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Abstract: We survey some properties of a class of curves ly-
ing on certain elliptic ruled surfaces, studied by A. Treibich and
J.L. Verdier in connection with elliptic solitons and KP equations.
In particular we discuss their Brill-Noether generality, proved by
A. Treibich, and we show that they are limits of hyperplane sec-
tions of K3 surfaces.
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1. Introduction

This largely expository note is devoted to the description of some properties
of a class of algebraic curves studied by A. Treibich and J.L. Verdier in con-
nection with elliptic solitons and KP equations. We call them Treibich- Verdier
curves (shortly T'V-curves) in what follows. The topic is wide and covers the
singular case as well, but we only focus on some aspects related with Brill-
Noether theory and K3 surfaces. In [T3] Treibich showed that TV-curves
are Brill-Noether general. Since then for some time they have been the most
concrete known class of curves with such property, and only recently a new
similar class has been discovered, namely the Du Val curves, which are even
Petri-general (see [ABFS]). From the moduli point of view TV-curves are very
special, being ramified covers of elliptic curves, constructed inside an elliptic
ruled surface; they owe their Brill-Noether generality to a specific relation,
called “tangentiality”, between the elliptic curve and the Abel-Jacobi image
of the curve itself (see Prop. 3.4). The proof given in [T3] is quite ingenious,
combining tangentiality with a formula of Fay’s and elementary properties of
the jacobian. We reproduce it in outline in § 4. In the final § 5, the only novel
part of this note, we prove that TV-curves of any genus g > 3 are limits of
hyperplane sections of K3 surfaces. This is done by showing that the elliptic
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ruled surface containing them can be realized birationally as a surface in P9
whose hyperplane sections are canonical models of TV-curves, and that such
surface can be smoothed in P9, thus producing K3 surfaces whose hyperplane
sections specialize to any given TV-curve (Theorem 5.2).

A few interesting questions remain unanswered. Firstly, one would like to
know whether TV-curves are Petri general: Treibich’s proof of Brill-Noether
generality apparently cannot be adapted to give informations on the Petri
map. Another question concerns the corank of the Wahl map. Corollary 5.3
shows that the Wahl map ®r, of a TV-curve I'y of any genus g > 3 is not
surjective, but it does not compute its corank. It would be interesting to carry
out such computation, in view of the fact that there are no known examples
of Brill-Noether general curves of genus g > 13 whose Wahl map has corank
strictly larger than one (compare [CDS], Question 2.14). In fact corank (®r,)
is related with the extendability of the surfaces Sy, a property which seems
difficult to detect. Moreover, if one knew that ®p  has corank equal to one
then it would follow that TV-curves are not hyperplane sections of K3 surfaces
but just limits of such (compare [AB], where this question is discussed).

We work over C, the field of complex numbers.

The structure of the paper is the following. In §2 we collect some standard
computations that are needed in the rest of the paper. §3 is devoted to the
property of tangentiality and to its consequences for TV-curves. In §4 we
outline Treibich’s proof of the Brill-Noether generality, and in the final §5 we
discuss the relation between TV-curves and K3 surfaces.

2. Some computations

We fix a projective nonsingular curve E of genus one, and a point ¢ € E as
the origin. We let

(1) 00— 0 —€& — 0 —0

be the unique non-split extension in Ext!'(Op, Op), X =P(£) and 7 : X —
E the projection. Moreover we let £y C X be the minimal section, of self-
intersection E3 =0, f = 7~ !(q) and p = EqN f. Note that Ox(Ey) = Ox(1),
KX = Ox(*2E0) and X(Ox) =0.

