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9. — Introduction.

The purpose of this note is to study the deformations of lobal
complete intersections in complex projective space P" extegndj:rr
the calculations of KODAIRA and SPENCER ([5] theorengl 18.5) anE
of G(.)RI [1]. By a global complete intersection we mean a coﬁnected
nonsingular variety V of codimension p, 0 <<p <™, in P, (n>2)
defined by the vanishing of p homogeneous polynomials ,fl, o,
say, of degrees dyyeneydp respectively. We will always order the

d,’s so that d;<d;a, J=1 ...,p—1, and assume that d,>2 (V

does mnot lie in 2 hyperplane); call d=(d,...,d,) the multi-

degree of V.
We investigate the problem of finding all sufficiently small

deformations of V as an abstract compact complex manifold; our
main result 18 the following:

Let V be a global complete intersection of maultidegree
that dim V>2. Then all suf-
lobal complete intersections
following conditions

THEOREM. —
d = (dyy.ry o) in P* and suppose

ficiently small deformations of V are again g
of multidegree d in Pr if and only if one of the

is satisfied:
I)p<n—2
11) p:n-—-2 and d +# (4), (2, 3)s (212’2)'
e V which are K-3 su

ection V in pr and

1t turns out that only thos rfaces have been

excluded (see §2). .
In §1 We consider 2 global complete inters
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: of submanifolds of P, parametrized by ,
m‘r,llllfbtqill fibres Vi, t€ M., are global complet,
V. We introduce & complex K* of locally
he Koszul complex of V. Using
tral sequences that the infipj.
at 0 € M, is always surjective

we construct a fa
polydise M, such

intersections and VU, =
free sheaves on P which we call t
this complex we can prove by spec
tesimal displacement map of (U, M,)

see § 1 for a precise definition). _ o
( The proof of the theorem is given in § 2 and it is based on the

notion of complete complex analytic family, flue to KODAIRA anq
SPENCER [5]; we study the family (U, M,) using the completeness
theorem of [6] and certain spectral sequences deduced from the

complex K°. .
I wish to express my gratitude to D. LIEBERMAN for his support

during the preparation of this work, in the form of ericouragement
and concrete suggestions.

1. — Preliminaries.

Let o be the structure sheaf on P*, o(1) the canonical positive
invertible sheaf and o(d) =0(1)®% d>0. Recall that sections of
o(d) are homogeneous polynomials of degree d. If d = (d,,..., d,),
(2<d;<...<d, and 0 <p<mn as always) a global complete inter-
section V in P of multidegree d can be viewed as the zero set of
a section f= (f,...,f,) of the locally free sheaf K —=o(d,)®
@D... Do(d,). Let g, ...,gm, with g*= (g%,...,g"), h=1,...,m, be
a basis of H°(P", E). Consider the space C™ of m complex variables
thy .ty if 1= (8 ..., t") € O™ we define |t| = max |t*| and denote

h
M, = {te O™: |t| <&}, the polycylinder of center 0 € C™ and radius
£¢>0. When ¢ is sufficiently small the couple (U, M,) with

V= {(@ ) € P X M @) + 3 0gh(o) = 0) —
=1
= {(fu”, t) EP"XM: fl((ﬂ) +h§ thgg(CO) =,., = fp(a;) + %thgg(;n) = 0}
=1 h=1

defines an analytic family of compact submanifolds of Pn in the
sense of [6]; the fibres U, of thig family are global complete inter-
sections of multidegree d and U, =

By ¢« eva,,h}ation » at the section f of B we get a surjective map
of sheaves °f ,:,E* — Iy from E* = Hom, (B, 0) onto the ideal sheaf
of Vin P7; ’f' extends to a2 map from the second exterior power
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2
A E to E: and the Sequence of sheaves on pn

2
/\ E*ﬁE*_*IF—PO

is exact (because V is a global com :
5 plete intersecti
fore the induced sequence of sheaves on V "0ty 6 191), There.

0 —Hom, (I, 0,) - Hom,, (E*, 0,) = Hom, (/{ E*, o,)

18 exact, o, denoting the structure sheaf on V'; the map e is the zero
map so that Hom, (I,, 0;) = N,, the sheaf of holomorphic sections
of the normal bundle of V in P~ is isomorphic to Hom, (E*, o,) =
=K Qj)or, the sheaf theoretic restriction of E to V. If we identify

these two sheaves using this isomorphism and we also identify the
tangent space T,  of M, at 0 with H°(P", E) sending 0[0t" > g
we get a linear map

0ot Ty, ,—H(V, Ny)

induced by the restriction E ->E ®o,. It is immediate to check
that o, coincides with the infinitesimal displacement map of U
at 0 defined in [5], § 12; the subspace oo(Ty,,) of H*(V, Ny) is the
characteristic system on V of the family U [4]. )

Extending the map 'f': E*—o to the full exterior algebra  E*
we get a complex of locally free sheaves of o-modules

7—1 2

KE*: 0 __y/"J\E*—)/\ E*—>...—)-/\E*—&E*-:£-o—>0.

