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Abstract. Let D be a domain, E a subset of its quotient field K, and Int(E, D) = {f €
K[X] | f(E) < D}. The polynomial closure of E is the setclp(E) = {x € K | f(x) €
D,V f € Int(E, D)}. We compare the polynomial closure with the divisorial closure in a
general setting and then in an essential domain. Especially, we show that these two closures
of ideals are the same if D is a Krull-type domain.

Introduction

Let D be an integral domain with quotient field K. For each subset £ C K,
Int(E, D) := {f € K[X] | f(E) € D} is called the ring of D-integer-valued
polynomials over E. As usual, when E = D, we set Int(D) := Int(D, D).

The polynomial closure (in D) of E is defined as the set

clp(E) :={x e K| f(x) e D,V f € Int(E, D)},

that is, clp (E) is the largest subset ' C K such that Int(E, D) = Int(F, D).

The first papers about polynomial closure (for instance, [3], [8], [10] and [12])
set it in a topological context. Among many other results, it was proven that in a
Dedekind domain with finite residue fields, the polynomial closure of a subset E is
the same as the intersection of its topological closures in every maximal ideal-adic
topology.

There is another way to look at the polynomial closure. That is to study it as a
star-operation [7, Lemma 1.2]. Recall that a fractional ideal I of D is a D-module
such that dI C D for some nonzero element d € D, and denote by §(D) the set of
nonzero fractional ideals of D. A star-operation is a mapping * : §(D) — §(D),
I — I*, satisfying the following properties for each a € K\{0} and I, J € F(D):

(x1) (@aD)* =aD; (al)* = al*,
(x2) I C I
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3) I CJ=1I*CJ*
(x4) (I*)* = I*.

The best known star-operation is the v-closure (or, the divisorial closure):
I I, ;=1 H1,

where =1 := {x € K | xI C D}. A nonzero fractional ideal [ is called divisorial
if I = I,,. The divisorial closure has a prominent position in this context; it is the
maximal star-operation in the sense that I* C I, for each I € F(D) and each
star-operation .

In Section 1, we point out some interesting analogies between the polynomial
closure and the divisorial closure. We observe that the divisorial closure of a frac-
tional ideal I can be defined in the same way as the polynomial closure is defined
just replacing the set of polynomials Int(Z, D) by I~'X.

Motivated by this observation, we introduce a new star-operation, Clp(—),
which is constructed like the polynomial closure but using the set of polynomi-
als D[X/I] := ﬂael\{O} D[%] instead of Int(/, D). When D[X/I] = Int(I, D)
(which happens, for example, whenever Int(D) = D[X]), obviously Clp(I) =
clp(l). In general, I7'x c DI[X/I] € Int(I, D), whenceclp(I) € Clp(I) C I,.

In Section 2, we prove that Clp(—) is equal to the divisorial closure in any
essential domains (Proposition 2.4). Moreover, Clp(—) has turned out to be an
useful tool to study the equivalence between the polynomial closure and the diviso-
rial closure in this class of domains. The study about the polynomial closure in this
direction was developed by M. Fontana et al. in [7]. They proved, for instance, that
in a valuation domain the polynomial closure and the divisorial closure of a frac-
tional ideal are the same. We prove, more generally, that these two closures coincide
in a large class of essential domains, the Krull-type domains, which include Krull
domains and semi-quasi-local Priifer domains (Theorem 2.8).

1. A new star-operation Clp(—)

Let I be a nonzero fractional ideal of D and define /™' = {x € K | xI € D}.
Every D-homomorphism from 7 to D can be uniquely extended to a D-homo-
morphism from K to K. Henceforth, we identify Homp (/, D) with the subset of
Homp (K, K) mapping [ into D. For each f € Homp (K, K),if weleta = f(1),
then f is the multiplication on K by a. Thus we have a canonical isomorphism of
D-modules

¢ : I~' — Homp(I, D)

defined by ¢(a)(x) = ax foralla € I~! and x € I. Note that each function ¢(a)
is a polynomial function induced by the polynomial a X. By identifying 7~! with
Homp (I, D), we also have a canonical isomorphism

A : I, — HompMHomp (I, D), D)

defined by A(x)(f) = f(x) forall x € I, and f € Homp(I, D) [11, page 37].
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Thus we have I, = {x € K | f(x) € D,V f € Homp(I, D)} = {x € K |
f(x) e D,V f € I"'X}. Recalling that clp(I) = {x e K | f(x) e D,V f €
Int(Z, D)}, we can see that the divisorial closure 7, is a sort of polynomial closure
obtained by substituting 7 ! X for Int(Z, D). From the inclusion / ~' X C Int(/, D),
it directly follows the fact that I, 2 clp(Z) [7, Corollary 1.3 (4)].