Lemma 2.1. Let S*E be the a-th symmetric power of £, a > 1. Then:

(i) SE is indecomposable, h°(E,S?E) = 1 = h'(E, S*E) and S*E = S°EV.
(i) For every k > 1 we have h®(E, SE(kq)) = k(a+1), hY(E,S€(kq)) =
0
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Proof. (i) By induction on a. For a = 1 the claim is clear because the
exact sequence (1) being non-split, has non-zero coboundary as well as its
dual. Therefore £ = Fy (in the notations of [A]), the unique, up to isomor-
phism, indecomposable vector bundle of rank two and degree zero such that
HY(E,&) # 0. Assume a > 2. Then, by loc. cit., Theorem 9, S€ = F, 1, the
unique, up to isomorphism, indecomposable vector bundle of rank a + 1 with
HO(E,S%€) # 0. From (1) we deduce a non-split exact sequence:

(2) 0— S — 5% — Op — 0

corresponding to a generator of H*(E, S71E). Tt shows that hi(E, S°€) = 1,
i = 0,1. Moreover S?€ = S%EY by the case a = 1 just proved (or by loc. cit.,
Corollary 1).

(ii) We give the proof only in the case & = 1: in the other cases it is
similar. By induction on a. From the exact sequence:

(3) 0 — Ogr(q) — &(q) — Ogr(q) — 0

we deduce that h°(E,£(q)) = 2 and h'(E,E(q)) = 0, and this takes care of
the case @ = 1. Now assume a > 2. From (3) we deduce the exact sequence

(4) 0 — S 'E(q) — S*E(q) — Op(q) — 0

By the inductive hypothesis we have h°(E, S* 1€ (q)
= a and h!'(E,S*'€(q) = 0. Then the cohomology sequence of (4) proves
the induction step and the Lemma. O

Lemma 2.2. Let g > 1. Then:

(i) h°(X,Ox(gEp)) = h'(X,0x(g9Eo)) =1, h*(X,Ox(gEp)) = 0.
(ii) hO(X,0x(g9Eo + f)) =g +1,
h'(X, Ox(gEo + f)) = h*(X, Ox(gEo + f)) = 0.
(iii) The base locus of the linear system |gFEo + f] is {p}.
(iv) The general I € |gEy + f| is a nonsingular connected curve of genus g.
(v) Every nonsingular I' € |gEo + f| satisfies Or(I') = wr(2p) and the
image of the restriction map:

H(X,0x(I")) — H°(T,wr(2p))

defines the linear system |wr| + 2p.
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Proof. (i) From the Leray spectral sequence we get:
hZ(Xa OX(gEU)) = hl(Ea Sgg>

Then we conclude by Lemma 2.1(i).
(ii) From the Leray spectral sequence we get:

H{(X,0x(gEo + f)) = H'(E, S9€(q))

Then we conclude by Lemma 2.1(ii).
(iii) Since (gFo + f) N Ey = p, certainly the base locus Bs(|gEy + f|)
contains p. Consider the exact sequence

(5) 0—>Ox<gE0) —>Ox(gE0+f) —)Of(gEoJrf) — 0
Lemma 2.1(i) and Leray spectral sequence imply that
h'(X,Ox(gEy)) = h'(E,89€) =1

and Lemma 2.1(ii) gives H'(X, Ox(gEo+ f)) = 0. Therefore we see that the
map

H(X,0x(g9Eo + f)) — H'(f,0¢(gEo + [))

has corank one: thus |gFy+ f| has p as a simple base point on f; in particular
the general I € |gFy + f] is not tangent to f. Let now f' = n71(¢), ¢ # ¢,
be another fibre. The exact sequence

0 — Ox((9-DEo+f—f) — Ox(9Eo+f~f") — Op,(9Eo+f~f") — 0
and induction show that
(6) HY(X,0x(g9Eo + [ — [') = H' (X, Ox(gEo + f = ")) = 0
for all g > 1. Therefore from the following exact sequence:
0 — Ox(9Eo + f — f') — Ox(9Eo + f) — Op(9Eo + ) — 0
we deduce that the restriction map
HY(X, Ox(9Eo + f)) — H(f',Op(9E0 + f))

is surjective. Therefore |gEy+ f| has no base points on f’. This concludes the
proof of (iii).
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(iv) Since (gEo + f) - Ep = 1, we see that I' intersects Ey at p with
multiplicity one, thus I' is nonsingular at p and it is nonsingular elsewhere by
Bertini. Moreover by adjunction we get:

29() —=2=((g—2)Eo+ f) - (9E0 + f) =29 — 2

and g(I') = g.
(v) We have

OF(F) = OF(F — 2E0) (=) OF(QE()) =wr ® OF(QP) = wp(2p)

The last assertion follows easily by looking at the following diagram:

0 Ox Ox () wr(2p) ——=0
0—= Ox(—Ey) —= Ox((g — 1)Eo + f) wr(p) 0 0

Remark 2.3. From Lemma 2.2 it follows that all curves of |I'| have a fixed
tangent at p along a direction trasversal to both Ey and f.