We define K= /r\E o that K° is a cohomological complex; we
call it «the Koszul complex of V. Notice that

¥ = O(-— dl) @ @0(_" dm)

ive integer k, and
where o(— k) = Hom, (o(1), 0)®* for a nionnegative ger k,

r

AE*:]\ éo(——d,)]——: O ol—d—

j=1 1<, <. <IrSP

—d).

by linear algebra. | B
10N. — The map Oo: TM“—>H°(V, N,) is surjec

a.1) B soristic system on V of the family U is complete.

tive, i.e. the charac
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8 L. SERNESI

Proor. — Consider the two spectral sequences of hypercoy,. z
mology [3] of the complex K*® E

A = H(P", KrQE) = H'(K' ® B)
'A% = Hr(Pr, JenK° @ B)) = H'(K* ® E)

where JE'(K* ® E) denotes the s-th cohomology sheaf of the complex
K® ®E. Since V is a global complete intersection the complex K+
is exact at all nonzero dimensions (cf. [9]) and the same is true fop
the complex K* ® E because F is locally free, i.e. /(K* @ E) = ¢
if $3£0; therefore 'A}* degenerates and

H'(K'®E)=H*(P, XK' ®E)=H"(V,E®o,) .
Now consider the other speectral sequence:

AV =Hs (P, EK"Q@E)=H*+(V,E®oy) .
Since
=8 direct sum of sheaves o(k) for —p<r<o0
K ®E
N = (0 otherwise

and since for a sheaf o(k) on Pr H*(P" o(k))=0 if s£0,n
([8], §65) we see that

/if 8§7#0,n and r arbitrary
AV = 0\
if s=0o0rnand r<—p or r>0

Hence from p <n it follows that the only possibly nonzero term
abutting to H°(V, £ ®oy) is A}° and therefore A% = HY(V, E @ oy);
it is clear that the edge homomorphism

H(P" E)= A90— A%0 — H(V, E ®oy)
is surjective and it coincides with the infinitesimal displacement
map d,.

REMARK. — In the terminology of[2] (1.1) implies that the
Hilbert scheme of P* is smooth at the point corresponding to V-

The embedding of V in P» gives an exact sequence of locally '
free sheaves on V

(]) O**@p"')‘@Purp-—)-Ny—bo ’
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where @, is the sheaf of
the sheaf theoretic restri
one has an induced ¢ co

7

BErms of vector
. fi
ction to v eld

Nnec llng

8 on Vanda @
| of the analogous sheaf o
]1omomorphism »

P"\v is
n P";
d: HH(V, Ny _*HI(V, 0,) .

1.2) P 3
(1.2) ProposiTION, — The triangle of linear maps

H“(V, Ny A HI(V’@V]
A
AN
TM;..
where ¢ is the Kodaira-S . ,
pencer , .
commutative. map [5] of the family (U, M,), is

PROOT. — [5] (12.4) page 388.

(1.3) COROLLARY. — The family (U, M,) is complete at 0 € M if
and only if the linear map & is surjective.

PrOOF. — By (1.1) and (1.2) ¢ is surjective if and only if p is;
therefore the corollary is a consequence of the completeness theorem
of KoDAIRA and SPENCER [6].

(1.4) COROLLARY. — If HY(V,Opy) =0 the family (U, M,) is
complete at 0 M,:

PrOOF. — From the long cohomology sequence of (1) we deduce
an exact sequerce of groups

H(V, Ny) 2 H'(V, Oy) —H'Y(V, @P"IF) .

The corollary is therefore a consequence of (1.3).

2. — Proof of the theorem.

ns of §1. The completeness at 0e M, of

i i sufficient condition for every
the f'a. mily ((lj,llﬂ%e)ef;imo;;zguzlfylfato be again in P.". Progo_s;t;a,xil
sufficienty Smai; (v, M,) contains all gmall deformation of.f % M;
e e thaélibion’ iasalso riecessary. Since all ﬁl::‘fl? Orove e
hf[ifel Elgingﬁlm intersections of multidegree d e P
globa

We keep the notatio
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theorem if We will show that when dim V=2 the family U ig

complete at 0 € M if and onl if one of the conditions I), IT
satisfied. 4 conditions I), IT) are

Consider the two Spectral sequences of hypercohomology of the
complex K* ®6O,.:

BI" — Hl(Pn, K ®6,) = H* (K" ® 6Opn)
By’ = H(Pr, Je/(K* ®6,0) = H* (K* @ O,1) .
Since K* is exact at nonzero dimensions and @, is locally free we

moreover JH" @ Opn) = Opoyy.  Therefore the spectral sequence
By* degenerates and

Hr(K' ®@P") = ’B;‘°= H'(V, @P"I') .