Another interesting analogy between the two types of closure is that as clp (/)
is the largest fractional ideal of D such that Int(Z, D) = Int(clp(Z), D), so I, is
the largest fractional ideal of D such that Homp(/, D) = Homp({,, D).

Borrowing the above idea, that is, using a suitable subset of polynomials, we
will construct a new star operation later in this section. To begin with, we recall the
following result:

Lemma 1.1. [6, Lemma 4.5] Let D be a domain such that Int(D) = D[X]. Then,

for each nonzero D-submodule E of K, we have

X
Int(E, D) = D[X/E] := ﬂ D[=].
acE\{0}

Moreover, D[X/E] is a graded ring of the following type
1 1
DIX/El=Da&( [| -D)X& &[] —=DX"&:
u u
ueE\{0} ueE\{0}

Let I be a nonzero fractional ideal of a domain D. We let I (n) denote the
D-module generated by the set {u" | u € I}.

Proposition 1.2. Let D be a domain such that Int(D) = D[X]. For I, J € §(D),
clp(I) =clp(J) if and only if I (n), = J(n), for eachn > 0.

Proof. From Lemma 1.1, Int(/, D) is a graded ring of the form
1 n
DN Lo
n>0 uel\{0}

Note that

ﬂ uinl) =I(n)""

uel\{0}

The same holds for Int(J, D). Thus, Int(/, D) = Int(J, D) if and only ifI(n)~! =
J(n)~ !, thatis, I (n), = J(n), foreachn > 0. O

Remark 1.3. Let D be a domain such that Int(D) = D[X]. If I is a nonzero
fractional ideal of D, then by Lemma 1.1 and [1, Corollary 1, II.1.6], we have
the canonical isomorphisms
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Homp(Int(/, D), D) = Homp(D[X/I], D)
=HompD®I'X®---&In)"'X"@---,D)
= [[Homp (1 (m)~' X", D)

n>0

= [ [Homp(I(m)~", D)

n>0

~ l—[l(n)v.

n>0

Let 6 : Homp(Int(, D), D)— [],~¢ I (n), be the isomorphism defined by
the above series of natural isomorphisms and let v: clp (I)—>Homp (Int(1, D), D)
be the injective map defined by ¥ (x)(f) = f(x) for all f € Int(/, D). Then
the composite map 6y : clp(I) —> [],~o 1 (n), is injective and it is given by
x — (1, x, x2, %3, ... ). (For the better understanding, we describe the isomor-

phism 6! specifically: Let X = (xo, x1,Xx2,...) € ano I(n)y. Then 71 (%) is
givenby f =Y " ja; X' — Y _jaix;.)

Proposition 1.4. Let D be a domain such that Int(D) = D[X]. If I is a nonzero
fractional ideal of D, then

cp(I) = {x € K | x" € I(n)y, Vn > O}.

Proof. 1t follows from the map 61 mentioned above. Here is a more elementary
proof.

Let x € clp(I). Since I(n)~'X" € Int(I, D) = D[X/I], by the definition of
polynomial closure, I (n)~'x" € D. Thus x* € I(n), for eachn > 0.

Conversely, let x € K such that x" € I (n), for each n > 0. Then I(n)~'x" C
D. So, for an arbitrary polynomial f(X) =ag+a1 X +---+a,X" € Int(I, D) =
D[X/11=D,-¢(m)"'X", we have f(x) = ap + aix + - -- + a,x" € D. Thus
x eclp(l). O

Motivated by Proposition 1.4, we define a new star-operation without the
assumption that Int(D) = D[X].
Definition 1.5. For a nonzero fractional ideal I of D, we set
Clp(I) :={x € K| x" € I(n)y, Vn > 0}
={xeK|f(x)eD,V feD[X/I]}.
Lemma 1.6. With the above notation, we have

(1) the map Clp(—) : §(D) — §(D), I — Clp(I), is a star-operation;
(2) for each I € §(D), clp(I) € Clp(I) (the equality holds when Int(D) =
D[X]).