Definition 2.4. Let g > 1. A Treibich-Verdier curve (shortly a TV-curve)
of genus g is a smooth curve I'y € |gEy + f|.

Next we investigate some remarkable properties of TV-curves.
3. Tangentiality

3.1. Let ¢ : (C,p) — (D, q) be a finite morphism of projective smooth con-
nected pointed curves of positive genera, and let Jac(C') and Jac(D) be their
jacobian varieties, parametrizing isomorphism classes of invertible sheaves of
degree zero. Then we have the following homomorphisms:

1. ¢*:Jac(D) — Jac(C), L+ ¢*L.
2. The norm map

Nm(g) : Jac(C') — Jac(D), M — det(p, M) ® det(p,0c) "
3. The Abel maps
Ab, : C — Jac(C), x+— Oc(x —p)

and
Ab, : D — Jac(D), y— Op(y—q)
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4. The composition
Ly =" - Aby : D — Jac(C)
It is etale onto its image, since Nm(y) - ¢* is multiplication by deg(p).

Definition 3.2 ([T1], Def. 1.6). ¢ is called a tangential cover if i, (D) is
tangent to Ab,(C) at 0 € Jac(C).

In [T1, TVI1, TV2] various properties of tangential covers are studied,
even in the singular case, mainly in the case when D has genus one. We will
only recall what we need for the study of TV-curves.

3.3. We go back to the notations introduced in the previous sections. We fix
g > 3 and a TV-curve of genus g, which for short we denote by I'. We denote
by

= (I,p) — (E,q)
the degree g cover of pointed curves obtained by restricting 7 : X — E to I
Then Ab,(a) = Og(a — ¢) and

tr: E— Jac(T), o mi(a)@mh(q)™"

By 4 this map is etale onto its image; it is an embedding if and only if 7p
does not factorize via a cyclic etale cover h : E' — FE ([BL], Prop. 11.4.3).
The following is a fundamental property of nr:

Proposition 3.4 ([TV2], Cor. 3.10). nr is a tangential cover.
Proof. The non-zero element n € H'(E,Of) corresponding to the exten-
sion (1) generates the tangent space TpJac(E). The pullback of n by 7

m(n): 0 — Op — 1€ — Op — 0

identifies dir(n) € ToJac(l') = HY(T,Or) as the image of the coboundary
map:

0: HO(F, OF) — Hl(F, OF)
We must show that dir(n) is tangent to Ab,(I'), i.e. that di(n) generates

ToAb,(I'). Firstly observe that du.(n) # 0, by 4. It is classical and well known
(compare [ACGH]) that TyAb,(T") is the kernel of the map

HYT',Or) — H*T,Or(p))

induced by multiplication with a non-zero section o, € H°(I", Or(p)). Observe
that on the surface X we have a canonical quotient 7*€ — Ox(Cj) = Ox (1)
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which restricts on I' to a quotient ¢ : 7:€ — Or(p). Consider the following
diagram:

7(?(7]) : 0 OF WF‘SHOFHO
|-
0 Op(p) 8, OI‘ 0

where the second row is the extension obtained as the pushout of 7} (n) un-
der o,,. Taking cohomology and chasing the diagram we see that the existence
of ¢ implies that

dix(n) € ker[H' (T, Or) == H'(T', Or(p))]
which is precisely what had to be proven. O

The map ¢, defines an action of E on Jac(I'). Then, for any d, the map
Lr induces an action of E on Pic?(T"), the variety of isomorphism classes of
invertible sheaves of degree d, by restricting to t(£) the action of Jac(I').
We focus on the case d = g — 1. For each & € Pic?”}(T") we denote by

Orbe : B — Picd H(I), a =@ ir(a) =€ @7 (a) @ mh(g) "

Then Orbg(E) is the orbit of £ by the action of E on Pic?”(I"). The following
is an immediate consequence of Proposition 3.4:

Corollary 3.5. Orb¢(E) is tangent to Ab,(I') +& at &.

