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Exercise 1. Let p be a prime and G be a p-group. Let {1} # N <G. Show
that NN Z(G) # {1}.

Exercise 2. Let p be a prime and G be a p-group. Let {1} # N <G such that
| N |=p. Show that N C Z(G).

Exercise 3. Let G be a finite group such that | G |= 2k with 2 t k. Show that
G contains a subgroup of index 2.

Exercise 4. A group of order p?¢?, p < ¢, has a normal Sylow subgroup.
Exercise 5. Show that Dg contains two subgroups ismorphic to Ss.
Exercise 6. A simple group having a subgroup of index n embeds into A,,.
Exercise 7. If G has order 288 or 400 then G is not simple.

Exercise 8. Describe Aut(Z, x Z,), for some prime integer p.

Exercise 9. Prove that the group G = (a,b | a®> = 1;b* = 1), if it is not abelian
then it is infinite. Which kind of group is it?

Exercise 10. Prove that G = (a,b | a* = 1;a = b*;bab™! = a~ ') is the group
of quaternions.

Exercise 11. Let p be a prime integer and G be a finite group. Prove that if
G/®(G) is a p-group, then G is a p-group.

Exercise 12. In the cyclic group of order 24, Caoy = (g), let H = (g%) and
K = (g*). Consider the action of K on the set X of all subsets of Ca4 given by
the product:

*: K xX—=>X, kxA=EkA.

(a) Describe the orbits and the stabilizer of H with respect to *.

(b) Letting K to act on the subsets of G, give a proof of the fact that, if G is
a finite group and H, K < G, then

| H || K|
HK |= ———
| | | HNK |
Exercise 13. Let G be an abelian finite group with at most n elements of order
n, for each n > 1. Prove that G is cyclic.

Apply this result to show that each finite subgroup of the multiplicative
group of a field K is cyclic.