Proof. (1) It is an easy exercise to check that all the properties required for a
star-operation are satisfied.

(2)Since D[X/I] € Int(I, D),itisobviousthatclp (/) € Clp(/).Inparticular,
if Int(D) = D[X], then Int(I, D) = D[X/I] by Lemma 1.1 and hence clp(/) =
Clp(I). O
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2. Polynomial closure and divisorial closure in essential domains

Let D be an integral domain with D = (), <p Dp for some subset P C Spec(D).
The P-polynomial closure of I € §(D) is

P-clp(l) = ﬂ clp,(IDp).
PeP

The mapping I + P-clp (1) defines a star-operation on D with P-clp (1) € clp (1)
[7, Lemma 1.4].

In [7] M. Fontana et al. study the polynomial closure in essential domains
and compare it with other star-operations including the one just mentioned. In this
section, we carry on this studying.

We recall some relevant definitions. An essential domain is a domain D such
that

D= ﬂ Dp, 2.1

PeP

where P C Spec(D) and each D p is a valuation domain. A domain D is Krull-type
if it is essential and the intersection (2.1) is locally finite (that is, each nonzero
element x € K is a unit in Dp for all but finitely many P € P), and a Krull-type
domain is strong Krull-type if the valuation domains D p are pairwise independent
(that is, each pair of valuation domains D p doesn’t have common overrings except
K)[9, §43].

By [7, Theorem 1.9], if D is an essential domain with the representation (2.1),
then we have

I, € P-clp(I) Sclp() S I

for each nonzero fractional ideal /. If D is strong Krull-type, then P-clp(l) =
clp(l) for each I € F(D) and under some conditions on the set of z-maximal
ideals of D, clp(I) = I, [7, Corollary 1.12]. We strengthen these results in the
following.

Remark 2.1. We will freely use the following facts:

(a) Let D be a domain, I an ideal of D and A an overring of D. Then, (A: I) =
(A: T1A).

®ID=) rea D, where Dy, are overrings of D, and / is a nonzero fractional
ideal of D, then

(D: 1) = () (Da: 1) = () (Dr: IDy).

reEA AEA

(c) Let V be a valuation domain. Then
e cach prime ideal P C V is divided, thatis, P = PV for each prime ideal
Q of V such that P C Q [9, Theorem 17.6 (b)];
e anonzeroideal I of V is invertible if and only if it is principal [9, Theorem
17.1 (1)]; moreover, if I is a prime ideal, then it is maximal [9, Theorem
17.3 (a)].
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Theorem 2.2. Let D = (\pop Dp, P € Spec(D), be a Krull-type domain. Then,
P-clp(I) = I, for all I € (D) if and only if D is a strong Krull-type domain.

Proof. Let I be anonzero integral ideal of the Krull-type domain D. We claim first
that

(D: 1)Dg = ﬂ ((Dp: I)DQ) 2.2)
PeP

for all Q € P. The containment (D : I)Dg C (pep ((Dp : 1)Dy) is clear. For
the reverse inclusion, take £ € (pcp ((Dp : I)DQ) \ {0}. Then & is aunitin Dp
for all but finitely many P € P, say Py,..., P.. Since § € (Dp, : I)Dg, there
exists s; € D\ Q such thats;§ € (Dp, : [).Lets =s1---5,.Thens € D\ Q and
s&1 € Dp, foralli = 1,...,r. It follows that s§] € (\p.p Dp = D, whence
s€Ee(D:I)and& € (D :1)Dg.

Now assume that D is a strong Krull-type domain. Since the D p’s are pairwise
independent valuation domains, Dp Dy = K for any two distinct prime ideals P
and Q in P. Thus we have

(D:NDg = () ((Dp:DHDg) = () ((Dp: NDpDyg)
PeP PeP
(Dg : I) =(Dg : IDyp).

Therefore,
I,=D:(D:1)= ﬂ (Dp : (D : 1))
PeP
= () (Dp:(D:DDp)= (1) (Dp: (Dp: IDp))
PeP PeP
= () UDp)y = () clp,(IDp)
PeP PeP

= P-clp(),

where the last second equality follows from [7, Proposition 1.8].