Let
0 :={¢ € Pict 1) : hO(T",¢) > 1}
be the canonical theta divisor. The following result is fundamental in the
study of TV-curves.

Proposition 3.6 ([TV1]). (i) For each ¢ € Pic? ' (T') the orbit Orbe(E)
is not contained in ©, in particular the pullback Orbg(©) is an effective
divisor on E.

(ii) Let £ € © and let r+1 = h(T,€). Then the intersection multiplicity of
Orb(E) with © at £ is

r+1
(7) multe(Orb(E),©) =r+1+ z:(mz +n;)
i=1
where the integers my, ..., Mp11,M1,- .., Npar1 are defined by the follow-

ing identities:

BT, &(—mip)) =r+1—i+1=h"T,wpé H(—nip)), i=1,...,7r+1
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(iii) Orbg(©) has degree g for all § € Pic/~}(D).
(iv) the morphism

I:Pic ' (T) — EW, ¢ Orbi(0)

is finite (where E9) denotes the g-th symmetric product of E).

Proof. (i) Let T' = Ty (Ab,(I')), the tangent space at 0 € Jac(I') of the Abel
image of I'. Let G(I',p) C Jac(") be the 1-parameters subgroup generated
by any 0 # v € T. By [F], Th. 1.2, the orbit £ - G(I', p) is not contained in
O, for any ¢ € Pic? }(T'). Since 7r is tangential, we have T = Ty(1-(E)) and
therefore G(I',p) = tx(E). Thus Orb¢(E) = & - G(I', p) is not contained in ©
for all ¢ € Picd~ ().

(ii) Since G(I',p) = tx(£) the multiplicity mult¢(Orb(E), ©) coincides
with the number N appearing in the statement of [F], Th. 1.2, i.e. with the
right hand side of (7).

(iil) deg(Orbg(©)) does not depend on &; therefore it suffices to prove (iii)
for just one choice of &: we take & = (g — 1)p. Let’s write ¢ = Og(a — q) €

Jac(F). Since {® 1 (a) = { @ Tre, we have oo € Supp (OrbZ(@)) if and only if
(8) HY(E,mr.é(e)) = HOT, £ @ me) > 0
Consider the exact sequence on X:
0— Ox(—Ey— f) — Ox((9 — 1)Ep) — Or((g — 1)p) — 0
taking direct images we get
Tl 2. 0x((g — 1) Ep) = S971¢

Since
1, e=0

0, e€#0
we see that h?(I',¢) = 1 and Supp (Orbé(@)) = {q}. We now apply (7).

The integers appearing in (7) are r = 0 and m; = g — 1, n; = 0, because
p ¢ Supp(wré1), since wpé ™! = f - T — p. Therefore we obtain

HY(E,S97*&(e)) = {

multe(Orbe(E),©) =1+ (g—1+0) =g

and this proves that Orbg(©) = gq.

(iv) Consider gg € EW. If ¢ € I7'(gq) then Orbe(E) N © = {¢} and
multe (Orbe(E),©) = g. Then & = (g — 1)p. In particular 7'(gq) is finite,
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thus [ is generically quasi-finite, and therefore surjective. Consider the Stein
factorization of I:

Pict~ (I ! E©)

R

Z

where 1 is finite and ¢ is birational with connected fibres. If I is not finite
then ¢ has a positive dimensional fibre F C Pic? !(T"). This implies that
F contains a rational curve, and this is impossible, because Pic/”"*(T') is an
abelian variety. O

4. Brill-Noether generality

Let C' be a projective nonsingular irreducible curve of genus g > 3. Given
integers 7, d > 0 there is a well defined closed subscheme W7 (C) C Pic?(C)
defined set-theoretically by:

Wi (C) ={L e PicY(C): h°(C,L) > r +1}
(see [ACGH] for details). Let

p(g;r,d) =g—(r+1)(g—d+r)

be the Brill-Noether number. It is a classical result ([K, KL]) that if p(g, 7, d) >
0 then W} (C) # 0 and dim(W}(C)) > p(g,7,d) on every curve of genus g.
Recall the following

Definition 4.1. The curve C is Brill-Noether general if for every r,d as
above we have:

o dim(W3(C)) = p(g,7,d) if p(g,7,d) >0

e Wi (C) =10 if p(g,r,d) <0.

