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Workshop Focus

The aim of this workshop is to bring together specialists from various research areas, mainly
concerned with Pisot numbers and with their applications, and to promote exchanges of ideas
and results between the participants working in complementary directions. One section of the
meeting is devoted to a series of outlines and surveys mainly on the algebraic results on
approximation properties using Pisot numbers as a base to represent real numbers. Another
section is devoted to computations based on real numbers. Systems for exact real computation
have been built based on alternative representations of real numbers, especially continued
fractions. Properties of Pisot numbers have been used to build systems for exact real
computations. The state of the art of exact real computing is moving towards exact systems
which could be used to replace the traditional approximate systems in VLSI implementations.
However, for the full development of exact systems, several areas remain to be understood and
implemented. Other areas of applications will be covered as well.
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EXPANSIONS




Kakeya sequences

A sequence of real positive numbers (p), is a Kakeya
sequence if and only if it satisfies the following properties:

[
P 5 0
o
pn < Rp = Zpi
i>n
We denote by
S = ZP/
i>0

the sum of (p,) and the partial sums by

Sp = Zpi

i<n
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Binary Kakeya expansions

Let us fix the binary alphabet for digits A := {0, 1}.
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sequence (¢;) € AY such that

X = Z cipi.

i>0




Binary Kakeya expansions

Let us fix the binary alphabet for digits A := {0, 1}.

An expansion of x in base (p;) with alphabet A is a binary
sequence (¢;) € A" such that

X = Z Cipj.

i>0

Note that only x in the closed interval [0, S] can have an
expansion.
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Binary Kakeya expansions

Let us fix the binary alphabet for digits A := {0, 1}.

An expansion of x in base (p;) with alphabet A is a binary
sequence (¢;) € A" such that

X = Z Cipj.

i>0

Note that only x in the closed interval [0, S] can have an
expansion.

If (pn) is a Kakeya sequence we say that (¢;) is a Kakeya
expansion of x.
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Existence

Theorem: for each x € [0, S] there exists a Kakeya expansion
of x.
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Theorem: for each x € [0, S] there exists a Kakeya expansion
of x.

Proof (by a quasi-greedy argument)

Consider x and S — x

extract from (pp) two subsequences:
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Theorem: for each x € [0, S] there exists a Kakeya expansion
of x.

Proof (by a quasi-greedy argument)

Consider x and S — x

extract from (pp) two subsequences:

P1 P2 P3 P4 P5 ... Pni Pn
() pr P2 o . P5 . o ?
Pr) - .. P3 P4 .. . Pna ?

We denote partial sums of the two sequencese S;, and S}

If pn is such that S|, _; + pn < x then we assign p, to the first
subsequence, otherwise if S;_; + p, < S — x to the second
one.



proof
Note that it is impossible that both the last two conditions are
not satisfied, otherwise we should have

S, i+pn>x and S ,+pp>S—x
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S, {+S i +20,>x+S—x=8
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S i+ph>x and S ,+pr>S—x
and by summing up
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Sh1+Sh_1=Sn1
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Note that it is impossible that both the last two conditions are
not satisfied, otherwise we should have

S i+ph>x and S ,+pr>S—x
and by summing up
S, {+S i +20,>x+S—x=8

but
Sh1+Sh_1=Sn1

and p, < R; so that
Sn1+Pn+pPn<Sp-1+pn+AR=S

but also
Sh-1+2pp>S

contradiction!



Note that it is impossible that both the last two conditions are
not satisfied, otherwise we should have

S, i +ph>x and S  +pp>S—x
and by summing up
S +S) +20h>x+S—x=S8
but
Sp_1+ Sh_1 = Sn_1
and p, < R; so that
Sn1+Pn+pPn<Sp1+pnt+Ap=S

but also
Sh-1+2pp>S

contradiction! Therefore the two subsequences are well defined
and the limit sum of the first subsequence converges to S’ = x
(and 8" = S — x).



Kind of expansions

Non-integer base expansions: g > 1

Then by taking p, := 1/9", (pn) obviously converges to 0 and
with an extra condition on g we get that it is a Kakeya sequence:

b 1 <R 1 1 1 1

n = — n — —_ = = — = ﬁ
a4 949 qu(qg-1)

that is equivalent to

1
1<qT<:>q—1<1<:>q<2

M. Pedicini (Roma Tre University)



Existence

Theorem (Rényi 1957) For any x € [0, S] there exists a
non-integer base expansion in a given base 1 < g < 2.




Existence

Theorem (Rényi 1957) For any x € [0, S] there exists a
non-integer base expansion in a given base 1 < g < 2.