For the converse, we assume that P-clp(/) = I, for each I € F(D) but
D is not a strong Krull-type domain. For each distinct prime ideals P, Q in
P, let g(P, Q) be the prime ideal of D such that DpDg = Dy(p, ¢). In other
words, g(P, Q) is the prime ideal maximal among all prime ideals contained
in P N Q. Note that g(P, Q) is (0) if and only if Dp and D¢ are indepen-
dent. Since D is not a strong Krull-type domain, there exists a prime ideal Py €
P such that Dp, and Dy are dependent for some Q(# Py) € P. Put g =
U 0eP\(Py) q(Po, Q). Since Dp, is a valuation domain, the set of prime ideals
{g(Py, Q) | O € P\ {Po}} is linearly ordered by inclusion and hence ¢ is a
nonzero prime ideal of D contained in Py. Moreover, since the intersection D =
(\pep Dp is locally finite, there exist finitely many prime ideals Py, ..., P, € P
(n > 1) such that g = q(Py, P1) = --- = q(Py, Py) and g 2 q(Py, Q) for all
QeP\{Py,..., P}
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Let a be a nonzero element of ¢g. Then a is contained in only finitely many

prime ideals of P, say Py, ..., Py, Pyt1,--- » Pyym. Note that g € P,y; for all
i =1,...,m. Choose b € g \ Jj_| Pu+; and put I := (a,b)Dp, N D. Then
IDp, = (a,b)Dp,.Fori =1,...,n, we have

IDP[ = (a, b)DpODp[ N Dpi = (a, b)Dq N Dpi = (a, b)Dq,

because (a,b)D, € gDy = gDp, € Dp,.Fori =n+1,... ,n+m,IDp, = Dp,
because b € I\ P;.For P € P\{Po, ..., Potm}, IDp = Dp,becausea € I\ P.
Note that since Dp, is a valuation domain, I Dp, = (a, b) Dp, is principal, say
¢Dp, (where ¢ = a or b) and so (a,b)Dy = (a,b)DpyD; = cD,. Then we
have

n

17" = (Dp, : IDp,) N <ﬂ(DP,. :IDP,.)) N N (Dp : IDp)

i=1 PeP\{Py,..., Py}

(Dp, : cDpy) N (ﬂ(DP,. :ch)> N ﬂ (Dp : IDp)

i=1 PeP\{Py,..., Py}

1 1
= ;Dp0 n (Q Zqui) n m Dp

PeP\{Po,..., Py}

n
= A DpyN (ﬂqu[> N m cDp
i=1

PeP\{Po....,Pn}

1 1
c-(gp,n (N Dr) =g,
< (oo ) 0r) = L

PeP

where the last second inclusion follows from the fact gDp, = gD; € Dp,
i=1,...,n. Hence,

cg~" S Iy =P-clp(I) S clp, (IDp) = (IDp)y = cDp,.
Thus we have q’1 C Dp,, thatis, (D : ¢)Dp, = Dp,. Meanwhile, by (2.2),
(D:q)Dp, = () ((Dp : ¢Dp)Dp,)

PeP

(ﬂ ((Dp, CIDPi)DPO)> N ﬂ ((Dp : qDp)Dp,)

i=0 PEP\{P01~--:PII}

n
= (ﬂ Dqu()) N ﬂ DpDp,
i=0

PeP\{Po,...,Pn}

=Dy N N Dy (p, py)
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where the third equality follows from [5, Corollary 3.1.5] and [9, Theorem 7.6],
and the last equality follows from the fact that g (P, Py) € g forall P € P\ { Py}.
Thus we have Dp, = D, which contradicts the fact thatg C Py. O

Corollary 2.3. If D is a strong Krull-type domain, then clp(l) = I, forall I €
(D).

Proposition 2.4. Let D = (" p.p Dp be an essential domain. Then Clp(I) = I,
forall I € F(D).

Proof. Let I be a nonzero integral ideal of D. By Proposition 1.2, Clp(I) = I,
if and only if (I (n))y = (Iy(n)), for all n > 1. Put I* := (\pop IDp. Then
the mapping I +— I* defines a star-operation on D, whence I € [I* C [, and
(I*)y = I, [9, Theorem 32.5 and Theorem 34.1].