From Griffiths-Harris [GH] we know that Brill-Noether general curves of
any genus exist. Nevertheless it is notoriously difficult to produce concrete
examples of such curves. By a result of Lazarsfeld [L] we know that Brill-
Noether general curves can be found in certain linear systems on K3 surfaces.
More explicit Brill-Noether general curves of any genus, the so-called Du Val
curves, have been constructed in [ABFS]. It turns out that TV-curves also
enjoy such property. In fact we have the following:

Theorem 4.2 ([T3]). All TV-curves are Brill-Noether general.
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Proof. We must show that WJ(T') = 0 if p := p(g,r,d) < 0 and that
dim(Wj(T)) = pif p > 0. Let £ € WJ(T) be such that h°(T, L) = r + 1.

Since
p(g,T‘,d) :p(gmg_d_'_r_ 1729_2_d)
we may assume that d < g — 1. Let

¢ =L((g—1-dp) € Pic" ()
We will apply formula (7) to £&. We have:
RO, &) =r+1+s

for some s > 0. Then we have the following obvious lower estimates:

(a) mj>j—1ifj=1,... s,
(b) megp > (9—1—-d)+k—-1ifk=1,... .7+ 1.
(¢c) nj>i—1foreveryi=1,...7r+1+s.

Substituting in (7) we get:

multe (Orbe(E), ©) > (r+1+s) + %s(s -+ r+1)(g—1-4d)
+%r(r+1)+%(r+s)(r+s—l—l)
>(r+1)(g—d+r)

We cannot have (r +1)(g — d 4+ r) > g because otherwise Orb¢(E) C O,
contradicting Proposition 3.6(i). Therefore p(g,r,d) > 0. Moreover, since

multe(Orbe(£), ©) > (r+1)(g—d+r)=g—p

we have
I((g=1—dp+ W) C(g9-p)g+EY

From Proposition 3.6(iv) we deduce that dim (W7 (T')) < dim(E®) = p(g,r, d).
But we also have dim(W}(I")) > p(g, 7, d), and therefore we must have equal-
ity. U

Remark 4.3. In [FT], Theorem 4, the authors prove that a general TV-
curve satisfies the 1-pointed Brill-Noether theorem, a slightly stronger notion
than Brill-Noether generality. Their proof is by degeneration, thus completely
different from Treibich’s proof of Theorem 4.2.
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Remark 4.4. It is interesting to observe the analogy between the series of
TV-curves of genus g on X and the series of Du Val curves of genus g on the
blow-up S of P? at nine general points [ABFS]: for a given g the curves of both
classes are Brill-Noether general and move in a g-dimensional linear system
with one base point. In fact Du Val curves are even Petri-general. It is not
known whether TV-curves are Petri general, and the proof of Theorem 4.2
does not seem to generalize to prove such stronger property.

5. Embedding X birationally in P9 with canonical TV-curves
of genus g as hyperplane sections

We now fix g > 3 and we let I'y € |gEy+ f| be a general TV-curve of genus g.
We blow-up X at the base point p of |gEy + f|. We obtain

o: X' — X
with o=1(p) =: ¢/. We let

E =0"(Ey) —¢, fli=0(f)—¢, T,:=0"Ty) —¢~gE +f +ge
be the proper transforms of Ey, f and I'y respectively. The intersection num-
bers are:

El2:€/2:f/2:_1, E/-elze/-f/:1
E'-f'=0, I',-E' =0, I?=2g-1

Moreover T - f = 0 because I'y is not tangent to f (see Remark 2.3).

We also have Kx» = —2E’ — ¢'. Moreover Or, (I')) = wry (p'(g)), where
P'(g) := ¢ NT7} is the point corresponding to the common tangent line at p
of all the curves of |I'y| (Remark 2.3). Therefore the linear system |I';| has a
base point at p'(g).

