3, we have

Zé?;a:j =0 (mod D).

JEl3
By Lemma 2.1 we know that
(5.2) 1| — T3] < llog D).

Let k =t — |I3]. By (5.2) we have
k<N -|L| = D).
On the other hand,
kE>m— |l >m—|L|>m—-D+1>m/D.

Therefore

(5.3) || > k>

SIE
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- %’)
= (= .
<D J€l>

By (5.1), & is complete with respect to 5.
Lemma 4.2 implies that there exists I’ = {j1, ..., jm/p-1} C I3, such

is complete with respect to 7.
By (5.3), we can choose a set I] such that I’ C I] C I, and |I]| = k.

Cleal y
.737')
<D jEI]’

is also complete with respect to 7.
Therefore, Corollary 4.1 implies that we can choose coefficients £/ €
{£1}, j € I}, such that

Now set

To complete the proof of Theorem 5.1, it suffices to set

[0 - [3 U [{
and choose
- 6%/ if j e 1,
6] if J e ]3,
and this concludes the proof. O

6. CONCLUDING REMARKS

An interesting choice for the set A is that of A = (Z/nZ)*, namely,
A ={a: (a,n) = 1}. It is easy to see that E4(n) > n + Q(n) where
as usual 2(n) denotes the number of prime factors of n, multiplicity
included. Indeed, write n = p;---,ps as product of s = (n) not
necessarily distinct primes. Consider the sequence consisting of n — 1
zeros and {1,p1, p1pa, ..., P1P2 - - Ds—1}, giving the lower bound. Per-
haps, one can show that equality holds so that E4(n) =n + Q(n).

An easier case is A = (Z/nZ) \ {0} . As mentioned in the intro-
duction, we always have E4(n) > n+ 1 and, for this particular choice
of A (the maximal A, since we always exclude 0), this lower bound is
achieved.

Theorem 6.1. Let A= (Z/nZ)\ {0}. Then Es(n) =n+ 1.
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Proof. We can assume that n > 2. We have the following observations.
Fact 1. If » > 2 and (z;,n) = 1 for j = 1,...,r then there are
coefficients ¥; € A such that

Zﬁjxj =0 (mod n).

j=1
Indeed, without loss of generality, we can consider z; = 1 for j =
1,...,r. If r is even we take ¥; = (—1)’, otherwise we replace 95 by 2.

Fact 2. If (xz;,n) > 1 then there is ¥; € A such that
Yjz; =0 (mod n).

Let (xq,...,7;) € Z' where t > n+ 1. By re-ordering we can assume
that (z;,n) =1for j=1,...,r and (z;,n) > 1 for j >r. Ilf r > 2, we
take i; = j for j = 1,...,n and use Fact 1 and Fact 2 while if r < 1,
we take i; =+ j for j = 1,...,n and use Fact 2. O

It might be interesting to characterize any other sets A for which
Ea(n) =n+1 or even those for which E4(n) = n+ j for specific small
values of j.
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