We claim that I(n)Dp = I"Dp foralln > 1l andall P € P.Letay, ... ,a, €
I. Since Dp is a valuation domain, we may assume that a;Dp 2 aDp 2 -+ 2
a,Dp. Then ay---a, € ai"Dp < I(n)Dp. Therefore I"Dp C I(n)Dp. The
reverse inclusion I (n)Dp C I" Dp is obvious.

Therefore,

I* = () ImDp = () I"Dp = U")",

PeP PeP
and so we have
(Iy(m)y 2 (), = (Im)*), = (UM,
="), = ((Iv)n)u 2 (Ly(n)), .
Thus I (n), = (Iy(n)), foralln > 1and Clp(I) =1,. O

Corollary 2.5. Let D = (\pop Dp be an essential domain such that Int(D) =
DI[X]. Thenclp(I) = I, forall I € §(D).

Proof. This directly follows from Lemma 1.6 and Proposition 2.4. O

Lemma 2.6. [4, Proposition 1.8 (b) and Corollary 1.9] Let D be a domain with
a nonzero divided prime ideal q. Then the map I + L establishes a one-to-
one correspondence between the set of all the fractiona? ideals of D such that
g € 1 C I, C Dy andthe set of all the nonzero fractional ideals of g. Furthermore,
if 1 € §(D) suchthatq C 1 C I, C Dy, then

() =% = ().~

— =— and (-] =—.

q q /v 4

Proposition 2.7. Let D be a semi-quasi-local Priifer domain. Then clp(l) = I,
forall I € F(D).
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Proof. Let Py, ..., P, be the maximal ideals of D. We use the induction on 7. If
n = 1, then D is a valuation domain, so the conclusion follows from [7, Proposition
1.8] (or Corollary 2.3).

Assume that n > 1 and that the theorem holds for Priifer domains with at most
(n — 1) maximal ideals. By rearrangements, if necessary, we may assume that there
exists a positive integer r (< n) such that D p, and D p, are dependent fori < r, and
Dp, and Dp, are independent fori > r.Put S := ()i, Dp, and T :=()/_,, | Dp,
(where T := K, if r = n). So D = S N T. Note that they are Priifer domains with
r and n — r maximal ideals, respectively [9, Theorem 22.8].

Case 1. Assume that » < n. By induction hypothesis, the theorem holds for S
and T'. So, in particular, for each nonzero integral ideal I of D, clg(1S) = (I15),
and clr(IT) = (IT),. Since S = Dg, and T = Dy, for the multiplicative sub-
sets So = D\ Ji_; P, and To = D \ UJ;_,, Pi [9, Lemma 5.4], we have that
cls(IS) =cls(I) and cly(IT) = cly () [3, Lemma 3.4]. So (IS), = clg(I) and
UT)y =clp (D).

We observe that ST = K. Actually, since g(P;, P;) # (0) foralli < r and
q(Py, Pj) = (0)forall j > r+1,wehaveq(P;, Pj) = (0)fori <randj>r+1.
(Here, we use the same notation as in the proof of Theorem 2.2.) This implies that
there does not exist nonzero prime ideals g of D such that ST € D,, and hence by
[9, Theorem 26.1], ST = K. Therefore,

(D: )S = (D: I)Ds, = ((S: I) N (T: 1)) Dg,
=(S: )Ds, N (T: I)Ds, = (S: H N (T: TS
=(S:1)=(S:19),

and similarly,
(D: DT =((T:1)=(T:IT).
Thus we have

Ly=D:(D:D)=(S:(D:H)N(T: (D: 1))
=l D:DSHNT:(D: DT)=(S:(S:I8S))N(T: (T: IT))
=Sy NUT)y =cls(I) Nelp(l)
= clpg, (1) Nelpy, (1) < elp(D),

where the last inclusion follows from [2, Lemma IV.2.1]. Hence I, = clp ().

Case 2. Assume that » = n, so that g(Py, P;) # (0) foreachi =2, ... ,n. Let
q :=(i_, q(P1, P;). Then q is a nonzero prime ideal of D and ¢ = g(Py, P;) for
some j > 2. Without loss of generality, we may assume that ¢ = g (P1, Py). Since
q is contained in all the maximal ideals of D, g is a divided ideal, thatis, g Dy = ¢
(in fact, gD, = gDp, foralli = 1,...,n, whence gD, = ()/_,¢Dp, = q).
So, for each nonzero integral ideal I of D, I and g are comparable. In fact, if
I ¢ g, thenIDp, ¢ gDp,,foralli =1,...,n.As Dp, being a valuation domain,
g =qDp, CIDp foralli =1,...,n,whenceq C (/_; IDp,=I.