Let v : Y, — X’ be the blow-up at p/(g), e = v~ (p/(g)) the exceptional
curve, and

E=Vv'E, e=ve—e T,= V*I’; —e.

Then Ky, = —2E — %, Iy Ky, =0, O (Ty) = wr, .

g9

Proposition 5.1. (i) The linear system |Uy| is base point free and has di-
mension

dim(|Ty|) = h°(Y, Oy, (Ty)) =1 =g
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(ii) Let Sq = o (Yg) C P9 be the image of Yy by the linear system T,
Then Sy is a normal surface whose hyperplane sections are canonically
embedded T'V-curves of genus g. Sg has a unique Gorenstein singular
point of geometric genus two and ws, = Og, .

Proof. (i) Since T, = v* (I';) — e, we have, by Leray spectral sequence:
h°(Yy, Oy, (Ty)) = h(X", Ly () (Iy)) = h*(X', Ox(Ly))
Similarly
WX, Ox:(T,)) = (X, Ox(Ly)) = g + 1

By the Riemann-Roch theorem on Yy we get x(Oy, (Ty)) = g—1 and therefore
h'(Yy, Oy, (Ty)) = 2. From the exact sequence:

0 — Oy, — Oy, (Ty) — wp, — 0
we see that the characteristic linear system of |T| is the complete canonical

system on I';. This proves (i).
(ii) An easy computation based on the exact sequences:

Oy,

0—— Oy, (E + &) — Oy, (—Ky,) — Og(—Ky,

g

)—0

O<(E +¢)

0

shows that h"(Yy, Oy, (—Ky,)) = 1. Let 2E4€ = E+J be the unique element
of | = Ky,|. Since I'y - J = 0 and J is connected, the linear system |I'j| con-
tract J to a normal singular point z, € S, and S is a surface with canonical
curve sections. Therefore S is arithmetically Gorenstein, hence normal. It is
evident, by construction, that the members of |T';| are TV-curves. According
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to [U1], Theorem 2, wg, = Og,. Consider the exact sequence coming from the
Leray spectral sequence:

H'(Sy,0s,)—=H' (Yy, Oy,)—=H(Sy, R'p.Oy,)—H?*(S,, Og,)—H*(Y,, Oy,)
Since H'(Sy,0g,) = 0 and H?(Y,, Oy,) = H°(Y,, Ky,) = 0 we deduce that:
h0(Sy, R'0.0y,) = h'(Yy, Oy,) + h*(S,, Os,) = 2

and therefore z, has geometric genus p,(z4) = 2. According to [Ul], Theo-
rem 1, z, is the unique singular point of S,. O

Of course the surface S, C P9 described above appears explicitly in the
classification of normal surfaces with canonical hyperplane sections, given in
[E] and in [Ul]. Next we are interested in deciding whether S, is a limit of
K3 surfaces, i.e if it is smoothable in P9, a question considered in [ABS]. Our
result is the following

Theorem 5.2. For a given g > 3 let S; C P9 be the surface constructed
in Proposition 5.1. Then S, is smoothable in P9. Precisely there is a pointed
affine nonsingular curve (A,0) and a flat family of projective surfaces f :
S — A with S € A x P9 and f induced by the projection, such that
S,(0) = Sy and Sy(t) C P9 is a nonsingular K3 surface of degree 2g—2. Con-
sequently every nonsingular hyperplane section of Sy is a limit of hyperplane
sections of K3 surfaces.

Proof. On the surface X', the blow-up of X at p, consider any point p’ €
dN\N{E' Nne,f'ne}, and let v : Y,y — X' be the blow-up of X" at p'.
Moreover let e C Y,y be the exceptional curve, E=v'E' e=v* —e. The

intersection matrix
EE E-e\ (-1 1
e-E e ) \1 =2

is negative definite. Therefore the curve E + € can be contracted in Y, [G].
The resulting complex analytic surface S, has an isolated singularity z,.
Thus we obtain a flat family of surface singularities

{zp :p € \{E'NE, f'Ne}}

If p/ = p'(g) we get 2y = z,. In particular, if p’ = p'(3) then Sy = S3 is a
quartic surface in P3. Then z, = 23 is a hypersurface singularity, hence it
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is smoothable and unobstructed.! It follows that all the z,’s are smoothable
singularities. In particular z, is smoothable for all ¢ > 3. By [ABS], Th. 10.3,
we deduce that all the surfaces S, are globally smoothable in P9. Note that
H?(S,,Ts,) = 0 can be proved exactly as in [ABS], Lemma 10.1.