Proof




Existence

Theorem (Rényi 1957) For any x € [0, S] there exists a
non-integer base expansion in a given base 1 < g < 2.

Proof .
Observe that <qn> is a Kakeya sequence, therefore a

non-integer base expansion is indeed a Kakeya expansion.
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Critical Values

Qualitative analysis by projecting the mterval [0 S] on the circle of radius qg)
(0) and 1(0)
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Qualitative analysis by projecting the
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Critical Values

Qualitative analysis by projecting the interval [0, S] on the circle of radius q)
only finite (and short) expansions are_represented!
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Fibonacci expans Pns

The Golden ratio: ¢ :=

> 1 is closely related to the

Fibonacci sequence, deflned as
Fo:=0, FR:=1, Fpy1:=Fy+ Fy_q, forn>1.




Fibonacci expansJons
The Golden ratio: ¢ :=
Fibonacci sequence, deflned as

FOZO’ F1 ::17 Fn+1 :Fn+Fn_1,fOrn>1

> 1 is closely related to the

Instead of considering non-integer base expansion we consider
Fibonacci expansions:
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Fibonacci expanspns
The Golden ratio: ¢ := > 1 is closely related to the

Fibonacci sequence, defmed as
Fo:=0, F:=1, Fn+1 =F,+ Fh_q, forn>1.

Instead of considering non-integer base expansion we consider

Fibonacci expansions:
Ci

i>0
Then by taking p, := 1/F,, we have that (p,) obviously
converges to 0 (F, — o0)
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Fibonacci expanspns
The Golden ratio: ¢ :=
Fibonacci sequence, deflned as

FOZOJ F1 ::17 Fn+1 :Fn+Fn_1,f0rn>1

> 1 is closely related to the

Instead of considering non-integer base expansion we consider
Fibonacci expansions:
Ci

i>0
Then by taking p, := 1/F,, we have that (p,) obviously
converges to 0 (F, — o0)

By recurrence, it can be easily proven that Fp,; < 2/ F, for all
n>1andj > 1, therefore it is a Kakeya sequence:

1 1 1
R — > _ = — = .
n ZFn+j 1>202an Fn pn

j>0
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Existence
Theorem: For any x € [0, S] there exists a Fibonacci
expansion of x.




Theorem: For any x € [0, S] there exists a Fibonacci
expansion of x.

There is another dimension in this kind of research, by
considering general alphabets (not only the binary one).
A={0,1,...,. M} or A:={0,1,m}
or
A={ai<a<- - <a}

the same kind of questions arise: we have an interval between
the smallest number that can be represented and the greatest

one:
Y ap  and ) akp;

n>0 n>0
and conditions to have that any number
X € [ ps0@1Pis Y nso @kPi] admits an expansion.



The number of expansions

Every x € [0, 1] has one or two binary expansions.
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The number of expansions

Every x € [0, 1] has one or two binary expansions.
In non-integer bases the situation is quite different.

Since the Golden ratio ¢ satisfies the equality g = g + 1, we
have
1 1

1= — 4+ —
q Q2
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The number of expansions

Every x € [0, 1] has one or two binary expansions.
In non-integer bases the situation is quite different.

Since the Golden ratio ¢ satisfies the equality g = g + 1, we
have
1 1 1 1 1

1=+ =—+ —+ —
g ¢ q g q*
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The number of expansions

Every x € [0, 1] has one or two binary expansions.
In non-integer bases the situation is quite different.

Since the Golden ratio ¢ satisfies the equality g = g + 1, we
have
1 1 1 1 1 1 1 1 1

l==F=s==—F=t==-F=F—=F==
9 ¢ q ¢ qg* g g g (b
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The number of expansions

Every x € [0, 1] has one or two binary expansions.
In non-integer bases the situation is quite different.

Since the Golden ratio ¢ satisfies the equality g°> = g + 1, we
have
1 1 1 1 1 1 1 1 1

l==F=s==—F=t==-F=F—=F==
9 ¢ q ¢ qg* g g g (b

Note that the first one is the greedy expansion, and that all
these expansions are finite.
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Every x € [0, 1] has one or two binary expansions.
In non-integer bases the situation is quite different.

Since the Golden ratio ¢ satisfies the equality g°> = g + 1, we
have

1_1+l—1+l+l—1+l+l+l_
g ¢ q ¢ qg* g ¢ @ b

Note that the first one is the greedy expansion, and that all
these expansions are finite.