Case 2.1. Assume that ¢ C 1. Then by Lemma 2.6, (é)v = %. Note that g

is a semi-quasi-local Priifer domain with n-maximal ideals %, e, %. Moreover,
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Dy, ~ DPr Dy, ~Dp s Iy _— 1
(q)%_ 7 and(q)%_ 7 arelndependent.So,byCase1,(q)v—clg(q).

Since ¢ is nonmaximal, ¢ has infinite residue field, whence Int(D) € D,[X] [2,
Proposition 1.3.4]. Therefore, by [7, Proposition 3.2], clp (é) = CI’Z&. Thus we
q

have

and hence I, = clp(I).
Case 2.2. Assume that I C g and I D, is not a principal ideal of D,, hence it
is not invertible. Then I1~! C IDq(IDq)’1 CqDy; =gq.So,

(ID) ™' C(q: ID) S(g: S (D:DH=1"<UD)™".
Thus we have (IDq)_1 =(q:1)= I~!. Since I" D, is not invertible foralln > 1,
similarly we have
(I"Dy) ' =(Dy: I"Dy) = (D: ") = (I~

Then, by the same argument used in the proof of Proposition 2.4, I (n)D, = 1" D,
and so

1)~ = (D: I(n)) € (Dy: I(n)Dy) = (Dy: 1Dy(n))
= (Dg: I"Dy) = (D: Iy =" c1(m)~".

Now we claim that Int(/, D) = D[X/I]. By [6, Lemma 4.5] and [3, Lemma
34],

DIX/I] C Int(I, D) € Int(I, D,) = Int(I Dy, D,).

Since Int(Dy) = Dy[X], again by [6, Lemma 4.5], Int({ Dy, Dy) = Dy[X/1Dy].
From the above equations, it follows that

Dy[X/1D,) = @UD,(n)) " X"
n>0
=D, oaP1m'x"
n>1

= D, + D[X/I].
Thus we have
D[X/I] € Int(I, D) € D, + D[X/I].

But, Int(Z, D) N K = D, so that Int(/, D) = D[X/I].

Therefore, clp(I) = Clp(I), and hence clp (/) = I, by Proposition 2.4.

Case 2.3. Assume that I € g, 1Dy = aD, for some a € I, but I, # aD,. Put
J:=a'I. Thensince D € J C J, C Dy, 4 is a nonzero fractional ideal of 2.
By the same argument as in Case 2.1, we have J, = clp(J), from which it follows
that I, = clp ().
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Case 2.4. Assume that I € g, ID; = aD, for some a € I, and I, = aD,.

Put J := a~'I. Then Jy = Dy, and hence by Lemma 2.6, 5 and % are not
D

fractional ideals of g. Since 7 is a Priifer domain, it is integrally closed and so

Int(é, g) = g = Int(%, %) by [2, Proposition 1.1.9]. Moreover,

4[X] € D[X/D,] C Int(D,, D) = Int(J,, D) < Int(J, D)
C Int(J, D,) = Int(J D, D;) = Int(D,) = D,[X].

Considering the canonical map

D, D,
@ Dy[X] > (ToIX] = (L DIX]

qDy
we have
Int(Jy, D Jy DD
M = ®(Int(J,, D)) = Int(—u, —)=—
q[X] 9 4
and
Int(J, D J D D
Int(J, D) _ ®(Int(J, D)) = Int(=, =) = —
qlX] a9 q

by [2, Proposition1.3.8 and Remark 1.3.9] and [7, Lemma 3.1]. Therefore, Int(J,, D)
= D + ¢q[X] = Int(J, D), which implies that J, = clp(J). Therefore, I, =
cp(l). O

Theorem 2.8. Let D = (\p.p Dp be a Krull-type domain. Then clp(I) = I, for
all I € 3(D).

Proof. Let I be a nonzero proper integral ideal of D. Then I is contained in only
finitely many prime ideals Pj,...,P, in P. Put § := [()_, Dp, and
T := mPeP\{Pl,...,P,,} Dp. (We may assume that P\{Py, ..., P,} # 0, other-
wise D = § is a semi-quasi-local Priifer domain, so the conclusion follows from
Proposition2.7.)So D =SNT.