Finally observe that, since the linear systems |Og, (1)| and |Og, (;)(1)| have
the same dimension g, all curves of |Og, (1)| extend to the general fibre of the
smoothing family. O

We conclude with a corollary concerning the Wahl map of TV-curves.
Recall that the Wahl map of a projective nonsingular curve C' of genus g > 3
is a natural linear map

2
Oc: \ H(C,we) — H(C,wiy)

which extends linearly the application sending a bivector uAv to (a section of
HY(C,w}) vanishing on) the ramification divisor of the pencil (u,v) C |wel.
For details on ®¢ we refer the reader to [W].

Corollary 5.3. All TV-curves of genus g > 3 are limits of hyperplane sec-
tions of K3 surfaces and have non-surjective Wahl map.

Proof. The first part is a restatement of Theorem 5.2. It is well known that
hyperplane sections of K3 surfaces have non-surjective Wahl map [W, BM].
Then TV-curves, being limits of curves with non-surjective Wahl map, have
non-surjective Wahl map as well, by semicontinuity. O

Acknowledgements

I thank A. Bruno and R. Salvati Manni for useful conversations, and
A. Treibich for kindly providing copies of his publications and for enlight-
ening remarks about this paper.

References

[AB] ARBARELLO E., BRUNO A.: Rank two vector bundles on Halphen

surfaces and the Gauss-Wahl map for du Val curves. J. Ecole
Polytechnique 4 (2017), 257-285. MR3623355

[ABFS] ARBARELLO E., BRUNO A., FARkAs G., SAcCA G.: Explicit
Brill-Noether-Petri general curves. Comment. Math. Helv. 91
(2016), 477-491. MR3541717

123 is a double point, and appears as case (i) in Proposition 2 of [U2].


https://mathscinet.ams.org/mathscinet-getitem?mr=3623355
https://mathscinet.ams.org/mathscinet-getitem?mr=3541717

[ABS]

[ACGH]

[CDS]

On Treibich-Verdier curves 2467

ARBARELLO E., BRUNO A., SERNESI E.: On hyperplane sections
of K3 surfaces. Alg. Geometry 4 (2017) 562-596. MR3710056

ARBARELLO E., CORNALBA M., GRIFFITHS P., HARRIS J.:
Geometry of Algebraic Curves, vol. 1. Springer Grundlehren, b. 267
(1985), New York, Berlin, Heidelberg, Tokyo. MR0770932

ATivaAH M.F.: Vector bundles over an elliptic curve. Proc. London
Math. Soc. (3) 7 (1957), 414-452. MR0131423

BEAUVILLE A., MERINDOL J.Y.: Sections hyperplanes des surfaces
K3, Duke Math. J. 55 (1987), no. 4, 873-878. MR0916124

BIRKENHAKE CH., LANGE H.: Complex Abelian Varieties, 2nd
edn., Grundl. der Math. Wiss. 302 (2004), Springer. MR2062673

CiLiBERTO C., DEDIEU T., SERNESI E.: Wahl maps and exten-
sions of canonical curves and K3 surfaces. J. Reine Angew. Math.
761 (2020), 219-245. MR4080249

EpEMA D.H.J.: Surfaces with canonical hyperplane sections.
Indagationes Math. Proceedings 86 (1983), 173-184. MR0705424

FArRkAs G., TARASCA N.: Du Val curves and the pointed
Brill-Noether theorem. Selecta Math. 23 (2017), 2243-2259.
arXiv:1606.02725v4. MR3663607

FAy J.: Even-order vanishing of jacobian theta functions. Duke
Math. J. 51 (1984), 109-132. MR0744290

GRAUERT H.: Uber Modificationen und exzeptionelle analytische
Mengen. Math. Annalen 146 (1962), 331-368. MR0137127

GRIFFITHS P., HARRIS J.: The dimension of the variety of special
linear systems on a general curve. Duke Math. J. 47 (1980),
233-272. MR0563378

KeEMPF G.: Schubert methods with an application to algebraic
curves. Publ. Math. Centrum, Amsterdam, 1971.