Continuing this construction indefinitely, we obtain an infinite
expansion:
1 1 1 1 1 1

CetEtE T te et



Continuum many expansions

If the base is close to 1, then we have many more expansions
for a given number x:




Continuum many expansions

If the base is close to 1, then we have many more expansions
for a given number x:

Theorem (Erdés—Joo—Komornik, 1990): If 1 < g < ¢, then
every 0 < x < ﬁ has a continuum of expansions.
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Continuum many expansions

If the base is close to 1, then we have many more expansions
for a given number x:

Theorem (Erd6s—Joo—-Komornik, 1990): If 1 < g < ¢, then
every 0 < x < ﬁ has a continuum of expansions.
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Continuum many expansions

If the base is close to 1, then we have many more expansions
for a given number x:

Theorem (Erdés—Joo—Komornik, 1990): If 1 < g < ¢, then
every 0 < x < ﬁ has a continuum of expansions.

Proof.
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Continuum many expansions
If the base is close to 1, then we have many more expansions
for a given number x:

Theorem (Erdés—Joo—Komornik, 1990): If 1 < g < ¢, then
every 0 < x < ﬁ has a continuum of expansions.

Proof.Since
1 1 1 1
O<x<—-+—5+--, and 1< 5+ —+--
q q q q
because g < ¢, we may fix a large integer k such that
1§l2+---+Lk and lk+%+---§x§ a
q q q q k“qf

(/ runs over the positive integers which are not multiples of k).
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Since there are continuum many choices of the digits

Ck, Cok, Cak, - - - € {0, 1}, the proof will be completed if we show
that for each such choice we can find suitable digits ¢; € {0, 1}
for all k }j such that

Ck , Cok | C3k _ Cj
ktj

This follows by applying Kakeya's above mentioned theorem
with (p;) = (q~/)ky ;- This is possible because p, — 0, and our
choice of k implies the following inequalities:

Pn < Pyt + -+ Pnik

for every n > 1, and

C C:
ng—(q—iJr%Jr%er)§p1+p2+---.



Connection with Fibonacci
expansions

The assumption 1 < g < ¢ is sharp because some numbers
have only countably many expansions in base ¢.




Connection with Fibonacci
expansions

The assumption 1 < g < ¢ is sharp because some numbers
have only countably many expansions in base ¢.

If we consider Fibonacci expansions, surprisingly, the Fibonacci
expansions behave better:
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Connection with Fibonacci
expansions

The assumption 1 < g < ¢ is sharp because some numbers
have only countably many expansions in base ¢.

If we consider Fibonacci expansions, surprisingly, the Fibonacci
expansions behave better:

Theorem (C. Baiocchi, V. Komornik, P. Loreti, 2022): Every
0<x <Y, %, has a continuum of Fibonacci expansions.
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Special Kakeya Expansions




|\/|U|’[IP|€ Kakeya expansions
By following the approach in (C. Baiocchi, V. Komornik, P.

Loreti, 2022).




I\/Iultl'ole Kakeya expansions
By following the approach in (C. Baiocchi, V. Komornik, P.
Loreti, 2022).

We introduce several notions of Kakeya’s sequences adapted in
order to prove the result on the continuum of expansions in
multiple cases.
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I\/Iultl'ole Kakeya expansions
By following the approach in (C. Baiocchi, V. Komornik, P.

Loreti, 2022).

We introduce several notions of Kakeya’s sequences adapted in
order to prove the result on the continuum of expansions in
multiple cases.

Theorem (Komornik-Loreti—Pedicini, 2024) Let us consider

an alphabet A = {0,1,..., M}. If (py) is a sequence of positive
numbers converging to 0 and such that

Pn < (M +1)ppiq forany n

Pn < {Mz J Prst+ > Mp;  forinfintely many indices

i>n+1
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I\/Iultlple Kakeya expansions
By following the approach in (C. Baiocchi, V. Komornik, P.

Loreti, 2022).

We introduce several notions of Kakeya’s sequences adapted in
order to prove the result on the continuum of expansions in
multiple cases.

Theorem (Komornik-Loreti—Pedicini, 2024) Let us consider
an alphabet A = {0,1,..., M}. If (py) is a sequence of positive
numbers converging to 0 and such that

Pn < (M +1)ppiq forany n

pn < V/IZJ Pni1 + Z Mp; for infintely many indices

i>n+1
Then every x € (0, S) has a continuum of expansions with base
(pi) and alphabet A:
X=> copn  Where (g) € AV,

M. Pedicini (Roma Tre University) n>0



Generalised Golden Ratios

Given in Example 4.4 (ii) of (De Vries—Komornik—Loreti 2022) it
is possible apply the new version of the Kakeya’s Theorem to
generalized Golden ratios:

m-+1 if M =2m is even,

{(m +Vm2+4m)/2 it M =2m—1is odd,
©M =

Theorem (Baker, 2014) every 0 < x < z%; has a continuum of
expansions of the form

o0

Z;’,, (c) € {0,1,...,M}"