Notice that (T': I) = T. In fact,

(T: 1) = ﬂ (Dp: 1) = ﬂ (Dp: IDp)
PeP\(Py,..., Py} PeP\{Py,..., Py}
= N Dp=T.
PEP\{P],...,PH}

We claim that (D : 1)S = (S : I). Put So := D\ | J;_, Pi. Then S = Dy, and
D:DS=S: HNT:1)S=S: 1)NT)Dg,
=(§:)Ds,NTs, =(S: [) N Ts,.

Since (S: 1) € (ST: 1) = (Ts,: I), to get the equality (D: I)S = (S: 1) it
suffices to show that (Ts, : 1) = Ts,. By the local finiteness of the intersection T =
ﬂpep\{le._ .p,) Dp.itfollows that T, = mPe’P\{Pl,... _p,1(Dp)s, 19, Proposition
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43.5]. Moreover, each Dp is a valuation domain, so (Dp)s, = Dy(p) for some

prime ideal g (P) contained in P. Notethat I Z g(P) forall P € P\{Py, ..., P,}.
Therefore,
(Tsy: 1) = ﬂ (Dypy: I) = ﬂ Dypy = Ts,.
PEP\{Py,..., P} PEP\(Pi,..., P}

Thus we have

I, S 1L,S=(D:(D:1)S S (S:(D:1)S)
= (8:(8: 1) =Sy =cls(S) = cls(I),

where the last second equality follows from Proposition 2.7. Also, observe that

Int(1, T) = ﬂ Int(I, Dp) = ﬂ Int(IDp, Dp)
PeP\{Py,..., P} PeP\{Py,..., P}

= ﬂ Int(Dp) = Int(T),

PeP\{Py,.... Py}

where the last equality follows from [2, Proposition 1.2.5]. In particular, this
observation implies that Int(Z, T) = Int(l,, T), because Int(7) < Int(l,,T) C
Int(Z, T).

Finally, we get

Int(Z, D) = Int(1, S) N Int(I, T) = Int(cls(7), S) N Int(l,, T)
C Int(1y, S) NInt(1y, T) = Int(,, D) C Int(Z, D).

Thus Int(/, D) = Int(l,, D), and hence clp(I) = I,. O

References

[1] Bourbaki, N.: Algebra I. Chapters 1-3. Translated from the French. Reprint of the
1989 English translation, Springer-Verlag, Berlin, 1998

[2] Cahen, P.-J., Chabert, J.-L.: Integer-Valued Polynomials. Amer. Math. Soc. Surveys
and Monographs, Vol. 48, Providence, 1997

[3] Cahen, P.-].: Polynomial closure. J. Number Theory 61(2), 226-247 (1996)

[4] Fontana, M., Gabelli, S.: On the class group and the local class group of a pullback.
J. Algebra 181, 803-835 (1996)

[5] Fontana, M., Huckaba, J., Papick, I.: Priifer Domains. Dekker, New York, 1997

[6] Fontana, M., Izelgue, L., Kabbaj, S. Tartarone, F.: On the Krull dimension of domains
of integer-valued polynomials. Expositiones Math. 15, 433-465 (1997)

[7] Fontana, M., Izelgue, L., Kabbaj, S., Tartarone, F.: Polynomial closure in essential
domains and pullbacks. Advances in Commutative Ring theory, Lecture Notes Pure
Appl. Math. Marcel Dekker 205, 307-321 (2000)

[8] Frisch, S.: Substitution and closure of sets under integer-valued polynomials.
J. Number Theory 33, 396403 (1996)

[9] Gilmer, R.: Multiplicative Ideal Theory. Marcel Dekker, New York, 1972; rep.
Queen’s Papers in Pure and Applied Mathematics, Vol. 90, Queen’s University,
Kingston, 1992



Polynomial closure in essential domains 41

[10] Gilmer, R.: Sets that determine integer-valued polynomials. J. Number Theory 33,
95-100 (1989)

[11] Matlis, E.: Torsion-free modules. The University of Chicago Press, Chicago, 1972

[12] McQuillan, D.L.: On a theorem of R. Gilmer. J. Number Theory 39, 245-250 (1991)