We now investigate the other 8pectral sequence

B** = H{(Pr, \ B ®0,) —
= @ H'(.P", @Pn(— d,! —_———.— d,‘_)) = H'_T(V, @P"h’)

1<d, <.. <i=Dp

where we have denoted Opn(k) = Op ®o(k) for any integer k. To
compute these groups we use the well known exact Sequence of

locally free sheaves on P»
(2) 0—>0—0(1)" % @, -0

Identifying sections of o(1) with rational functions on C*+1, homo-
geneous of degree 1, the map 0 is given by

0By, ..., Ry) = S R,0/0w,

i=0

if Ry, B, ..., B, are sections of o(1) (x,, ..., z, being the coordinate
functions on C"*!), which defines a degree preserving derivation on
the homogeneous coordinate ring, hence a derivation on P". By
tensorization with o(k) we obtain, for each integer %k, the exact

sequence of sheaves

0 —o(k) —>o(k+ 1)) —>@pn(k) - 0
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and the long cohomolg
exact sequence of gro

v

BY sequence Provides us w

Ups, for each g; 1th the following

(3), Hy(P, o(k)) —> H*(Pn, o(k 1))t"+ll—+H'(P" O (k) —

—> He+h1 P o(k e
From (3), we deduce ( o(k)) — He+ (P y 0k -+ 1))ty |

4) H{(P @O, — )
(4) ( ) Op (k)) =0 for each integer & if 1<s<n—2
because H*(Pn, o(k)) = Hs+(pn
o\ ok))=0 £
We can distingaish twe ca,sE:s:, (k)) or such values of s[8).
(i) p<m—3. In this cage H\(V,0 i
) y Opy) = 0 and the family
(‘lIJ', M,) is complete at 0 by (1.4). Infact the terms abutting to
H'(V, Opnpy) are of the form B-nr+1 0<r<p, and they are all
zero by (4) because p <n — 3.

(i) p =n—2. In this case the only possibly nonzero term
abutting to H'(V, Opn)y) is

n—2
Bl—ﬂ+2,ﬂ—1 — Hn—l(Pn, /\ E* ® @P“) — Hﬂ—l(Pn’ @p"(“‘ d1— _dn_z)) .
To compute it we use the sequence (3),_, withk=—d,—...—dn 5.
0— H"'I(P”, Opn(—dy—...— dns)) =
— H"(P o(—dy— .- —dyy)) > H (P 0(— dy— .. — dpp - 1))

By Serre duality this is dual to the following exact sequence of

C-vector spaces:
< H(Pr o(d,+ .- T d,_s—mn—2))"

t
< H(P" o(di+ - +d,,—n—1)) <

e dn—-l))r L

0 < Hn—-l(Pﬂ, Opr(— dy— .

where the map ? i8 defined by

-— e dn_g %"‘2))) .
E X EH“(PM 0(d1+ Jr- —_
t(go, ciny gn) { igi (gi

\' i 9fd+..+ ﬂ,:;éin,-|—|.
It’ 18 d

F =i
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W
e deduce that H'(V,0@pm)y) = B{»+2n-1 = 0 if condition (I1) of

the theorem is satisfied
and by (1.4) the famil i
plete at 0 in that case, y (1.4) the family (U, M,) is com.-

v ?Pfarefore we see that (U, M,) is complete at 0 if one of the
, nditions I), IT) is satisfied. To conclude the proof we have to
S ufw .tlla,t those are the only cases when we have the completeness
This is a consequence of (1.3) and of the following: '

2
(2.1) PROPOSITION. — Let V be a global complete intersection in Pr

?f multidegree d = (d,, ..., d,_,) and assume that one of the following
18 true:

=3 and d=(4)

n=4 and d=(2,3)

n=>5 and d=(2,2,2)
Then

dim H(V,0,) =20 and dim (HYV,N,) =19.

PrOOF. — V is a regular surface with trivial canonical bundle,
Le. V is a K-3 surface [10]. Infact HY(V,0,)=0 is proposi-
tion 5, § 78 of [8] and K, = o, follows at once from the adjunc-
tion formula [7]. The proposition is now a consequence of [10],
chapter IX §4.
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