KLEIMAN S., LAKSOV D.: On the existence of special divisors.
Amer. J. Math. 94 (1972), 431-436. MR0323792

LAZARSFELD R.: Brill-Noether-Petri without degenerations.
J. Differential Geom. 23 (1986), 299-307. MR0852158

TREIBICH A.: Tangential polynomials and elliptic solitons. Duke
Math. J. 59 (1989), 611-627. MR1046741


https://mathscinet.ams.org/mathscinet-getitem?mr=3710056
https://mathscinet.ams.org/mathscinet-getitem?mr=0770932
https://mathscinet.ams.org/mathscinet-getitem?mr=0131423
https://mathscinet.ams.org/mathscinet-getitem?mr=0916124
https://mathscinet.ams.org/mathscinet-getitem?mr=2062673
https://mathscinet.ams.org/mathscinet-getitem?mr=4080249
https://mathscinet.ams.org/mathscinet-getitem?mr=0705424
https://arxiv.org/abs/1606.02725v4
https://mathscinet.ams.org/mathscinet-getitem?mr=3663607
https://mathscinet.ams.org/mathscinet-getitem?mr=0744290
https://mathscinet.ams.org/mathscinet-getitem?mr=0137127
https://mathscinet.ams.org/mathscinet-getitem?mr=0563378
https://mathscinet.ams.org/mathscinet-getitem?mr=0323792
https://mathscinet.ams.org/mathscinet-getitem?mr=0852158
https://mathscinet.ams.org/mathscinet-getitem?mr=1046741

2468

[T2]

[TV2]

Edoardo Sernesi

TREIBICH A.: Compactified jacobians of tangential covers. Colloque
Systémes Intégrables en hommage a J.-L. Verdier, D. Bennequin et

al. (ed.), Birkhauser, Boston, 1993. MR1279815

TREIBICH A.: Revetements tangentiels et condition de Brill-
Noether. CRAS Paris 316 (1993), 815-817. MR1218267

TREIBICH A., VERDIER J.-L.: Variétés de Kritchever des Solitons
Elliptiques. Actes du Collogue Franco-Indien, A. Beauville et S.
Ramanan (eds.), Bombay, 1989. MR1106919

TREIBICH A., VERDIER J.-L.: Solitons Elliptiques. in
Grothendieck Festschrift, vol. III. Progress in Mat. 88. Birkhauser,
Boston, 1991. MR1106919

UMEZU Y.: On normal projective surfaces with trivial dualizing
sheaf. Tokyo J. Math. 4 (1981), 343-354. MR0646044

UMEZU Y.: Quartic surfaces of elliptic ruled type. Trans. AMS
283 (1984), 127-143. MR0735411

WAHL J.: The Jacobian algebra of a graded Gorenstein singularity.
Duke Math. J. 55 (1987), 843-871. MR0916123

Edoardo Sernesi

Dipartimento di Matematica e Fisica
Universita Roma Tre

Largo S.L. Murialdo 1

00146 Roma

Italy

E-mail: sernesi@gmail.com


https://mathscinet.ams.org/mathscinet-getitem?mr=1279815
https://mathscinet.ams.org/mathscinet-getitem?mr=1218267
https://mathscinet.ams.org/mathscinet-getitem?mr=1106919
https://mathscinet.ams.org/mathscinet-getitem?mr=1106919
https://mathscinet.ams.org/mathscinet-getitem?mr=0646044
https://mathscinet.ams.org/mathscinet-getitem?mr=0735411
https://mathscinet.ams.org/mathscinet-getitem?mr=0916123
mailto:sernesi@gmail.com

	Introduction
	Some computations
	Tangentiality
	Brill-Noether generality
	Embedding X birationally in Pg with canonical TV-curves of genus g as hyperplane sections
	Acknowledgements
	References