(=1

for every base 1 < g < .
Proof (by showing that they are special Kakeya expansions)
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Generalised Golden Ratios

Given in Example 4.4 (ii) of (De Vries—Komornik—Loreti 2022) it
is possible apply the new version of the Kakeya’s Theorem to
generalized Golden ratios:

m-+1 if M =2m is even,

{(m +Vm2+4m)/2 it M =2m—1is odd,
©M =

Theorem (Baker, 2014) every 0 < x < z%; has a continuum of
expansions of the form

o0

Z;’,, (c) € {0,1,...,M}"

(=1

for every base 1 < g < .
Proof (by showing that they are special Kakeya expansions)
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we observe that

Z*-

=2 SOM
Indeed, the right hand side is equal to

m_1+ 1% C(m=1)(em—-1)+M
om  emlem—1) om(em —1)

9

and it remains to show that the numerator is equal to the
denominator in the last fraction. or equivalently that

w2 = moy + (M +1—m).

The last equality is obvious if M = 2m and pyy = m+ 1. If
M = 2m — 1, then the relation takes the form

©2 — moy —m =0, and ¢y is clearly a solution of this
second-order equation.



cont. Proof

Now we show that the sequence p, := g~ " satisfies the
conditions of the Theorem for every fixed 1 < q < pp.




Now we show that the sequence p, := g~ " satisfies the
conditions of the Theorem for every fixed 1 < g < ppu.

Indeed, p, — 0 because q > 1, and p, < (M + 1)pp.1 for every
n because D
n

Pn+1
and oy < m+1 < M+ 1 from the definition of py.

=q < opm,



Now we show that the sequence p, := g~ " satisfies the
conditions of the Theorem for every fixed 1 < g < ppu.

Indeed, p, — 0 because q > 1, and p, < (M + 1)pp.1 for every
n because D
n

Pn+1
and oy < m+1 < M+ 1 from the definition of py.

=q < opm,

Finally, the crucial condition follows from (1) for every n

because {%} =m—-1and1<q<py.



Lucas Sequences

Let M =2m —1, m > 1, and introduce a sequence of integers
F; by the formulas

Fo=0, Fi=1, and F,=m(F,_1+Fn_2) for n=2,3,....




Lucas Sequences

Let M =2m — 1, m > 1, and introduce a sequence of integers
F; by the formulas

Fo=0, Fi=1, and F,=m(F,_1+Fn_2) for n=2,3,....

Thanks to the new special conditions on Kakeya expansions we
show a new shorter proof of

Theorem 1.1 in [KomLorPed2022]: every 0 < x < > 72, 21
has a continuum of expansions of the form

We recall from [KomLorPed2022] that F,1/Fn — ¢um-

(¢) €{0,1,...,2m -1},

‘n|0
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The sequence p, := 1/F, satisfies the conditions of the
Theorem. Indeed, p, — 0 because F, > n— 1 for every n by an
easy induction, and p, < (M + 1)p,.1 because
Fni1 < (m+1)F, for every n > 1 by an easy induction, and
hence

Po _Fre

Pn+1 Fn
foralln > 1.



The sequence p, := 1/F, satisfies the conditions of the
Theorem. Indeed, p, — 0 because F, > n— 1 for every n by an
easy induction, and p, < (M + 1)p,.1 because
Fni1 < (m+1)F, for every n > 1 by an easy induction, and
hence

Po _Fre

Pn+1 Fn

foralln > 1.
Finally, the crucial relation holds because
(©.9]

1 m—1 2m — 1
< +
Fn Fn+1 i:En—:Q Fl

for every odd index n by (Komornik-Loreti-Pedicini 2022,
Lemma 2.1).



Another variant of Kakeya Sequences
Theorem Let (p,) be a sequence of positive numbers,
converging to zero, and m > 2 a real number. Assume that

(m—1pp<(2m—1)ppq forevery n>1, (2)

and

(m—1)p,<m > p; forinfinitely many indices n.  (3)
i=n+2

Then every
X e (0, m Zp,-)
i=1

has a continuum of expansions of the form
X = Zc,p,, (¢;)) € {0,1,m}".
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Continuum of expansions

This version can be applied to non-integer base expansions
with alphabet A = {0, 1, m}, that is expansions of the form

with m > 2 and g > 1.
Theorem If m>2,q9 > 1, and

(¢;) € {0,1,m}" (4)

Q\o

alg-1) <" )

then every x € (0, = 1) has a continuum of expansions of the
form (4).
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THANKS!




